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A 

COMPLEAT SYSTEM 

O F 

O P T I C K S 

In Four Books, viz. 

A Popular, a Mathematical, a Mechanical, and 
a Phildbphical Treadle. 

To which ire added 

REMARKS upon the Whole. 
Robert Smith LL.D. 

Profeflbr of Aftronomy and Experimental Philofophy at CAMBJtlsor, 
and Matter of Mechanicks to his MAJESTY. 

^d lam mrtiiikj quern partitulam corpmi qmindam ita fiiriietam tffi, Mt t/ut Iftra amtul 
/tnliat pTKul pa/jterum urpanim fiiuram^ fofilMm^ mtmm quImSbrt^ dijltmtiam ; iifitf Itiam 
turn altrum varietate, qui dijiinetmi ta digncfttrtt F Nihil tjl^ IK qui mamfljliia Gnmttritt 
tritm Dtus uttraurii. Hugemi Colmcxheoro). p. 40. 



Printed for the Author, and fold there by CorHtHui Crfwnjitld, and at Louie* 
by Stefben Avfim at the AngA and Bible in St. PauPi Cburc^jard, and 



CAMBRIDGE, 

and fold there by CorneHui ' 

c Aiigel anil Biile in Si. Pi 

Raiert Hvtfity at tuUfs Hud in Pall-MuU. u DCCJixxTlll. 
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TO 



THE RIGHT HONOURABLE 

EDWARD WALPOLE-Efcii 

Principal Secretary to his Grace the Duke 
of Devonshire as Lord-Lieutenant of 
Ireland, and one of His Majesty's 
moft Honourable Privy-CouncU for that 
Kingdom. 

SIR, 

"V /"^^ all the incidents in my life there is none 
w V^^ I refleft upon with greater pleafiire, than 
the happinels of falling into your acqumntance at 
Cambridge. There, among the many agree- 
able hours I had the honour of paffing in your 
company, you may remember the converfation 
fometimes turned upon Opticks, a Science you 
knew I had taken fome pains in : And the cu- 
riofity you then difcovered, in relation to fome 

points 
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DEDICATION. 

points that had not been fufficiently explained by 
former writers, was the principal motive with me 
to take them more particularly into confideration. 

But as our acquaintance grew by degrees into 
a fettled friendlhip, I became defirous of giving 
you fome pubKck teftimony of the refpeit and 
affeflion I had for you ; to which end I began 
to collefl: togedier and revife my fcattered papers, 
and to think of preparing them for the Prefs. 
And fo foUicIlBus was I to produce ibmething 
not unworthy of the Patronage you were then 
pleafed to grant me, that I attended too little to 
the good old rule, ^«/</ valeant humeri^ and 
projected a deii^ much too large for the health 
and leifure I had to profecute it 

B Y die want of thefe, the work has been re- ^ 
tarded for fo many years, that in the more active- ^ 
and conlpicuous fcene of life you have fince en- 
tered upon, wherein you appear with fo much 
honour to yourfelf and fo much pleafure to your 
friends, when your former thoughts upon this 
fiibjedl muft neceflarily have been long fmce 
difcontinued and laid alide, I am fenlible you 
can hardly have time to look into, or think of 

what 
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DEDICATION. 

what in the days of your Academical leifiirc 
would have been no difagreeable entertainment 

To you however I muft beg leave to addcefsit, 
becaufe, of how little ufe or pleafiire ibever it 
may now be to you, to you the Prefent of right 
belongs. Twas you diat fet me firft to work ; 
'twas you that procured me leifure in time to 
finilh it ; 'twas my afledion for you and that a- 
lone, that gave me ftrength and fjpirit to go 
through with it. 

For in the weak and unfettled flate of health 
I have been in for many years, the common 
motives to fuch undertakings, as the importuni- 
ty of acquaintance, the hopes of &me, or even 
the delire of promoting ufenil knowledge, could 
never have been ftrong enough to carry me 
through fo large and difficult a Work, had I 
not b^n animated by a warmer afFefilion ariling 
from the amiable qualities of the beft of Friends, 
improved by a long experience and obfervation 
of them, and ftill farther heightened by a train 
of favours and honours received from his hand 
and heart. 

These 
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DEDICATION. 

These effe£is of your Friendihip for me are 
fo much to my reputation, that you muft: par- 
don, my vanity in taking this publidi notice of 
them. Were the Treatife I prefent you with 
at all anfwerable to my ambition, it (hould be 
9 lafting Monument of the Gratitude of. 



SIR, 

Tour mofl cffeSiionate Friend^ 

and humble . Servant y 



r 



Robert Smith. 
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P R E F A C R 

TM^^fi ^thef9ttr Awb, or th P^ttlar Treatife, tbettgb partfy. itb- 
Unded at am Jatrodu&ion to the rtfi^ it chiefly dej^td fw the uji 
^ihoje w&o 'omtld kmw Jbmething of Opticks^ but wartt the preparatory 
learmi^ that it tie^^aryjbr a thorough ac^intance "witb that Sciena. 
With tht view J have here awuded all Geometrical Demon^atiomt, and 
inftead thereof home Jidfiiituted that m»r« entertaining and hofer fort if 
proof thai viof be drawn, from experiment only ; and the experiments I 
bave contrived^ that end, are not only tafy to be underjioodt but 0iay, 
if the Reader pU^, be tryed with very little trouble or apparatus 

By this nuani one who ifesxt Utile ztppUcatim^ may find bimjelf mafber 
of m incor^lderable part of the daSrine ef Opticis, which is here ei^iained 
infuch a moaner^ as Ih^e mtvf be tafy to aU, and yet not tedious to more 
Jkilful Readertf who perhaps may find here and there fimetbii^ not tmworfbf 
oftbeir notice. 

Jnotber advant^e denned for the Readers above-mentioned is, that this 

Popular Treatifk well underfiood, will be abundMttfy fitment to canduSi 

them through many curious pieces contained in the Remarks, and even 

tbrot^b the whole third and fourth Books ; ej^ecially if their beads be a little 

\ turned towards mechamcal jnafters, and be furnified withfome ofthefirfi 

\_, 4md eafiefi principles of Afironomy. 

In the third Book, befidesjome curious eolle0iom belon^r^ to the art of 
grindif^ Gdaffes, drawn t^ and communicated by the late Hon. Samuel 
MolyncuxE^j I have ghen a full defcription of a compleat Set ofOp* 
tical and A/ironomical Inftruments, acc^dir^ to the latefi and befi improve- 
ments; tt^etber with particular explanations ef their feveral ufes, when ap- 
piyed to the purpofes of Afirmomy^ Geography, Navigation^ Levelling^ and 
other ufeful Arts, 

And in the fourth Book I have given a compleat biftory and coUeSiion 
of telefc^ical Dt/cov^ies in the heavens, feleBed from a great variety of 
books^ memoirs, and obfervations of the befi /^ronomers. 'to which I intended 
to have added a like collet ion of Mierofcopical Difcoveries, but found niy 
Work was grown too large tmtbout it, 

I tbttt 
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ii PREFACE. 

T^flf I have endeavmred to lay open a Urge JUU of KnowJeigf^ evm t$ 
ferfom very moderately prepared for tUtfort ofLearm^. 

Tbofe that are better verfed in Euclid'j Elements, after readtr^ the four 
frji chapters tfmyfecond B«i, •which contain the Geometrical Elements of 
the whole Work, demonftrated in ajhort and eafy manner^ may then pro- 
ceed tojitcb parts of it as they are moft iticSnedto. For I have endeavoured 
to ma^ all the Chapters in the four Books, andtbepneces in the Remarks, as 
much independent on one another as I could j cbtt^ rather to repeat a fen 
matters in the order and form in vhicb they octaJonaUypreJented tbemfehes, 
than to trimble my readers to recur to them el/ivthere in a differed dr^s : not 
to mention that different views ^ the fame truths arefeldom ^fagreeable H 
men of tajle, and -are equally ufeful to bowsers with the writings of dif- 
ferent authors upon the fame fubje^. 

jis I generally dtmonftrate every tlnngfrom the firft prsncipUs^ the Re- 
marks arejeldom explanatory ofanytbii^ in the four Books, but are chief y 
additions to them -, ascontaining tbeHiJlory of Inventions and their improve- 
mentSf dij/ertations on different i^nions in difficult points, confutations of 
^Tors, colle9ions of hints, obfervations and queries, fubjeBs enlarged upon or 
reconfdered in a different manner, both pbyfical and mathematical, as est' 
rious and valuable as airy in thefmr Books: attdasjomeoftbefepiecetart 
pretty long, I Jhould have printed tbem with a letter fmewbat larger, bad 
the prefs beenfurnifhed with it. 

jii the general conteiUs of the whole Work vnU fuffciently appear by the 
TaMe of the Chapters, and the particulars by the Index, I might here 
conclude ; but as the Reader may expeSl feme account of what is to be found 
in this Work, either of new difcowry, or of improvement upon what has been 
delivered by other writers, I Jhall here mention fime of the principal mat^ 
iers. 

1, The determination of the Focus of a pencil of refecled rays, after 
falling direSfyor obliquely on any number of plane or fpberical furfacesy 
or of ref raffed rays, after paffing Mre&hy or obliquely through any number 
of lens's of arey thicknefs, or through different mediums having plane orfpheri*- 
col fur faces, is made more general and eafy ; by redming it in all theje cafes 
to the like fmple proportion, that determines the focus of a pencil after falling 
direffly upon afinglefurface: and ewn in the Popular Treatije, I have gi- 
ven a plainer andfullfr idea of the portions and relative motions of conjugate 
focus's along the axis of the glaffes, than what I could meet with in Books 
ofOpticks. 

2. tbi 
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preface: iii 

2. 'the determination of the Aberrations of refieBed and refraSled ray$ 
from the geometrical focus t caufei by their different refrangibility and by the 
Jpbericalnefi of the figure of the furfaces^ is made eajier in fmple cafes ^ 

is treated more copioujly in different waysy $s made more general^ and ap- 
plied to more complex conjiru^ions of Optical Injiruments than heretofore, 

3. Hence after demonfrating the knoivn rules for proportioning the 
ler^tbSy apertures and eye-glaffes of refleBing and refraEiing 'Telefcopes, the 
theory of a refeSling Microfcope, having a concave fpbertcal fpeculum and 
a convex eye-glaf$, as propofed by Sir Ifaac Newton, is fully confdered -, 
and rules are given for the improvement of this microfcope, as far as its con- 
Jlru0ion "will admit. ^ 

4. The rules delivered by Mr. Huygens for the improvement ofrefra6ling 
Micro/copes, both jingle and double, are alfo confidered and demonjlrated 
But fince the magnifying powers of all forts of microfcopes yet extant^ are 
limitedby the infuperable difficulty of truly figuring a lens orjpeculum offo 
fmall a fize^ as their conjiruBions require for magnifying more than ordina- 
ry; in confidering how to remove that difficulty, IJound out a confiruSlion 
with twofpbericaljpeculums and a convex eye-glafs, wherein that exceffivt 
fmallnefs is not neteffary. And after due confideration of the theory here 
defcribed, and an Effay of it made by Mr. Siiort o/" Edinburgh, / am of 
opinion, ifjufficient care betaken in the praSfical part, to follow the di- 
reBions and the Table of Meafures here given, that this microfcope may 
far excel all others yet extant: I mean in magnifying tranfpurent objeSis 

*\ more than ufual; which is genfally fuff.cient^ becaufe the particles of all 
t fubftances will become tranfparent when rendred fufficiently fmall^ and tkeji 
are the particles that we want to fee magnified more than ordinary. 

£. Mr. Gregorie propofed to confirudt his Telefcope with Jpeculums figured 
according to the comck feSlions, which being impraSiicable, the neceffity of 
ufingfpberical fpeculums has rendred the theory much more complex, on ac- 
count of the aberrations of the rays. His telefcope and that of Mr. Caflegrain 
I have confidered very minutely, and have given a folution of this problem. 
Having the focal diftance of the larger fpeculum, the angle ofvifion, the 
degrees of apparent bright nefs and diftinSinefs, with which the objeEl Jhall 
appear, to conJlruSl the telefcope. Hence I have calculated a table ef the di' 
menfions and magmfying powers of thefe telefcopes. 
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Iv PREFACE. 

6. Te the defcriptton tftU Binocular 'Tekfeope I have added afolution 
of the mofi remarkable pbanomenon belonging to if, and of two or three more 
of the fame kind relating to double vifion. 

7. ^0 the defcription and properties of Caufticks^ Ibaveaddedinfimecafet 
a determination of the denfity of the rap in their fever al parti \ and have 
compared the powers of Burmng-Gla£es of feveral forts, one with another ^ 
whereby it appears which glares are the befi for cajiing a Jirong light upon 
tnicrofcopical objeSis. 

8. I have given a more general folutton of the known prc&lem for ffiding 
the diameters and breadths of Rain-bows ; and have compofed fome propofi- 
tions tojhewthe variations of the apparent magnitude, fgure and brightnefs 
of the Sun, whenfeen by rays refraSled in various angles through fpberical 
bodies ; and have confidered Sir Ifaac Newton 'j thoughts upon Halo's, whej'e 
phammena, he tells us in the preface to bis Opticks, be endeavoured to ac- 
count for, but for want offujicient obfervations, left that matter to be farther 
examined. I have alfo reduced the mathematical matters belonging to Mr. 
Huygens'f theory of Corona' s and Parhelia^ toafewprofojitions^ and de- 
monf rated the conJlruSiion of his tables, .^nd have fkewn why Corona's or 
Halos about the fun and moon, appear not circular but oval. 

9. This is a natural confequence from our idea of the Sky, wbofe apparent 
Figure I have here confidered; and taking it for a fegment of a fpberical 

furface, as it generally feems to be, have determined the proportion of its al- 
titude to the diameter of its bafe \ and from hence have deduced an adequate 
folution of the long dijputed quefiion, why the Sun, Moon and Con/lellations 
appear larger near the horizon, than at higher elevations, and in what pro- 
portions J which proportions agree fo well to our common conceptions of their 
different magnitudes at different elevations, as to amount to a pbyfical proof of 
the truth of this folution; ejpecially as it is applicable to many other pbano- 
mena of the fame kind, and is confirmed in the Remarks by an experiment 
made upon a like appearance. I have alfo offered Jome reafons, to befartber 
examined, why the Horizontal Moon appears new and then of a Jize extra- 
ordinary large -, and have determined the proportion of moon-Ugbt to day- 
light. 

10. The caufes tbatfuggefi our ideas of Dijlance, and the determination 
of the Apparent Difiance of an objeSifeen in glaffes, is another famous inquiry 
ofnofmall difficulty, upon which much has been written, but with little cer- 
tainty andfatisfa&ion to the curious. J have therefore confidered this point 
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PREFACE. V 

in a very particular manner, and have fettled it on fitch a foundation of 
rf,afon and experience^ as, I bope, v3iU admit of no doubt or difpuie 
for the future. And upon the Principle by. which I introduce the conf- 
deration of apparent dijiance into geometry, I have not only determined it 
in vijm with any number ofglaffei^ but by the help of Geometrical Places^ 
bavejkewn its regular ■uariaiiom, while the eye, objeB^orfyJlem of glajes 
are moving forwards or backwards -, and have found the variatiomfo detCT' 
mined to be agreeable to experience. 

11. By the help of the faid Principle, and of an admirable Dioptrick TheO' 
rem invented by Mr. Cotes, / was alfo enabled to give very general and yet 
very eafy determinations of the Apparent Diflance, Magnitude, Situation, 
DiftinBnefs, Brightnefs, the greateji Angle ofVifunandVifMeArea^ that if, 
ofallthe appearances of an obje^feen by rays comtngfrom any number ^ 

Jpeculums, lens's or mediums having plane or fpherical furfaces ; and in 
corollaries from them to deduce the known properties ofteUfcopes and Mi' 
cro/copes ^ all forts ; which however are independently demonftrafed in other 
places of the Book and Remarks. 

12. In farther confirmation of the truth and extent of the Principfy 
abovementioned, I have alfi applied it to one of the mofi difficult fubjeSls in 
Opticks, upon which the befl writers have mtyeifuccteded. It is to determine 
tbeApparent Shape of a large plane objeEl, diftorted by too oblique refle3ions 
from fpherical fpeculumSj or too great refraSiions through fpherical mediimt, 
when viewed either by one eye alone or both; which in fame cafes alters the 
appearance very fur prizingly, and by the bye accounts for that odmiraid* 
eff(B of a large concave ffeculum in heightening the Relievo of PiBures* 

' 13. Lafiy, I have drawn upfome general 'Theorems on purpofefor£om- 
puting the diameter of the Image of an objeB, whether diJiinSlly or indiffinSi- 
ly formed upon the Retina or any furf ace parallel to it; and for fhewing it^ 
properties and variations upon varying the dijiance of the objeS ; alfo for com- 
puting the diameter, andjhewing the variations oftbefeSiion of afinglepen- 
cilcutby the retina or a furf ace parallel to it ; and for determining the place 
of one or more refraSiing furfaces, requijite to tramfer the rays from one gi- 
ven focus to another. 

'This is ajhort account of the general matters to be found in this Treatife, 
Itefides colleSlions from other authors, whofe thoughts and words too I have 
notfcrupled to copy for marr^ pages together, as often as theyfuited mypurpofe\ 
and when they did not, thofe that are converfant in Books of Opticks will find, 

that 
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vi PREFACE. 

that what I have borrowed from others^ is not the werfefor having pajed 
through my hands. 

I mujino^v make my acknowledgements tomy Friends and Acquaintance for 
the affftance they have beenpleafedtogiveme-^ viz. to Martin Folkes Bfq;for 
his curious remarks on fallacies in vijwn, on tbefun's apparent dijlance, onth^ 
apparent figure of the fky^ dntheapparentcurvityof the fides of long walks and 
ploughed lands, and the changes of curvtty by the ohfervers motion-, to Joha 
Hadley "Efq-y to whom weowe tbeprefent perftBion of refeBing telefcopes^ for 
a full and accurate defcription of his manner of making thefpeculums; to 
Mr. Mac Laurin ProfeJJ'or of Mathematicks at Edinburgh, for bis account of 
fome refleSiing telefcopes made with glafs fpeculums by Mr. Short o/^dinburgh; 
to Mr. George Graham F.R.S.for ajjijiing me in the defcription of bts A- 
JlronomicalSeSfor^ and of the Mural Arch in the Royal Obfervatory at Green- 
wich i and to Dr. Jurin, for hisfolution of Mr. Molyncux's problem mentioned 
by Mr. Locke, whether a per/on born blind and made to fee when adult, could 
difiitiguijh aglobefrom a cube at firji fight •,for bis remarks on fallacies of 
figbt^ and on the affociation of ideas; for bis dijfertation on Jquinting ; for 
bis experiments to Pew bow much brighter an objeSi appears to both eyes 
than to one alone \for his folution of fome furprlzing phanomena in double 
•vifion; and lajlly for his ESky on diftindt and iiidiftinS vifion ; which 
contains Jo great a variety of new ohjervations, curious difcoveries, and diffi- 
cult points, difcujfed and determined with fo mu.hperjpicuity, penetration and 
judgment, that for a jujl idea cf them the reader mujl have recourfe to the 
EJfay it felf When he has read it and the curious pieces communicated by 
thofe other gentlemen^ lamfure he will join with mein thanks to their feveral 
Authors. 



E R RA TV M. 
EiSAY p^. 149. Col. I. Un. \<i. firem the lottim, rM</, as the image of the diameter of the filk. 
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that due Obedience be given to Our Pleafure herein (ignified. Given at Our 
Court « St. jMtiMs'i the Seventh Day of November One Thoufahd Seven 
Hundred and Thirty Seven. In the Eleventh Year of Our R«go. 
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Chap. I. 

CoMCERNlNOLlORT. 

Ws o fe V E R has (^nfidercd what a number of properties Ugbt ctrafifa 
and efifeds of light are exaflly fimilar to the properties ^f P** 
»id efiet^ of bodies ofafenfiblc bulk, will find it diffi- 
cult to conceive that light is any dung elfe but very 
fmall and diftinfi: particles of matter * : which being incelTantly thfowa 
out from ihining fubftances, and every way di^rfcd by refleftloa 
from all others^ do ^trrprefs upon our organs of feeing xhax peculiar 
motion, which is requiute to excite in our minds the fenfation of light. 
But for the prefent purpofe it is fufficient to obferw that light con- 
^s of parts, both fucceflive in the fame Imes and contemporanr in 
feveral lines: becaufe in the fame place, you may ftop that which 
comes one moment, and let pafs that which conies prefently after ; 
^d at the iame time, you may fiop it in one place, and let it pais 
in another. For that part of the light whkh is ftopc cannot be the 
&me with that which is let pafs. ^ 

2. The leaft light or part of light, which may be ftopt alone a wy of light 
without the reft of the light, or propagated alone, or do or fuffer wh«indiit.wr 
any thing alone, w4iich the reft of the light doth not or fuffereth """^^""^ 
not, is called a Ray of light f. That rays of light are Araight, is 
evident enough from the ^adows c^ bodies ; or izota. the appearance 

' Newt. opt. (^ 19. p. }4$. 8*. Edit. \ Kewtvn'i <le£iiition. Opt p. i. 

A of 
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«f light pafling' through littFe holes into a dark room fuIT of duft or 
finokc; orbecaufe bodica cannot b»'Teen through the bore of a bend- 
ed pipe; or bccaufc they ceafc- tosbe.feco ^t the Jntecpoiwon of o- 
ther bodies, as the fixt ftars by the intcrpofition of the tnoon and- 
planets > and the parts of the fun by the interpofition of the Moon, 
Mercury or Venus. Rays of light may therefore be reprefented by 
ftraighi lines, not Mathcroatical but Phyffcal, which are defcribed by 
the motion of the parts or particles of light : and the point which, 
a ray poffefles in falling upon any forface may be confidered as sc 
Phyfjcal Point; 
IV ttj-'nr.cr 3, When a ray of light fells obliquely* upon a fmooth polifhed 
^d^i^ftaion ^i^f^ce, it is turned out of its way either By refleftion or refraction 
•tanyds- in the following manner. Imagine the paper upon which this figure 
triix-d. ig drawn to be pcrpendiciUar ta tlicfurfaoe of ftagnating water, and. 

'^ ' to cut it in the line RS, and that a ray of liglit, coming Ir the aic^ 

aioflg the line jrfC, foWs Bfea RS-iA-^f» poitw fi Thw fuppofing 
the line PC^to be perpendicular to the fiirface o£ the water, if the 
ray be refledled, oc turned back at C into the air again, it will de— 
fcribe a ilraight lipe CB, inclined %o the perpendicular CF at an-an-^ 
gle PCB exactly equal to the angle PCJl^ 
1^ fc- But if the ray that came along ^C goes intO" the watcr'at €,- iv 

will not proceed ftraigbt forward; but being refra^dw bent at C, it 
will defcribe another ftraight line CJS inclined to the perpendicular C^ 
at a lefler angle £C^thaa the angle -AC Pi and the line CjE will always ■ 
be fo fituated, that when any circle, defcribcd about the center C cuts^ 
the lineC/4-in A and CE in E^ the perpendicuUra^fD and EF, drawo^ 
from ^ and E to the line P^ ihall always bear the fame proportieap 
to each other } whatever be the magnitude of the angle ACP,. In war- 
ter the. line BF i« alwayfrthree quarters of AU. 
MiRiH) and 4- I» bo^h thefc cafes the line AC ia called the Incident R^^ C-^ 
ftues of bri- the Reffeded Ray, . CE the Refra^d Ray, C the poim of incidence,. 
fcr^whT PC^the perpendicular (at the. point) of incidence,., the angle v^CP- 
%. .,.2. die Angle of Incidence, BCP theAngfe of lUdecUon, EC^ the-- 
Angle of Reffaition i the line AD the Sine of Incidence, that is, o£ 
the angie of incidence; and. EF the Sine of Refi-a^ion,,that is, of 
the angle of refraftitM, 
,*Mcii<im, 5. Empcy fpace, or any tranfparent body, ip called a MedTum^ j - 
*Jj2fc jujjj mediums are denier in proportioB as they are. heavier bulk fop- 

bulk;.;and their power. to reftedtand refraftlight is found to be great-* 
er in proportion as they are dcnftr, very nearly *. 
Kiwsof refle 6. The foregoing properties of Refteftion and Refraction being dif- 
flion ar.d re- covcrcd flhd eftabUfticd by repeated experimcots upoa light and bcrdies ■ 

*"Nc«-t..Ox)t. p. 245.-8',. 

of 
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of all Coru hath ftuid and {olid, without any excepti(»i ya knovm ; 
juid being the juincipal foundation of the whole K:ience of Opticks, 
are called die Laws of Reflexion and RefraAion } and are expre^ by 
■Sir ^aac Nncfton in the followinz words. 

7. 'The an^et nf refleSiioa ana refroBion lye in one and the fame Firii la*. ■ 
plane voitb toe angle sf iMciJence; tmtt is» in the plane drawn through 
•the incident ray and the perpendicular at the point of incidence^ as 
leprefented in the figure!^ i, x. 

.8. The angle of refieSion it equal to the angle of incidence. Secondu*. 

9. Hcacc it follows that the incident and refle^d rays are equally FirA conft. 
sndined to the refleding plane) that is» the angles ACR and BCS 1"!^; 
are equal; as apj>ears by tuung the equal angles ^Cv^ and PC£ from 

the e^ angles PCRmAPCS. 

10. It follows al£b that when the uicidoit ray is perpendicular to Second anfe; 
the refiefting furiacc. it fliall be refledcd diredly back along the fame "^"*"^ 
|)crpcndicular } as appears by diminifhing the equal angles of incidence 

And rcfiedton till the jays AC^ CB coincide with the perpendicular CP. 

1 1. V the refitted or refraSed r^y be returned eureStly back to t&eT&d few. 
ftint of incidencej it Jball be refieBed or refraSed into the fame lute 

pefere defcrihed by the incident ray. 

12. RefraSion out of a rarer medium into a denfer * is made to- Fomd k* 
wards the perpendicular ; that is^ fo that the angle of refra^ioa i^ « An. 5. 
Jefs than the angle of incidence. 

13. The fine of incidence^ AD, is to the fine of refra^ion^ £i? «'- pnaitm 
iher accurately or very nearly in a given ratto 1 that is, fuppofing any %■♦- 
other incident ray tf C to be refraAed into the line Cr, and the fines 
«i/and ^ to be drawn perpendicular to P^ the ratio of ad to ef 

is the iame as the ratio of AD to EF. It is found by experience, 
(hat if the re£ra&ion be nude out of air into water, the fine ofinci- 
^nce of rod light is to the fine of its refradion as 4 to 3 : if out of 
air into glafsas 27 to 11, or nearly as 3 to 2. Iti light of other co* 
lours the iines have other proportions, but the difference is io little 
that it ieldom need be confidered. 

14. Hence it appears by infpeftion of the figures f'2, 3, 4.) that pirii eonfc- 
iviicn the angle ra incidence ACP is increafcd, the correfponding qucncc ' 
angle of reira^ion £C^will alfo be incrcafed; becaufe the ratio of 

their fines, AD^ £F, cannot continue the &me unlefs chey be both in- 
crcafed. Concfequentiy if two angles of incidence be equal to each 
other, the angles of refraction will alfo be equal vo each other. On 
the contrary, when the angle of incidence is diminished, the angle of 
r^fi^aAion wUlalfobe diminifhedj infomuch that when one of thefe an- 
gles JwcooKS infinitely finall the other alio becomgs infinitely fmalL 

At 2^. And 
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Second confe- ij. And fo It comes to pafs that when the incident ray coincides 
quencc. ^j^j^ ^j^g perpcndicuUr to the refrafting furfacc, ic will proceed ftraight 

fbrward into the other medium without any beading at all. 
Third confe- i6. From which it is reafonabtc enough to conclude back again^. 
qnenc^ that whilc thc angle of incidence is continually increafiag, the refraft- 
cd ray will be cwxinually more and more bent and diverted from thq 
''*!■ ^' courfe of the incident i^y produced : I mean ifj^C be continued to &; 
the arch EG and the angle ECG wilt continually increafc: efpecially 
coniidering that when the angle of incidence in air becomes very near- 
ly a right one, and confequently the incident ray goes almoil parallel 
to the furface of the water, this- ray is as much bent at C into ehe line 
f '£ ,3* CE as- the j^ figure reprefenta.. In which EF, the fine of refira- 

a Art. 13. dtion, being always three quarters * of AD; is now three quarters of 
the radius of the circle. Hence we find * that this angle of refraAion, 
EC^ is about 48i- degrees: and fo the angle ECS (being its comple- 
ment to 90 degrras) is about 41- degrees; which in this cafe m^iures 
the deviation of the ray from its firft courfe along the furface of the wa- 
ter. The deviation at the furface of glafs is greater than artbefur&ce 
ofwater; the ratio of the fines being greater, that is, as 3 to 2 or nearer 
as 31 to 20. Hence we find that the angle EC^ is about 40 and 
ECS about 50 degrees. 
Rrfraaioa 17. The bending and deviation is.the fame when the ray goes back 

changed into again along the fame lines EC, CA ; and if an angle of incidence eCQ 
be any thmg greater than about 40^ degrees in water, or any thing 
greater than about 40 in glafs, this ray eC wUl not be rcfraded into 
air, but will be refleded into the line Cf, making the angle of reflexion 
^Cf equal to the angle of incidence ^pf : as. will appeae by experi* 
ment in the fixth chapter. 
Kxperimentii 18. The truth. of thcfc laws and of all the- ccmfequences drawn 
proor of thcfc from them may be eafily examined in. the manner following. XJpon a» 
ffion iBd're^ finooth board KL MN, about a center C with any opening of the com-* 
fraflioB. pafTes (the larger thc better), defcribe a circle PRj^-, and having drawn 
5'S V two diameters P^and RS perpendicular to each.other, from the peine 

P, with any opening of die compafles, cut off equal arches PA^ PB, 
and draw the lines CA, CR; then flicking three pins perpendicular 
to the board at the points A, B, C, dip the board into water as far 
as the line iSiSj and holding ic perpendiculac to t|ie furface of tho 
water, look along the pins A^C ; and an image of the pin B will ap* 
pear in the water in die line AC produced. Which fliews that tho 
ray wiiich came from the pin B is.refle<aed frran the water, ac tho 
point C, aloi^ thc line CA to the eye of the fpe^tor. I£ the pia 
at C touches the water,, it will diilurb the Imoodmeis.of it& fur£u»i. 

* Bj; » Tabic of iocs., 
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and therefore it is better not to place it in tbc center, but a Httfe higW~ 
'n the line Cvf. The event Will be the fame if the refle<3:ion be made 
by any other fluid or folid body,, as may be uyed by cutting oflf the 
lower femicirclc, and by placing the dianKter, RS, of the upper femi* 
circle upon the fiirface of the Mid. 

Upon the iamc board draw the line ^B anting CP in Z), and frora- 
the lines DB and CS cut off VH and CI^ each equal to three quari 
ters of i> >4, and through the points H, /, draw the line H/£, cutting the- 
circumierence in £; and the perpendicular EF drawn front E upoft- 
P^ will be equal to D H, or three quarters of D A. Then ftick ano- 
ther pin at £r 20^ the board being dipped into water, as befbrCy the pii> 
at E will appear to the eye to be in the &me line with the pins at A 
and C Which fliews that the ray which comes from the pin £ is fo. 
Fcfraded at C, as to advance to the eye along the line CA; and there- 
fore \riien the refiaaion is made out of watw into air, EF the fiotf 
of incidence, is to AD the line of rcfrafVion, as 3 to ^ If other pina: 
be fixed any where in the line CE, they will all appear in the line re- 
produced : and the whole line CE will appear in the water as if it were 
2 continuation oi AC ftraight forward. Which ihews that the ray 
which comes from the pin £, defcribes a ftraight line in the water ; and 
dtat it is benx at the furface only. On the contrary, if an opportunity: 
be taken ^len tlw Sun is juft fo high* that the Ihadow of the pin A 
ihall coincide with the line AC^ the refradsd Ihadow will coincide with- 
the line CE. Or whatever be the Sun's height, move the pin A high- 
er or lower till the £hadow £ills upon the center C, and there fix it, fup- 
pofe at f then ilicking the compafles into any point of the refracted 
fhodow, take up the board, and through this point and the center C 
draw a line C^, cutting the. circle in a new point e ; and the ratio 
of the new perpendiculars, ad^viA ef^ will be the fame aa before; tbaC 
'%, as 4 to 3, as near aa can be m^ured. 

19. Laftly it is to be obferved, that a ray of light is reflefled oPThJsproofap. 
lefraded at a fpherical furfitce according to the fame laWs as if it were v^ed to r|4> 
icfle^od or refcadted at a plane, touching- the fpherical furfece at th*^ fumccs. 
point of incidence. Let AC be a ray of light falling upon' any poinc Fig. 5. 6. 
Cof a^herical furfiice MCN, teprefented by the arch M-CNi whofe 
center is O; through die points O and C draw the line P^ and the 
line RCS perpendicular to it, reprefenting a plane furface touching 
die fpherical fur&ce at C. Now becaufe a ray of light is confidereo. 
as a jphyfical line, and is refrajfted or refledied at a- phyfical point ',^a An- if. 
which is common to both furfaces, MCN and RCS^ it follows that 
the teitz&eA or refte^ed. cay will take the fame courfe in boiii cafes.' 
Aiid this argument is alfo confirmed by univer&l experience. • , , 
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<;on<:erningGi,A9se«; 

pcTi^ 'TTT A VI s G conlidered the reflaftion and refi-adian of a fingle ray 
^"J_ at a fingle furfacc, I proceed to fliew how one or more pencils 
or parcels of rays are reflefted and refraSed, firft by a fingle furface 
aione, and then by feveral furfaces of plane and fpher ical gaffes ; and 
srffo how images or pidares of objects are formed by them. Though 
the mfmner and reafon of all thefe efie^s of glares upon light, may btt 
* *"■ ^" fufficiently explained by the laws or cjnieriments above mentioned ' with- 
out geometrical proportions ; yet, I think, the exaft <![uaiitii:ies of thefe 
jtffe&s cannot be determined by k> few experiments, without the af- 
fiftance of geometry. ThK«fore to avoid the ufe of it in this firft 
book, I have added a few more ^periments to the end of this cbapttr. 
.by which thofe quantities may t* eafily determined. 
An ot^eft fio. As rays of light are inceflantjy thrown out and diiperied in all 

what and hQv po^le dircftions fr-om every ptoint of a luminous body ; w when they 
' " w- illuminate other bodies, en which they fell, they are alfo incef^tly 
.thrown back from every point of thefe bodies. For tiie points of opal^ 
ixxlies fo enlightened are vilible to the eye at any point of fpace and 
in anj point of time, as well as the points of the luminous IxTdy that 
enlightened them. The numberlefs rays which flow ftoai all vifibla 
i>odies, called -ol^eAs, may be methodically dlAributed in this manner. 
The furface of the objedt is confidered as confifting of phyfical line^ 
.and thefe jines as confining of phyfical points, and thefe points are con- 
xeived to radiate all manner of ways. It is ufual to make ufe of no- 
<thing elfe fen* an objeA but a phyfical line. For by how mijcfa thflt line 
is increa^ or diminifiied in apparent magnitude or brigfatne& or di- 
ilin^efs, fo muph the diameter or iengtli of any <^^£t, in its j^Aaan 
•would be increafed or diminiOied. 
Afbcoi, pat' 21. The point ^from which rap diverge, or towards whdch they 
"^'»^hM co"^^g* (being made to go back towards ^ fiune point though they 
f4- 9- niay never meet at it) i$ called their focus. And injMth cafes any par- 

cel of thefe rays, as !^C or ^B^ confidered apart from the refV, ia 
called a pencil of rays ; and thefe rays are faid to beloi^ to that focus, 
whether it be near at hand or at an immenfe diftancc} and in the latter 
■Cafe the rays are called, and confidered as, parallel or cquidifitantfrom 
jeadi other; becaufe the difference of their diflancxs at any twogiv^ 
■places is infenfiHe. 
jRefleffionof 22. The 7th and 8 th figures reprefenc a pencil of rays, ^, wkicii 
wiw^y'fa^i falling in parallel lines upon a plane polifhed fur&ce, reprefented by 
^taite foi&ce. (he li^ie ^C^j a^ refle;^ from it ijito as many other parallel lines, 
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Cy i which artT ificUned to that jJane juft as- much as the Incident ray* 
were inclined to it ». » Arf^ ?; 

■ 2j. The 9th figure rettfefents Ac tnanncr" in rirhich the rays of'a AiMtor di-' 
penciJ ^jiB, diverging n-om any point of an objcft ^, and feUiBg up- w:^B;"yi»'' 
wi a ftraight !ine ACB^ or upon a poliftwd plane reprefented t^ it, do- 
all diverge after refleftion as if they came from another point q. The 
ny ^C, vvhich falls perpendicularly upon the plane AS^ is refiefted 
back agaitt along the fame '•line C^ but all die reff falling upon it b AiKiifc: 
with greater and greater degrees of obliquity as the p&ints of incidert* 
lye farther and farther from C, are alfo refleded with degrees ef obliqui- 
iy rci^dively greater"^* It will feem reafonable therefore, efpecial-p^^ 
ly by attending tp the figure, that the refleftcd rays, produced bacU- 
trardSj fhould meet the perpendicular ^p, produced^ m a point §■, fi- 
wated as far from the refledling plane on one fide, as ^ is on the other : 
and coniequcntly that all the rays flowing from a fingle point ^ wilV" 
after refleftion diverge from a iingle pomt j at an equal diftance on 
die other fide of the rcflefting plane. 

24. On the contrary if y be a focus to which the incident rays are And ofwn- 
nadfe to converge, by ways hereafter defcribed, the point ^jSviU be their "'smg "T'- 
focus after reflexion d from the furface ACB. d Art. 1 1 . 

25. What has been faid of the point ^ is applicable to every other And of fcveral 
point of an objeft P^ : namely that as the focufcs ^ y lye at equal ^^'^^ 
diilances on each fide of the reflefting plane, fo the focufes P^p lye on Fio. lo^u. 
each fide at other equal diftances^ and i?, r at Other equal diftances, in >»■ 

lines Ppt Rr^ drawn perpendicularly through the plane AB. Hence it ii 
eafy to underftand by infpedtion of the figures, that thefe focufes/, y, ^, 
with innumerable others, lying all in the fame order as the correfpond- 
ing points P, ^ R, compofe an imaginary Unc of the fame length and 
Ihape as the line P^ljii and that the fituation of the line pqr, with 
i^pciS to the backfide of the reflecting plane, is the very fame as that 
of P^Ji with refpeiJt to the forefide of it. This line/yr is called ao 
mage or pidure of the objed P^R. 

26. The 14th and 17th figures fhew that parallel rays falling upon Rcficition of 
an arch of a refleding circle ACB, w upon a concave or convex fur- "P^""' of Ef- 
face reprefented by it, are fo reflected as to converge to a focus ^, when "fphc"S fu^ 
they fall upon the concave fide of the furface, and to diverge from T'facc. 
when they fall on the convex fide. In both cafes the ray ^C, which ^'^' '*' '-'' 
pafles through, £, the center of the furface, and falls perpendicularly up- 
on it at C, is refletSed back again along the fame - line C^ but all o- < Art. lo, 19. 
ther rays being parallel to ^p fall upon the furface with various de-^\ 

grees of obliquity, by reafon of its continued curvity. Every ray as it 
is more remote from ^C, makes a greater angle of incidence DAB, 
with the perpendicular £^ at the point of incidence; and confequently 

the 
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* Art. 8, 19. the equail * angle of refle^on E^'T becomes greater continually as the 
>point of incidence, ^ is farther from C. It is reafonable therefore that 
all the -refledcd rays fliould converge and convene pretty dofc together 
about feme certain point Tof the diredt ray ^C, if the reflei^g fur- 
fcce be concave, ov ^Ife diverge from it, if the furfece be convex. By 
c-eafonii^ farther, as well as by experience, it is found that in both ca- 
fes the focus y divides the femidiameter CE into two equal parts. ' 
'Refleaioo of 2j. In thc foregoing cafes, if the Hud point T be a focus of inci» 
^conv'^ng"^ dent rays, the reflected rays will all be parallel to the line CTB drawn 
convciEin jiuough the Center E ^. But if the focus T be removed to any point 
F'g ij. y towards E» the angles of incidence, is qAE^ and confequently the 
b*An! II. equal an^lesof reflection, as JS^.^ will all be diminifliedj and if q 
be removed towards C, they will all be increafcd. Confequently the 
nefiedted ray«, as A^ which before were parallel to the diretft ray EC, 
will now be inclined to it ; fo as to belong to another focus ^iituated 
on the fame fide of 7'as q. From the contemporary dccrcafe of thc angles 
of incidence and reflection while q is moved from 't towards E, and 
their concemporary increafe while it is moved towards C, it follows that 
the focufes y, ^ move contrary ways, fo as to meet each other at tho 
center £, or at the furface C, if the arch AC be venr fmall. It is ob- 
ferVable that the propenies of concave and convex iurfaces are juft a- 
like, and are changed into one another by conceiving the incident rays 
to come the contrary way in the fame lines produced. 
iRefleffion of 28, Thcfe figures ihew the manner in which the im^e or picture 
feve«i penciij/yr, of an objefl P^Ji, is formed by rays reflected from a concave or 
wychfonn convex (MtiactACB. As the focus q has been ftiewn to lye in the 
Hg. 19. perpendicular ray ^C, drawn from ^ through the center £, juft fo the 
*o «4- focus /, of the pencil of rays that flow from another point P, will be 

in, the perpendicular ray PA, drawn through the center E For every 
my xbat paffcs through the center or tends towards it, falls perpcndicular- 
ty upon the arch or uirface AC By and all others fall obliquely upon ft. 
&ine general 29. Hence It is eafy to underftand that if the objeCt P^i? be fo 
p/opertif3 of finally or fo far diftant from the reflecting furface or its center £, that 
- aU the points P, ^ i2 be nearly at equal diftances from it, then all the 

points^, y, r, of the image, will be nearly at other equal diftances from 
the faid furface or its center. It is alfo to be obferved, that when thc 
object and its im^e lye both on the fame fide of thc center, the image 
is upright, but when they lye on contrary fides of the center, it is in- 
verted J and that it is greater or lefs than the objeCt in proportion as it 
lies at a greater or lefs diftance from thc center than the oDJcCt it felf. 
Thefe things are plain by infpeCtion of the figures, obferving that the 
pbjeCt and image are both terminated by two lines P^, Rr, that meet or 
i^XQis in the center E. Hence it follows that the image will be nearly 

equ^ 
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equnl to the objeft when they meet ' each other at the furface, and alfo * ^ '7- 
vhtn they meet at the center. For in this latter cafe the rays which Fig. is* 
fiow from ^ placed in the center, will be reflefted dire^lly back to y in 
the fame center} and taking Ep equal to EP, fince £C is perpendicu- 
lar to them both, the angles PCE^ ECj> will be equal ; and fo the ray 
PC will be refleftcd top: and when any other point of incidence as 
A is not far from C, the line AE will alfo be nearly perpendicular to Pp, 
and fo the angles PAE, EAp being nearly equal, the ray P^ will be 
leflefled nearly to the fame point p as the ray PC was refledled to. 
I proceed now to rcfraftions. 

30. In the 26th figure ^C reprefcnts a pencil of p^^llel rays falling Ryvaaioii t* 
obliquely upon a ftraight line ACBy or upon a plane furface reprefent- apenciUfpa- 
ed by it, which after refraftion^e alfo parallel among themfelves ; c- ^*^ ^ "" 
very one being equally bent. BlRufe when the angles of incidence arc '^ * 
^ equal among themfelves the angles of refradtion are alfo equal a- 
roong themfelves ■>. For the fame r^on if thefe rays be refracted again b Art. if. 
at another plane, either parallel or oblique to the former, they will ftill ^''S- ^^> ^r- 
be parallel among themfelves after every refradlion. In ftriilnefs this 
is only to be underllood of rays of the iame colour : as will be explained 
in the 6th chapter. 

31.. The rays of a pencil ^^5, diverging from ^ and falling upon Refraflion oF 
a ftraight line ./^CjB, or upon a plane furface reprcfented by it, are fo ". r*?''' °L*^ 
rcfrafted as to diverge from another point q fituated in that ray ^ (pro- Jnverging 
duced) >vhich falls perpendicularly upon the plane. For this ray paiTes ^^■ 
ftraight through the furface', but all the reft, as ^/f, are bent; and ^1^','^^*" 
every one fo much the more as the point of incidence A is remoter 
fromCd; becaufcthc angle of incidence ^^£, and-confequentJythat dAn. i6' 
of refraflrion grows larger*. For this reafon all the rcfrafted rays will « Art. 14. 
diverge pretty nearly from a certain point q on the fame fide ' of the f Ait. n, i*. 
furface AB as ^ It is found by other arguments and alfo by expe- 
ftence, that if the refraifling body be glafs, the greater of the two fo- 
cal diftances ^p, y C, is to the leffer as 3 to 2 ; and if it be water, as 
4 to 3 ; that is, in the proportion of the fines of incidence and refra- 
fiion in thofe feveral mediums ?. On the contrary if the incident rays 8 ^- ^V 
be made to converge towards y, the refradled rays will converge to ^J*, h Art. n. 

32. The 3Cth and 3 ift figures reprcfcnt an image ^ y r of an objedl Rcfraftion of 
P^fi, formed by a refraaing plane ^CB, in the manner defcribed in J'^;^f,'j^"'*' 
the 25th article. The ratios of Ap to AP^ Br to BR, &c. are all equal. (m;iges. 

33. The 32d, 33d, 34th and 35th figures fhew in wliat manner a Rcrraflionof 
pencil of parallel rays falling upon an arch of a circle ACB, or upor> ^fj^"*^^' °^P*^ 
a fpherical furfece reprefented by it, do after refraftion converge to or jjihcricai fu^ 
diveigc from a focus 7". The ray ^C which pafles through £, the ^'^ 
center of the fur&ce, and confequently falls perpendicularly upon it, 

B goes * 
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* te. 1 5. goes ftraight through U without refra«ftion ■. But all the reft, being pa- 
rallel to ^C, fall wich various degrees of obHquity upon the furface 
by reafon of its continued curvicy,; and every one of them as, it is rc-i 
motcr from ^C falls more and more obliquely and confequently is more 
h Art 16. gjjjj more bent''. It is reafonable therefore that the refrafted rays (hould. 
converge and convene pretty clofc together about fome certain point T*. 
in the unrefjadted ray ^C (produced), if they bend towards that ray t 
or clfe diverge from T", if they bend from i;. Which way they arc. 
bent will appear by drawing a perpendicular EA to the fur&oe at A,. 
ft Art. 12. and by conudering the pofition of the denfer medium ^ Hence it will 
appear that if the iiirfiice of the denfer medium be convex, the refrafted 
rays will converge to 7*; anddiverge from T, ifit.be concave. It is 
found by farther reafoning, and alfo ^ experience, that if the rcfraift- 
ing body be glafs the greater of the twl diftances CTy TE is to the lef- 
fer as 3 to 2 j and as 4 to 3 if it be vrater or ice j that is, in the pro- 
portion of the fines that determine the refraSions in thofe bodies. 
^'^^T^'a- 34" ^" ^® foregoing cafes if ^ be a focus of incident rays the refraft- 
tc^^ng lad ed'rays will be parallel to the perpendicular- ray T'C, that paffes through 
converging E ■•.. But if thls focus T be removed to any other point ^ in.the line 
Ik /ifuifiw'"' 7'C produced, the angles of incidence and refradlion will cither be in- 
J^ig. j6 to 39. created all together, or diminifhed all together j and confequently all 
dAnc. II, tjie refraifted rays, which before were parallel to 7*C, will now be in- 
clined to it; foasto belong to another focus y, on the contrary fide o£' 
the furface to ^,.if ^be farther from the furface than T"; otherwife oir. 
the fame fide of the furface. One of the chief properties of thefe cor- 
refponding focufes ^.,.y, is this that follows. Since the angles of inci— 
©An- 14. dence and refraftion do both jncreafe or elfe both decreafc together ^ it 
follows that the, focufes ^ q muft both move the fame, way in the line 
«£-3?'»- ^JS produced. And confequently, while both lye on the &me fide of 
the furfac* or tn its center, they muft both move from it or both to* 
wards it; and if they move towards it, they will- come nearer togethei^ 
till they both coincide at the center or both at the furface, when the- 
*je- 56* 37- arch AC is very fmall. But if the focufes ^ y be on contrary fides o£ 
the furfiice or of its center ; while one moves from it, the other will 
move towards it ; and on the contrary. 
fevS*^™db 35- The40th, 41ft and 42d figuresfliew in what manner the image • 
»!hich& pqrofzn objeil P^ is formed by feveral pencils of rays, (refradted 
images at » by a fpherical furface,) whofeaxesor unrefraded rays are PEp,^Ef, 
i«c."" ""^ REr. The properties of thefe images are the iame as of thofe made by 
refieftion from a Jpherical furface, and are already defcribed in the 29th 
article. 
Rdhaionof 36. A ray of lightEF falling obliquely upon a flat piece of glais»\ 
wnHef pi^c ^^ ^y. "^c*ii"ni terminated by_ two parallel planes reprefenied by the 
ftirfaeet.., • ' ', ' lines 
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lines AByCIXvTill emerge from it after both refraftions at F and G Fig- 43- 
in a line GHparallel to the incident ray ER Far iince any line FG 
^hich the ray defcribes in pailing between the parallel planes, is equal- 
ly inclined to them both, it will be bent as much at G in going for- 
ward, as it woiildbe at Fin going backward*; and thefe equal bend- a Art. n. 
ings bemg made contrary ways, the incident and emergent rays EF znd 
G H are therefore paralleL 

37. The lines defcribed 1)y the incident and emergent rays EF and Rcihftion of 
GHt being produced are clofcr together when the glafs is thinner, and ' ^^i^i'^hi^ 
alfo when the ray falls lefs obliquely upon it ; becaufe the bendings at ricii fur^co. 
f and G are then lefs *>: and in thefe cafes if the glafs be not flat but ^^'^- ■6- 
bent a little as reprefented in the 44ih figure by two parallel arches AB^ 

CD, the lines EFy GH will ftill he nearly parallel. For the bended 
furfaces refra£t the ray £FG/f juft as much as two planes would do 
fuppo&ng they touched the furfaces at Fand G<=: and thefe planes c Art- 19. 
will be nearly parallel when the line FG is but little inclined to the 
to^ices; being exa^y fo when it ftands perpendicular to them both. 

38. A thin piece of glafs or of .any tranfparent fubilance bounded on Aiens-whA. 
fflwiideby a poliihed plane furface, reprefentoi by the line £F, and^^+S'os** 
on the other fide by a fmall portion of a poliihed Ipherical furface, re- 
pre&nted by the arch ACBi or bounded on both fides by fpherical 
fur&ces ACBy EDF^ is called a lens or fimply a glafs ; and is conceiv- 
ed by mathematicians to be generated or defcribed by turning the figure 
ACBFDE round about the line CD, drawn through the middle of 

it perpendicularly to both its fides. This line CD produced is there- 
fore called the axis of the lens ; and it pafies through G and H, the 
centers of its furfeces. The points C, D where it cuts the furfaces are 
called the vcrtexes of the lens, and the middle point between them is 
called its center. The 45th figure reprefentsa plano-convex glafs> the 
46th a plano-concave, the 47th a double-convex, the 48th a double- 
concave, and the 49th and 50th two concavo-ctHivex gjaifes, whereof 
the firft is called a menifcus, becaufe it refembles a little moon. It 
mufl: be remembered once for all, that the thicknefs CD of all thefe ~- 

glafles is generally fi> fmall, that it feldom need be confidered. 

39. A glaft prifm is a body, fhafted like a wedge, that has three AprtfiniAa. 
e(^es, being bounded with two equal and parallel triangular ends ABC *^' '*• 
aiiAabc, and three plane and well poliihed fides, whidfi meet in three 
parallel lines Aa, Bp, Cc, running from the three angles of one end to 

the three angles of the other : and when it is viewed endways it is re- 
preicntcd only by a triangle ABC, as in the 52d figure. -.*_*■ _r 

40. When a ray of light EFGH is refraaed at F and G in pafling nSk»y 
through the fides, AB, BC, of a prifm, the courfe of the emergent through % 
ray,GH, always deviMcs .from, £F, the courfe of the incident ray, to- ^^"*- 

B a wards 5^ * ' *^ 
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wards the thicker part of the prifm, more or Icfs ,as the refrafiiing. an^ 
gle -^fiC is. greater or fmallcr. And if the refrading angle be gireo 
(or invariable) and the refraftioos be but fmall, the quantity of devia- 
tion will alfo be given, though the pofition of the incident ray be varied 
at pleafure. 
Fig. SI. For fuf^fing at firft that the ray FG, within the prifm, is equally 
inclined to its fides AB, BC, as in fig. 52, it is evident from the pofi- 
tion of the perpendiculars to thofe fides at the points F and G, that both 
a Art. II. the refraftions are made from the edge B towards the oppofite fide jiC\ 
fiig- S3' Now let FG become unequally inclined to the fides ^5, BCy by 
turning it gradually . into th« pofition J'g j and while it becomes left 
and lefs oblique to one fide, fuppofe AB, it will become more andmoie 
oblique to the other fide BC. Confequently fuppofing a ray to go both 
ways along this variable line fgy it will be more and more bent in go- 
ing through the fide BC and kfs and lefs in going back through the 
fitie AB; fo that the total bending of the ray, confifting of both Its 
bendings,. or angles efg and fgh^ taken together, will continue to be 
much the fame in all its pofitions. The circulation of the lineyjf, may 
be farther continued till ic becomes perpendicular to the fide ^B ; and 
9is- $4- then the bending at this fide is nothing : k may alfo be continued dill 
&rther till the bending at f is made the contrary way ; which ftill 
takes off from the perpetual increafe of the greatec bending at g and 
keeps the total bending invariable. 
tie-St-- When fg is perpendicular to jfS, let the latter plane BC be turO' 
ed gradually towanis the former BA, upon the edge £, and the ray 
that comes along ^ will gradually ^11 lefs obliqu«ly ujJon it} and 
b Alt 14, 15. confequently the liending at^ will be gradually diminiflied**; and re- 
duced to nothing when die refraAing angle ABC vaoifties. Laftly if 
feveral rays be fuppofed to come paralleT to one another they will all 
c Art JO- emerge parallel to one another '.. Therefore the quantity of deviation 
of a ray does not at all depend upon its pafiage tki»ugh a thicker or 
thinner part of the prifm, nor upon its inclinations to the fides of tlie, 
priim, but is proportioned to the quantity of the refrafting angle jiBC\ 
and the more exa^ly as this angle and the refractions at its fides are froaller. 
Rdrafltoniof ^i^ por the feme reafon when a ray of light £i^GHpafles through 
itrougVSc the edge of a convex or concave lens, or the fides of a globe, its emer- 
,«dge of a leM. gent part GH always deviates from the courfe of the incident part E.P 
Fig. ss to 6»- towards the thicker part of the glafs. Becaufe the refradions at F and 
G are the feme as if they were made by two planes FA,, G C that touch 
^Arfci^. jjjg fphcrical furfaceat i^and G^; and fo the fides of tie glafs may be 
Refraftionior confidcted as inclined to each other like the fides of a prifm. 
afingieray 42. It foUows therefore from thetwolaft articles,, that the deviation 
^^il of the courfe of the emergent ray> from that of the incident ray, is 
fcni. gradually 
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gradually dimlniihed as the ray goes nearer and nearer to the- middle of 
the glafs : till,, when ic goes through the middle, its emergent and in- 
cident parts are either parallel to each other, or die are one continued 
Une, when the ray coincides with the axis of the glafs. For the angle 
made by the touching planes, FA^ GC, is gradually diminilhed as the 
ray FG approaches to the middle : till at lail it vaniflies when they be- '^ ^ '^'^ 
come parallel, a.s in the 36th anicle.. 

43. When a pencil of rays falls upon any glafs, that ray which paf- ''^'if'^J' 
fcs through its center, or middle point, is called the axis of the pencil, ^ighl, ai^ 
And becaufe its incident and emergent parts, EF and GH, are either uaiicdthe 
Mw continued, line or two parallel fines ', its whole courfe in optical ^^ ''^* ^^' 
croeriments may be always taken for one firatght, phyHcal lit^e : from ■ Art 42. 
which it di&rs in&niibly. when the thicknefs of the glaf&is fmall, and 

when the pencil falls not too obliquely upon it. Becauie the parallel 
liaeaEFandGHproduced,goclofcr together in proportion as the Une 
FG is Ihocter^ and as the bendings at F and G are fmaller. 

44. All rays, as EFGH and efgi>, which crofs each other in a re- Rayiarcff-- 
iiiiiiing globe and pafs through it at equal diftances from its center, fo ^^^ ^t^t 
as to touch a cpncentrick globe, are equally bent. Por in this cafe the cqiuddiOince* 
cbcMxls FGy fg being equal, their obliquities to the furiace of the gldw ^™f'*" ^ 
are alfo equal, and confequcntly the bendings of ilic ray EFGH at i^'pig!;!. 7+. 
and G» both feverally and together, are equal to the bendings of the 

ray (r/V,6 at /" and ^ : as is evident by conceiving the rays to go both 
ways ilong me chords FG^fg. Therefore the angle made by the in- 
cident and emergent parts of one ray, produced till they meet, will be 
equal to the angle made by the incident and emergent parts of the o- 
thcr ray produced till they meet j which is what I mean when I fey 
the rays are equally bent, 

45. All rays, as EFGH, efgby which crofs each other at any given *"<* f"®" *• 
point of a lens, or which pafs through it at equal diftances from its J^'" * 
center, are equally bent, provided they do not fell very obliquely up- Fig- 72. 73- 
on it. Im^ine a line FG within the glafs, at firft to be equally in< 

dined to its fides, and then to be turned a little about any point of it, 
ull it comes into the pofition^ i and while it becomes more and more 
oblique to one fide of the glafs, fuppofe F/y ic will become lefs and • 
icfs oblique to the other fide Gg. Confequently if a ray be fuppofed 
to go both ways along this variable line Jg it will be more and more 
bent in going through the fide F/*and lefs and lefs bent in going through' . 
the other fide Gg *" : fo chat tKe total bending of the ray confifting of b Art ifc 
both its bendings, or angles ^fg,fgb, taken together, will continue to 
be much theJame in all its poficions. The circulation of the line^,'. 
about the given point, may be farther continued till the bending ac g 
is diminiihed to nothing j and ilUl farther till ic be made the contrary 

way i". 
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way s (as was eafpkincd in the 40th article ;) which flill takes off from 
the perpetual increafe of the greater bending at^and keeps the total 
invariable. To keep the fame bending it is only neceffary that the rayg 
, FGyfg ihould keep at equal diftance from the axis of the lens as near 

as poflible: and nothing alters the total bending but the alteration of 
a Art. 40. that dillance ' j becaufc the inclination of the tangent planes, lUcc the 

refraGing angle of a prifm, will then only be altered, 
f fiSk "" til ^^- W^^" ^ ^^^^ pencil of parallel rays falls either directly or a lit- 
of parallel rays tie obliqucly upon the whole furface^f any glafs, which is thicker in 
U »nT Eh&. the middle than at the edges ; all the emergent rays will be bent from 
sf.ii.'ss,' 3^^ ^^^ towards that ray which goes through the middle of the glafs: 
-91' ' ' and on the contrary, u the glafs be thicker at the edges than at the 
bArt.-+i. middle, they will all be bent outwards from the middle ^ay^ And 
.becaufe m both cafes the bendings are equal at all equal dlllances round 
about the middle } and grow greater at greater diftances from the mid- 
-cAn. 40. dle'i the emergent rays will all converge pretty nearly to fome certain 
point F in the middle ray, if the glafs be convex j or diverge from a 
certain point F^ if the glafs be concave. 
Refaffion of ^7. When parallel rays come contrary ways and fall upon oppofite 
J^^^^^t fides of any lens, the diftances of the focufcs of the emergent ra^s from 
JM17 wtya. each fide of the center of the lens will be equal j though the femidk- 
meters of the furfaces of the lens be never £o unequal, or though one fide 
Jie plane and the other fpherical. For fince any two rays whi<^ come di- 
rectly oppofice to each other, are at equal diilances from the common 
axis of the pencils, and after crofllr^ each other and emerging front 
.4 Art. 44,45. thg glafs, are equally bent from their firft courfe<i, thefe two emergent 
rays (produced) will meet the axis at equal diftances £i^, £/" from the 
-Sil!^ foci center of the glafs. When the rays come parallel to the axis of the 
^diibDce,wiwt. lens, their two focufes F^fzre called the principal focufcs of the lens : 
and £For E/h called its focal diftance, and 1^ fome authors its focal 

« fingk^iSl 4^* O" *fi contrary if the rays be returned direftly back from the 

.ofdivciging focus P, the emergent rays will all be parallel to FE, the axis of the 

^yf^SJ^ pencil e. Confequently if this focus F be removed to ^ farther from 

any gUfi. ihc glafs, the emergent rays will belong to another focus y cm the con- 

^'jRS«»9*- trary fide of the glafs; but if^be put nearer to the glafa thanP, the 

* "' emergent rays will belong to a focus g on the fame fide of the glafi as 

^ Becaufe while the rays are put into thefe difterent fituations their 

bendings will not be altered, if they keep their refpeitive diftances from 

if Art 44, 45. the center of the glafe ^. Confequently if either of the correfponding 

focufes ^ ; be put in motion along the :^is of die pencil, cither di- 

^re& or oblique, the other focus wul move the feme way : and thcrc- 

:£}re if thefe focufes be on contrary fides of ^e glu^ while one moves 

towards 
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towards it the other will move from it j But if they b^ both , on the 
ikme fide of the glafs, they will both move from it or both towards it>. 
and will come nearer to each, other as they come nearer t&.the glafs> 
till when one coincides with its furface the other will da fo too very 
Dearly, provided the glafs be very thin and the diftance of the ray from 
its axis be veryfmall. Thefe focufes cannot therefore coincide at the 
furface of a globe, becaufc the points of incidence and emergence are 
too far afundci:. 

It is obfervable that the properties of concave furfaces and glalTes^ 
are the fame as of convex ones ; which will appear by conceiving, the. 
rays to.cotne contrary ways in the fame lines produced; and according- 
ly 10 be changed A-om diverging to converging,, and on the contrary: 
as reprefented in the figures, by the black lines and pointed lines. 

49. If feveral focules ^Ro{ incident rays be at any equal diftancc8-Re'"^'t»"<?f 
E^ ER from the center of any glafs, the focufes of the emergent rays o7dWe^g . 
will alfobe at other equal diilaiices Eg, £r from the fame center in the andconvwg.- 
fines E^ ER produced ; provided none of the rays fall very oblique- Ljis "y*^ 

I'y upon the glafs. Take any point j4 within the glafs, not far from too. ' 

its axis ^, through which a ray paffes from the focus ^to the focus 

^, Draw the line AE and while the figure ^jiEq is conceived - ta' 

mm a little about the center JS, into the pofition RBEr^ the extremities 

of the lines E^ EA, Eq will defcribc fmall arches ^, ABy qr about 

that common center E. Then let another ray which belongs to the fos* 

cus i?.be refrafted through the point By and after, emergence it will bc- 

loi^ to the point rj becaufe the total bendings of two rays, ,^^^,i2Br, 

which pafs at equal diftances, AE^BE, from the center of theglafe, 

are equal •. And the reft of the rays that belonged to R will belong to » Art. 44. 45.- 

ihe lame point r; becaufe it is fituated in the axis of the pencil ''. '' ^- ♦*■ 

50. Hence the focufes of all pencils of, parallel rays that fell not too Re&afUoii of 
obliquely on the fame or on oppofite fides of any glafs are equidiftant o7^!i^a^'^''* 
from its center. For the argument continues the fame while the eq^al nyt. 
diftances Eq, Er, are equally increafed till they become infinite, that.*'* 97-98- 
is till the rays of each pencil become parallel. 

51. Hence if ^. the focus of incident rays be given, .and ?, the ^"^ ^^^g^f J^. 
CU3 of the emergent rays, be required, . draw ^£, the axis of the pen* j^, „j,, ^p. 
cil, and with the center E and femidiameter EF, equal to the focal omlensto 
diilance of the lens, (to be found by experiment,) defcribe an arch EG y^^\^ 
cutting any incident ray, ^^, in G ; join EG and drawing Aq paral- gent r»yi. 
lei to it, the point f where it cuts the axis of the pencil will be the fo- ^'8- ^°^ '" 
cus of the emergent rays. For fuppqfing other rays, befides GA^ to '°^ 
flow from or towards G, they will all emerge parallel to their axis GE 
produced'. " cArt. jo. 

C2. The 
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He.'^^flion i>f ^2. TliCTefraftion of a pencil of rays through all forts of glaflesmay 

fcveraifurfa- ^^^° ^ confidered in this manner. By the refradion at the firft fur- 

cMothirv/i'e face .<4S the rays are difpofed within the glafs to converge to or diverge 

cfjnTidcrcJ.^ from a focus-T ; which may be confidered as the focus of incident rays 

110. upon the fecond furface; by whofe refraftion they are all direfted to 

another focus F, For example, let ^ be the focus of incident rays 

upon a glafs pnfm ; ^C perpendicular to its firft fide ^B. To ^ 

add ^T", equal to half ^ ; and Twill be the focus of the rays ^yd^ 

* Art. 31. ^By^c. after refraftion at the fuiface -^5 » j and.belng alfo the focus 

of incident rays at a and S upon the fecond furface aiy from Tc drawn 

perpendicular to J ^ take away 'Ty equal to a third partof'T'ci and j 

will be the focus of the emergent rays qa^ qb produced. ' 

Hence the focufes of incident and emergent rays at a prifm, lye 
always very nearly at equal diftances from it ; provided the refratSions 
and the refradting angle be but fmall. For then the perpendiculars TCy 
^c are nearly equal j and in glafs ^C and y c arc two thirds of them re- 
fpeftively. - 
Tig. 110. Henc-e when the planes AB, almre parallel, 7'Cand T'c coincidcj 

and ^ is one third oi' Cc, the thicknefs of the glafs. 
Imigwform- 53. An image/- J r, formed by a flat piece of glafs ./^B id is upright, 
'^^llf^aMs P*'^^*'*^ ^"d equal to the objecl, P^^, and lyes on the fame fide of 
.fig. 1 1 1, n 2! the glafs as the objedt ; but nearer to it by a third part of the thicknefs 
of the glafs : becaufe we have ihewn that the focufes/, y, r, of thefevc- 
ral pencils that flow from P, ^, R, lye fo much nearer ; in the lines 
PA, :^y'RB, drawn from the feveral points of the otgeft, perpendi- 
cular to tiie glafs. 
Imagw form- 54. An image formed by a prifm is always upright, and equal to the 
ri by a prifm. objeit, and lyes on the fame fide of the prifm, and at the lame diftance 
!8- 1'3- from it as the objeft it felf : provided the refraifiing angle of the priiin, 
and the refrai^dons made by it, be but fmall. Take two rays, PE, 
^jE, which coming from the extremities of the objeft, pafs through a 
point E, fo near to the angular point of the refrafting angle, thar^Jie 
diftances between their points of incidence and emergent* need not be 
mentioned. And fince the total bendings of the rays PEN, ^^0 are 
b.Art.40. equals they will crofs each other, fo as that the angle P£^will be 
equal to the angle NEO or topEq, made by the emergent rays pro-- 
duced backwards: and becaufe the diftance Epo( the focus p, of the 
cArt *- pencil that flowed from P, is equal to £ P ', and in like manner the 
'' focal diftance JSy equal to JS^ the imagery will be upright and e- 
qual to the objed: and at an equal diftance on the feme fide of the 
prifm. 
Fig, -144, The feme things might have been proved, by conceiving two rays 

J 15, 116. J>Aj^ to go from the extremities of the objeft either parallel to 

one 
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one uwther or fo as to crofs at any point E. Becaufc the emergent rays 

(produced) will accordingly be parallel ', or will crofs at another point ., An. ^a. 

e on the iame fide of the prifm, and at the fame diftance from it as ii) '' ; i> Art. 5 :. 

and will alio make equal angles at E And e, as they did when they croifcd 

at the angular point of the prifm '. 'c An. 40. 

55. Thcfc figures reprefcnt the manner in which an image of an ob- in,ag« form- 
jcd is formed by feveral pencils refradted through a glafe of any fort.cd '»} gi^fici 
And bccaufe the axes PEp^ ^?> ^E,r of the feveral pencils go, in a p'g ^°'^% 
Bianner., llraight through the center of the glafs, the properties of nj. 

thefe imager arc the fame as -of thofe which are made by refraction or 
byrefie6tion at a fingle furface, anddefcribed in the 29th arcicle. Ex> 
cept that the image of an otge^ which touches a globe does not coin- 
cide with the obje^ it felf, but is fituated at a diftance from it, for the 
Fcafon given at the end of the 48th article. According to theory the 
image of a circular arch will be nearly circular ^ ; but when the object d Art. 45, 
and image are fmall and are placed at a confiderable diftance from the 
glafs, the diiference in their figures will be infcnfible in phyfical mat- 
ters whether ihey be confider^ as circular arches or as ftraight lines. 
Efpecially confidcring that all the rays of a pencil do not crofs prccife- 
ly m a fingle point of its axis, but in feveral points which make up a 
fcnfiblc part of it ; as will appear by the following experiments. 

56. When rays of light fall upon any rough unpoliflied fiirface of an Refleaiom 
opadfic or tranfparent body, they are not refledted or refradted regularly, »"<^ refraftion* 
according to the laws and properties of polifhed furfaces, but are feat- TOiUhod i^ 
tered every way altke from the inequalities of the rough furface in the co. 

fame tnamiM' as if they were emitted from a fclf-ftiining fubftance. 

• ef the fore~ 
__ Jome others he 

difca 

57. Let the light which ^ows from a point A and paflTes through a T 
fquare hole bcde be received upon a plane, BCDEy parallel to the ^'^f^"™^'"^ 
pline of the hole j or if you pleafe let the figure BD be the ftiadow of^hl bJ^dciu* 
the plane i(/i and when the diftance AB is double of .^^, the length of 1 pencil u* 
and breadth of the fliadow BD wiU each be double the length and ",^,^^'^iJj*"' 
breadth of the plane ^(/; and treble, when ..^B is treble of -;^4> and fo focus. 

on: which may be eafily examined by the light of a candle placed ^'S- '»fi- 
at A. 

58. Therefore the furface of the fiiadow BD, at the diftance ^5 Hence the 
double of ^^, is divifible into four fquares, and at a treble diftance, in- ^enfity and 
to nine fquares, feveraUy equal to the fquare l>d^ as reprefcnted in the ^gh""^i'I(j 
figure. The light then which falls upon the plane Sa, being fuffcred upon a giva 



Ji defcription ofjbme eajy experiments^ by •which the truth ej 
^oing properties ofglajfes may be readily examined^ and Jon 
difctruerea. 



topai£ 10 a double diftance, will be uniformly ^rcadovcr four times p.'' 



, dprooilli' as 

the thcfauara** 
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ftidiftancM the (pace, and confcquently will be four times thinner in evo^ part of 
sitomiibodj. 'l^ac fpacc, and-at a treble diftance i: will be nine times thinner, and 
at a quadruple diftance fixteen times thinner, than it wa^at firftj and 
fb on according to the increafe of the fquare furfaccs bcde^ BCDB 
&c, or of the fqpare furfaces -/^^y^, ABFGy Sec, built upon die dtiUn- 
* ces Ai, AB, 6cc. Confcquently the quantities of this rarificd light re- 
ceived upon a furface of any given, fize and ftiape. whatever, removed* 
fucceffively to thofe fevcral' diftances, will be but one qHartcr, one ninth, 
one fixtecnth, of the whole quantity received by it at the foft diftance 
j^l>. Or in general, words the denfities and quantities of light, received- 
upon any given plane, are diminilhed in the fame proportion as the 
fquares of the diftances of that plane, from the luminous body, are in- 
creafed : and on the contrary, are incrcafcd in the fame proportion as^ 
thofe fquares are diminiftied. For the lights o£ the feveral points of the 
body, which fcverally follow this rule, will compofe a light which wilt 
ftill follow the fame rule. 
8^' P»f!^ 59" ^^^" ^^^ perpendicular fubtenfe ^Cof a fmall angle Bj4C is. 
fiibTend'eqQal divided iuto any number of equal parts BH, HI^ IC^ the lines, HA,. 
Mgicsatui* XA, drawn from the points of divifion to yf, will divide the angle BAG 
Sg , intathe fame number of parts, which will be nearly equal.among then> 

^ fclves. For they would be fo exaftly if the line BC was an arch of a. 
circle, drawn upon the center A; from which it differs fo much the 
lefs as the angle at ^ is fmaller ; aod fo.the propoiition is exadeft in the. 
ijpalleft angles. 
Small angles 6o. When the diftance AB is, double or treble of Aky the fubteirie- 
tiSfob' ^ ^ ^'11 ^« ^°"^^« °^ "e*'!^ °^ '*i^ fubtenfe ^ f of the iamc angle at A \ 
jeflarereci- Divide BCinto its parts BH, H/> /C, each equal to ^c, and the rays- 
procaiij' as itt jtf_^^ /^^ Will divide the angle 5>^Cinto as many equal parts\ There- 
(hc"eyT rtan £^^^ when two angles iACy BAH are fubtended by the fame or by e- 
» Art. 57- qual lines ^f» BH, the magnitude of the firft angle ^^^f,. will be to, 
b Art. 5^ ^^ magnitude of the fecond B AH, as the fecond diftance BA to the- 
firft diftance 6 A. 
?■ 6 1. Take an hollow globe of glafs, or inftead of it a thin round flafk 

tT^H^^' or decanter, and making a moderate round hole, about an inch broad, in 
ihe focal di- a piccc of btown paper ^ parte it on one fide of the belly of the decan- 
gb^ofl^^teT ^^^'' and having filled it with water, hold the fide that is covered, to-. 
and of glafs. ' the fun, that the rays falling perpendicularly upon the hole, may pafs^ 
5ig- 1.07. through the middle of the water ; and the emergent rays will be collea- 
ed to a focus, whofe neareft diftance from the decanter will be equal to 
a femidiameter of the belly of it: as will appear by receiving the rays 
upon a paper held at that diftance. That this- effeft is owing to the re- 
fraction of the water and not at all to that of the glafs ftiell, appcars.to-be 
:6CAfonabk by the 3^th.ar.ticlei. and.will.appcftrto.bcfaa, by trying the 

cxperi-- 
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experiment over again with the empty decanter. For the light pafliiig 
through the hole, bdng received upon a paper, will be as broad as the 
hole itfelf at all diitances of the paper from the decanter. If the like 
experiment be tryed with a icJid gK)b« or ball of glafs, the diftance of 
its focus from the neareil part of the ball will be one quarter of its dia- 
meter. 

4)2. Things remaining as before, parte a piece of thin white paper m. 
upon the fide of ihe decanter -oppofite to the hole in the brown paper ; E^tperimcm. 
and when the light of the fun, which comes through the round hole, Xr"tre*frl«* 
£dls upon the white paper, nwafure its breadth, GH^ with a pair of com- rcrnftioa 
paflcs ; and it will be nearly equid to half the breadth, A By of the hole °°^y- 
ia thebrown paper. Which fhews that if the converging rays AGj BH, 
y/at permitted to go rtraight forward in a body of water continued far 
enough, diey would convene at a focus, T*, whofe dirtance D 7', from 
ihe oeareft point df the ball, would be about half* of, CT, its diftance • An- f?. 
horn the remoteft point ; and confequently would be equal to the dia- 
meter CDi and therefore CT'isto 7 £ as 4 to 3, as wasfaid in the 33d 
article, if the white paper be parted on the back fide of a folid glafs ball, 
the diameter GH of the circle of light will be found equal to one third 
jMUt of jiB J c(»iicquenily the rays ^G, BH^ converge to a ibcus T 
who& diftance iitom D is one third ^ of its diftance from C; that is, CI" b Art- s> 
is to ^D as 3 to I and confequently CT is to T'E as 3 to 2, as was faid 
in ibc 33d article. If the experiment be tryed with a lighted candle pla- 
ced at a great diftance; while the candle approach.cs to the ball, the 
fcreadth of the fpot Gif will increafe continuaJlyj which Ihcws that the 
focus ^goes from the ball, and lb it confirms the 34th article. 

63^ Having covered either fide of a convex glafs with paper, in which iv. 
there are feveral fmall holes made with a pin, and having expofed the Ejperimci*. 
glais dircftiy to the fun, the rays which pais clu-ough the holes will ap- ^° f^j*^ 
pear like fo many white fpots upon a paper held pretty clofe behind fianccofacoa- 
the glafs i and thefe fpots will, come clofer togeriier as the paper is gra- p" ''^"" 
floally drawn back from the glafs till at laft they all unite in one ^>ot '^ ' 
or focus. The diftance of this focus from the glafs may therefore be 
meafured, and will not be fenfibly altered by turning the other fide of 
the glafs to the fun % nor by inclining it a little to the incident rays'*} c Art. 47. 
and provided this fmall inclination be fo made as not to move the mid- ^ ^"' S**- 
die point of the glafe, the focus en- fpot upon the paper will not be 
fenfibly moved. Which ftiews that the axis of the oblique pencil conti- 
nues ftraight as before^. If the paper be drawn farther from the glafs, ^ ^4^. 4*. 
■the fpots will recede from each other. 

64. If a concave lens covered in like manner be expofed to the fim, Exp«u-rmcnt., 
the fpots of l^ht which come through the holes and ^1 upon the pa- To mcarurts ' 
per behind the glafs, will continually recede from each other as the £^^J^^ 
C 2 paper tavc !«», 
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paper is gr^idually removed from the glafs. Which fliews that the emer- 
gent rays cominually diverge from a focus fituated before the glafa 
Fig. 106. When the diftance ab, of any two fpois from each other, is double tha- 
diftr.nce ^B, of the two coiTefponding holes in the coven, through 
which they came ; the diilance £/,. between the paper and the glafs, is 
*' "■ ''' then equal to its focal diftance EF^i and by this means it maybe mea* 
fured. 

By thcfe experiments it will be found, that the focal diftance, EF, 
of a. plano-convex or of a plano-concave glafs is equal to a diameter of 
its convex or concave furface, that is, of the. whole fphere it belongs to : 
which proves the 3 3d article by holding the plane fide of the gJafs perr 
pendicular to the incident rays, that they may pais through it unrefraa- 
ed. Secondly, that the focal diilance, EF, of a double-convex or double- 
concave glafs, of equal convexities or concavities, is equal to a feml-- 
diameter of cither, of its furfaces : and confequently that the focal dif 
ftance of a glafs of unequal convexities or unequal concavities will have 
an intermediate length between a diameter, and a femidiameter of that 
furface which is moft convex or nioft concave. For if a glafs of equal 
convexities or concavities be conceived to grow gradually flatter on c\t 
ther fide till it becomes quite flat, its focal diftartce will grow gradually 
b Art- 4P,4i- longer'', till at laft- it becomes a diameter of the remaining furface, as 
was faid above. 

The like experiments may be tryed with a concave or a convex look- 

ing-glafs coveted, with a paper ftuck full of holes, to confirm the 26ih 

article. 

vt 65. Having found the focal diilance, £F,of a convexglafs and fixed 

rTfl^w^thc '^^-^'^^ againft a moderate hole made in a thin board CE, placed upright 

rtUtionofcon- upon a long table or floor ; through the point C, diredly under the mid* 

jugaw focufes die of the glafs, draw a long line AB perpendicular to the board j in 

■^nei^'i fo-"^ which meafure the focal diilance. of the glafs from. C to F and from F 

ciifcs. to 1, I to II, II to III, &c ; and alfo on the other fidcfrom C to/ and 

Sig. 138. from/ to 1, I to 2, 2t0 3, fitci then taking -ft- f> i» ^c- of the focal 

diilance, fet them off frOm F towards I and alfo from/ towards i, and 

put the figures -i, i, ^, to the points of divifion> as in the fchcme j lailly 

having darkened the room, if a candle be placed at ^ over the mark ^ 

the rays which pafs through the glafs will be united at g upon a paper 

held over the oppofite mark i j and removing the candle to II and the 

paper to -i, the rays will be united here alfo ; and. likewife when the 

candle and paper are removed to III and f, IV and i &c : and the ef- 

fcdt will be the fame if the paper and candle be tranfpofed.. into each Or 

thers places : which confirms the 48th article. Befuks, it appears that 

fg varies reciprocally as F^ varies j that is^ it decreafes in the fame 

proportion as i^^increafes, and on the cantrary. 

66. Things 
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66. Things remaining as tliey were, when a fecond candle k placed vrr. 

on either fide of the firft at the fame diftance from the glafs, the union t-o'^J;^"''"^)^ 
of its rays will make another image upon the paper y, on the contrary iovcn'ion and 
fiJe of the axis ^J^^ i and the diftance between the two images will be ™gniwdcof 
found to bear the fame proportion to the diftance between the candles, 
!s [he diftance of the images from the glafs, bears to the diftance of the 
cindles from the glafs. Thefe obfervations confirm the reafon why the 
image of a fingle candle is inverted upon the paper; and why its mag- 
nitude is altered when its place is altered. Becaufe what has been obferv- 
cd of two candles is applicable to any two points of the fame candle ; fo 
that the defcriptions of images in the 55 th article is fufHciently illu- 
ilrated by this experiment. And what Iws been tryed with a convex lens 
may alfo be tryed with a concave looking-glais placed at the hole in the 
board. 

67. If the rays of the fun or moon or of a remote candle, which are Viil. 
made to converge to a focus j by a corivex lens £, be intercepted by a xo^lkelma- 
iooking-glafs AB^ they will be fo refleded from it, as to converge to a ges of objects 
focus ^at an equal diftance before the looking-glafs to that of y behind appe""P"Si" 
it. This may be examined by holding a piece of white paper at ^to re- room. 

ceivc the reneifted rays. Therefore if the reflefted rays be fuppofed to go Fig- "9- 
diredly backward, that is, from ^towards the looking-glafs, AB^ they 
will be refledied from it fo as to diverge from q ; which proves the 23d 
and 24th articles. If the convex-glafs be placed in a hole of a window- 
Ihutter, and the room be darkened,, the 130th figure ftiews how images 
of external objects, as P^R, which are feen inverted upon a paper held 
upright at^yr, may, by reflefting them downwards upon a paper held 
horizontally at mx^, be viewed upright, when the fpeftator's back is 
turned towards the lens. 

68. Whatever be the fhape and magnitude of the hole in the paper ix. 
that covers pan of a lens, the fhape and magnitude of the pifturc of an S,'^""*".'" 
objed will be the fame as when the lens is uncovered j becaufe any fmall dcgreei of 
part of a pencil of rays has the fame focus as the whole: but the bright- bnghmefsMid 
nefsof the pidlure will be dimmifhed in proportion as the hole in the ^'^j^J' "^ 
cover is dirainiftied ; becaufe the quantity of light which illuminates c- 

very point of the pifture is diminifhed in that proportion. If the lens be 
very thick and brtnd, by this diminution of its aperture the diftindlnefs 
cf the pifture may be fenfibly improved. Becaufe the rays which fall 
upon the margin of fuch a glafs are not refraded. exactly to the fame 
points as thofe which fall nearer the middle of it : which will be mani- x. 
fcft by the next experiment. . f'P"!'??'*" 

69. When the light of a candle or of the fun is refraifled through a whT^Mdhow 



globe, or through the belly of a round decanter filled with water, and formed bv » 
fells upon a table cloth, or upon a piece of white paper held parallel and l^^^^J^ ^ 

very Fig. 1 J 1. 
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very near to the axis of the light; the luminous figure there formed is 
bounded by two bright curves, called paufticks ; which in going frotrt 
the globe approach towards one another and to the axis of the pencil, 
till they touch it and there make a fharp angle, whofc point is tjie focus 
, of the pencil. 

From the brightnefs of thefe curves it will appear, by infpedion of 
the figure, that they are formed by tlie fucceffive interfedtions of every 
jray with the next to it, taken in fucceflive order from one fide of 
the globe to the other; atid confcquently that the brightnefs of the pa- 
j>er within the curves, and its darknefs without, is caufcd by a multi- 
tude of interfedlions of rays within, and by none at all without. 

It will alfo appear by the figure and pofition of the cauftick, that eve- 
ry ray croffes the next ray in a point of the cauftick before it cuts the 
■'*■ ''^' axis. For if every ray crofled the next ray in a point of the axis, they 
ffliuftallcrofs it in one and the fame point; and fo the figure of the 
light upon the paper would confift of two bright angular fpaces, bound- 
ed not by curves but by ftraight lines that crofs in the focus ; and con- 
iequently each angular (pace, at equal diftances on each fide of the fo- 
cus, would be equally bright ; which is contrary to experience. 
i>jg. 133. And if every ray crofled the next ray, after it had cut the axis, their 

fucceflive intcrfedions would form a bright curve, which would have a. 
fliarp angle at the focus as before; but would diverge farther and farther 
from the axis in going from the globe, as reprefented in the figure ; 
which is alfo contrary to experience. It is manifeft then from the ihape 
and pofition of the cauftick, that every ray croffes the next ray before it 
tF*g «3'- cuts the axis; and alfo that the focus of the pencil is that point of the 
axis where the neareft rays cut it; and that the rays in the mcident pen- 
cil, which lye farther and farther from the axis, cut h in feveral points, 
that lye fardicr and farther from the focus. 
.'An ima^Miy 70- Therefore fince the total bending of a ray is not altered, while it 
ttoftick fonn- paJTes at equal diftanccs from the center of the globe, and confcquently 
w^awUn- touches a circle concentrick to it, it follows, that while the candle is 
der. moved gradually towards the globe, the neardl rays to its center, on op- 

Fig. 134. pofite fides of it, will firft become parallel to the axis, and prefcntly af- 
.FiS' 135- terwiU diverge from a point behind tlie candle; then the next rays to 
thefe, on oppofite fides of the center, will alfo become parallel to the 
yig. 136. iaxis, and after that will diverge from another point of it, fomewhat 
_. farther behind the candle than the former point, from which the ncar- 

' ''■ e&i rays diverged; and fo on. Confcquently when the emergent rays di- 
verge, each contiguous couple being produced backwards, will cut the 
axie before they crofs one another; and thefe fucceflive interfeftions, 
from whence each couple diverge, will form an imaginary cauftick, be- 
ginning with a fliarp angle at the focus, and xecftding from the axis, in 
;^going backwards from the jjlobe. 71. A 
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71. A large pencil of rajrs refradcd through a convex Icns" is alfo ^"IJ^** 
formed into a cauftick, or fome part of a cauflick adjoining to the fo- ^^, ^]J 
cusof the lens; and extending from it moreor lefsaccordingas the lens Fig. 138,139. 
iscompofed of larger or lefler fegmems of the fpheres whofe convexi- 
ties it has. For conceiving two planes j^B, a^ to cut ofFtwooppofite Fig. 131. 
fcgments ACB^ ach from the globe,, where the rays paffed through it, . 

their refraftions through thefegments, when joined together, will be. 
much the fame as when they were feparated by the middle part of the 
globe that lay between them ; and confequently the cauflicks formed by~ 
the lens and by the globe will have like properties. 

The truth of this defcription of caufticks, may be farther confirmed 
by covering one fide of the globe or of a broad convex lois, with a largv 
circle of brown paper, whofe diameter has a row of pin-holes made in it 
at any equal diftances from aac another. For the fpots of light which 
came through thefe hoks^ will appear upon a white paper, at equal di>- 
fiances from one another, when the paper is held perpendicular to the 
rays and near to the glafs. But while it is withdrawn from the glafs, the 
inttnwls between the exteriour fpots will grow lefs thaa the intervals be- 
tween the interiour, and will fooncr unite. 

72. On the contrary if the fame cover be put upon a concave lens,. And by a coa- 
whilc the paper is drawn from the lens, the intervals between the exte- p*^ ,^| . 
riour fpots will grow larger than the intervals between the interiour : 

which ihcws that the exteriour raya diverge from points that are nearer 
die concave, than thofe from whence the interiour rays diverge. But 
this experiment will not fucceed with common concave glafies made foE 
fliort-lighted perfons : they are noK concave enough, nor broad enough,- 
nor thick enough to make this effeft fenfible. 

73. It appears by thefe real and imaginary caufticks, that the extcri- Thebendings 
our rays of a pencil are gradually too much bent ; or, -which is the fame ^'^'^l^ 
thing, the interiour nays are gradually too little bent, to belong all to- 
gether to a fingle point after refraflion ; ai^d confequently the angles of 
incidence of the exteriour rays are too large for that purpofe, both at the- 

firil and fecond furface of the globe or lens. 

74. Confequently the like caufticks muft be formed by the refra^ions ^"^"^ 
of a pencil ofrays at a fingle furface J only thefe caufticks will approach j^ooaL"^ 
flower towards the axis tlwn the. former, or recede from it flower s be- fingk^hericJ 
cauie every couple of contiguous rays has now but a fingle refrafl:ion to pj*""^ 
make them converge, or but a fingle refraftion to make them diverge. ' ' * ' 

75. And it is dcmonftrated in the next book, that the rays oX a laige ^^^'P"*"' 
peacil, refradted by a fingle plane furface, will alfo diverge from the pig. lis.i-rt- 
points of an imaginary cauftick; which begins at their focus and recedes 

from the furface,, when the refraftions are made out of a rarer into a den- 
fia- medium ; and accedes towards it, when they are made out of a den- 
&r into a rarer. 76. The 
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Aca-iiiick 76, Thc I45ch figure reprefents the fhape of a caufl'ick /ormed by 

'k-dlonala' the fuccefiive interfettions of the contiguous rays of a large pencil, re- 
f,^icr:Mior fleifted from a coiicave furface, either fpherical or cylindrical. Such cau- 
cytindnc^i fticks may be feen upon the furface of milk, or upon any opake whitilh 
i„cc." .mixtureof liquors contained in a white china-cup, or upon the bottom 

pf a fiiuff-box, whofc rim is well polifhed, when the light of a candle 
or of die fun or of a remote window ihines upon it. 
Atioihcr c-iu- 77, While the points of incidence keep fixt, imagine all the lines dc- 
ficktormi-J li^ribed |jy tjje jefltiSed rays to accede towards the center, till they u~ 
center of the nitc at the focLis of the pencil i aiid fuppofing the rays to go backwards 
. concave. in the fame lines, after this fecond reflection they will all recede from 
»Att.%!* '^^i'' former focus and accede towards the contrary fide of the center': 
and the exteriour rays, whofe firft iiiterfedlions with the axis were far- 
theft from the center, will now come neareft to the oppofiie fide of it'. 
So that when the luminous point is placed between the principal focus 
and the center, another caullick will be formed beyond the center. 
.An imaginary 78. ThcEcforc whilc this luHiinous point is moved gradually towards 
fletiion from^ ^^ furfacc, whcn it comes to the principal focus, the rays that are near- 
the concave, cft to the axis will firft become parallel to it, and prefently after will di- 
Fjs- 146, 147, verge from a point behind the concave ; then the next rays to thefe will 
' alfo become parallel to the axis, and after that will diverge from ano- 

ther point of it, fomewhat farther behind the furface than the former, 
from which the neareft rays diverged. Confequently each couple of re- 
flected rays, which lye contiguous, being produced backwards, will cut 
the axis ijeforc they meet one another. And thefe fucceflive interfeftions, 
from whence each couple diverge, wj 11 form an imaginary cauftick be- 
hind the concave, beginning with a iharp angle at the focus and reced- 
ing from the axis in going from the furface. 
Anim»ginary yg. While the points of incidence kccp fixt imagine all the interfe- 
fkflion fiSm*^ <5tions at the axis in the 149th figure to be /hoved to the focus ^ as 
the convex in the 150th figure, and let rays diverge from it upon the cotivex fide 
fide of the fur- ^f ^j^g furface ; and the reflefted rays produced will all feparate from the 
former focus y, fo as to form an imaginary cauftick, and the remotest rays 
from the axis, whofe interl'e&ions were flioved the fartheft towards the 
' "" *^' furface, will accede the nearelt jo it after refletSion K 
fc^Idonu°^n ■^'^' ^" ^'^ ^^^^^ caufticks by refradtion and reflexion at plane and 
«uflids."^" ipherical furfaces, the concourfe of two contiguous rays (produced) lyes 
farther from the focus, and from the axis, according as their points of 
incidence are farther from the axis. It is obfcrvable that a pencil of rays 
reflected from a plane furface will form no cauftick at all, becauic they 
<:Art.«j. diverge accurately from a fingle point '^. 

Nofphericai 81. PVom what has been faid it appears that a fpherical furface, iiav- 
figurecanre- jpg every whcrc the fame degree ofcurvity, can neither reflcfft nor rc- 
..f^aoxrcflca & -^ . & /' . ^^^ 
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fraCt all the rays of a large pencil to a lingle point ; and that a finglc fur- "y^ ™ * '"'"Sic 

face fit for this purpofe muft grow ftraighter or flatter gradually in go- '""'^' 

ing from its axis', as reprefented in the 15 ift figure j and that if one > An- 73, 76. 

fi<k of a lens be fpherical, it is not fufficicnt that the other be plane, but 

it muA be convex in the middle, to fliorten the focal diftauQe of the mid- 

dlenioil ray^ and muft become concave towards it's circumference, to 

prolong the concurrence of the outermoft rays; as reprefented in the 

ijad figure. Neverthelefs the middlemoft rays of a ptncil are crowded 

fo dofe together by refleiflion and refradlion at fpherical furfaces and 

lenfcs, and the outcrmoft rays are fcattered (6 thin upon a plane pafiing 

through the focus perpendicular to the axis, that the confufion they 

make in a pjifture, by tnixlng with rays of other pencils, is feldom fen- 

fible when the glafs has a moderate aperture. And lince the unequal de* 

grees of refrangibility of rays of different colours (to be explained in the 

6th chapter) makes far greater aberrations from the focus, than thofc 

that are made by the fphericalnefe of the figure, it would be to little 

purpofe to give glaffes any other figure than fpherical j efpecially confi- 

daing the great difficulty there would be in the mechaiiical operation. 

C H A P. III. 
CONCERNING THE EYE AND MANNER OF VISION, 

82. ^Considering what has been faid in the 33d and 35th art!- Afiahioiw^ 

\^ clcs, one might contrive a tolerable eye in this manner, by y^^. ^ 
placing a pellucid hemifphere ^BC to ferve for the fore part, and ano- Fig^i 53- 
ther concentrick one DgE, oppofite to the former, to ferve for its bot- 
tom or back part; making the femidiameter, Oy, of the latter triple 
the femidiameter, OB, of the former j and then by filling the whole ca- 
vity of both with water. By this means rays of light flowing from the 
points P, ^ Ry &c, of remote objeiSs, after refraftion at the furfacc 
ABC, will be colle«5ked to as many other points p, q, r, of the cavity 
DqEf aad paint an image upon it. And becaufe a fpherical furface does 
not. accurately refrafl: all the rays of a large pencil to a Angle point *>, b Art »»- 
but only thofe that go pretty near its axisj this imperfeiflion might be 
remedied by covering the bafe AC, of the lefler hemifphere, all but a 
moderate hole about the center O j which would anfwer the purpofe 
much better than if the furfiice it felf vra& covwed, all but a hole in the 
middle about B. For in this latter cafe the furface .^BC would not re- 
ceive rays from the lateral points P, R, fo direftly as thofe from the 
middle of the objcft, to all which it is expofcd alike whai the hole is 
left open at the center G. 

* Opuicuk PoAunu- p. itz. 

D «3. Though 
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Anicompami Q^. Though this conftrudtion of the eye appears not amils at firft 
»je natural- ^gjif^ yg^ ^g fli^ll fee prefently that the author of nature has wifely va- 
ried fome ihinjjs for the better, and added otheps abfolutely neceflary i 
though in every thing we cannot perceive his defigns. In the firft place 
he would not make ufe of an intire hemifphere ABC,, but retaining* 
the middle part,, has taken off pretty much from the fides, and yet with- 
out contrafting the compafs of objedls taken in at one view. The reafon- - 
of this was to bend inwards the edges of the larger hemifphere about D 
and £, thereby reducing the fliapc of the eye to a rounder 6gure, for 
the convenience of its motion every way in the cavity that contains it- 
He has therefore given it fuch a fliape, as is expreffed in this other ^urc^ 
* '^^^ reprefenting an human eye diffedted through iis.axis,. all the parts being 
twice as big as in the life to render them mere confpicuous. 
^"^A^* 84. Here the tranfparent parts of the coat called the cernea is-^^SC;, 
the remainder A'tTC being opake , and a portion of a larger fphere- 
Within this outward coat anatomifts diftinguiih two others; the inner- 
moft of which is called the retina, being like a fine net compofed of the 
fibres of the optick nerve TFl" woven together, and is white about th& 

{larts p, q, r, at the bottom of the eye. The cavity of the eye is not fil- 
ed with one liquor, but with three of difierent forts. That contained 
in the outward fpace ABCOEGFDO is called the aqueous humor^ 
being perfedlly fluid like water ; the other contained in the inward Ipace 
Ej>qrD FG is a little thicker like the white of an egg, and is called the 
vitreous humor j the thicd humeur FG is fhaped like a lens of unequal 
convexities,, lying between the two former, and fixed to the fide coats by 
filaments or threads extended all round it, and i& called the cryftalline 
humor, being hard like the white of an egg boiled, but as clear as the 
•thertwo, and differs from them in a greater degree of refraftive power j 
whereby the rays that came from the points P» ^ R^ having received a 
degree of convergence by the refradion of the cornea ABC, arc made 
to converge a little more by other refractions at the fur&ces of th« cry- 
ftalline FG -, fo that uniting in as many other points^/, q,r, upon the 
retina, they reprefent the points of the objeift P, ^ R from whence 
they cattle. And perhaps the rays are fo direSed by thefe fecondary rc- 
fra^ions at the cryftalline, as to fit the cavity /yrintended to receive 

» Art. 75, 80. them i which otherwife muft have been a portion of a larger fphere \ 
according to the fiftitious defign in the former figure. 

Thccrjribi- 85. Befides this there was greater need of the lens FG upon another 

piOuTOdl account; namely to help the eye to conform it fclf for feeing otgcfts. 

iiofi. diilin^y at all diftances, which was wanting in the fi(^itious eye. There 

arc two ways of doing it by the help of this lens FG, in order to fee 
ihiirgs near at hand ; either by moving it nearer to the outwacd cornea, 
ex by increafing its convexity, or pemaps by doing both at once. If it 
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is moved towards the cornea, this may be effefted by the preflure of the 
mufcles againft the (ides of the eye, and confequenily agamft the vitre- 
ous humor; but if the cryftalline alters its figure and becomes rounder 
for feeing near objeds, the filaments DF, EG, whofe greater tenfion 
hcljK to naiten it, may perhaps be flackcncd by the lateral preflure a- 
forcfaid; and poflibly both thcfe alterations are made at the fame time. 
The hole or pupil is not placed in the center of the cornea ABC^ at 
in the fiftitious eye, but fomewhat nearer to its front. The reafon is im- 
certain, unlefs this alfo may contribute to make the images coincide 
with the cavity of the retina, (in all their parts,.) which otherwife mufl 
have been Ihaped according to a larger fphere *. * '*"■ 73' 8o- 

86. The diameter AToi the fphere of the eye is about an inch of the Some dimra- 
Rheinland foot, which is much the fame as the old Roman foot^ and ^Le° ^^ 
the diameter .of the jjutward cornea is about three fifths of an inch ; the 

breadth of the pupil, O, has jio fixt meafure, being greater or fmaller, 
as any one may try, according as lefs or more light Ihines upon the eye j 
it alfo contrails at the near approach of any fmall objeft, when we ei*- 
deavour to view it diftindily. Its fabrick is admintble in this refpe£t that 
while it alters its fize it prefervcs its roundnefs ' . So far Mr. Sugem *, 
fo which I iuid ibmething from Sir IJ'aac Nrwton *. 

87. This account of the eye andof the caufeof vifion is ferther can- pifl„resonii« 
firmed by thcfe arguments j that anatomifts when they 'have taken off retina the 
ivoai the bottom of the eye that outward and thickell coat called the aiifc'^"*^"*' 
dura mater, can fee .through the thinner coats the pictures of objects 

lively painted thereon. And thefe pii^ures propagated by motion along 
the fibres of the optick Jierves into the brain, are the caufe of vifion. 
For according as thcfe piflures arc perfeft or impcrfeft, the" ol^ect is 
.fecn perfeflly or imperieftly. If the eye be tinned with any colour (as 
in the difeafi; of the jaundice) fo as to tinge the pi^urcs in the bottom, 
•of the eye with that colour, then all objeds appear tinged with the iame 
colour. 

6 8, If .the humours of the eye decay by old age fia as by flirinkmg to ConRiiea pv 
make the cornea and coat of the cryftallinc humour grow flatter man ^^'^w 
before, the light will not be refracted enough, and for want of a fufH- how nufed, 
cient cefiraftion will not converge to the bottom of the eye, but to fome andmeckd^ 
place beyond it s and by confequence will paint in the bottom of the FigT 155. 
eye a confufed pifture ; and according to the indiftindlnefs of the pidlure 
the obje<ft will appear confufed. This isthereafonof the decay of fight 
in old men, and fliews why their fight is mended by fpedacles. For the Fig. 156.; 
convex glares fupply the defeft of plumjmefs in the eye, and by increaf- 
ing the refraftions make the rays converge fooncr, fo as to convene di- 

1 See thu accounted hi in Mr. CbtffiUiai anatomy p. 3 19. 3d. Ed. 

2 DiofCnca prop. 3 1 , 1 Opdcki paf[. iz. 

D .2 jtindly 
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ftindly at the bottom of the eye, if the glafs has a due degree of con- 
vexity. 
Confiifed pi- gg. And the contrary happens in {hort-fichted men, whofc eyes arc 
(jilted eyes, too plutup. tof the fefraclion being now too great, the rays converge 
Hew caufed and convene in thefe eyes before they come at the bottom ; and therefore 
by^Mt^te^ the pifture made in the bottom and the vrffon caufed thereby will not 
^iSo. be diftinft, unlefs the objeft be brought fo near the eye a* that the place 

I' '^^' K where the converging rays convene may be removed to the bottom"; 
■ 34. 4 ■ Qj. jj^( (jjg plumpneis of the eye be taken oiF and the refraftion dimi- 
Tig. 158. niihed by a concave glafs, of a due degree of concavity; or laftly that 
by age the eye grows flatter till it comes to a due figure. For fliorc- 
fighted men &e remote objedls beft in old age» and therefore they are ac~ 
counted to have the moll lafting eyes. So fer Sir I/aac Newtem 
The pupil of ^q. In determining the magnitude of pi^rcs upon the retina, only 
k confi^red °"^ "^7 '" ^^^^ pcncil HCcd bc confidered j bccaufc when the pidture is 
u a point, diftlni^, all the rays in any one pencil are colletfled to one and the lame 
point of the retina. Or,, which is much the fame, we may fuppofe the 
pupil of the eye contrailed taa point: and, for greater fimplicity and 
eafe of the imagination that this point O is a little hole at the center of 
''8- 'SJ* a dark, hollow hemifphere DqE^ admitting only fingle rays ftraight 
through it without any refraftion at all. For then the lengths of tlKfe 
pidlures^y r will increafe and decreafe as the angle /Or does, or as the 
angle POiJ doesj which.1 am going to flaew to be the property of the 
b Art. 91. natuiial eye^-: and if the femidiameter O9, of this hollow hemifphere, bc 
about 4- of an inch, or of the axis of an human eyc> the piftures of the 
< Art. 97.. fame obje*^ will always have the lame bignefs in both forts of eyes', very 

nearly. 

S^wmthe 9'* The diameters or lengths of the pictures of oyedfeupon thcrc- 

rcuiu are as tina are meafured by, or proportionable to, the angles which the rays that 

'''Vdd^h*'")^ ^*"^*' from the extremities of the obje<a do make in falling on the eye j 

©bjeft at the * provided thofe angles be but fmall. For let two or more objetfte i*^ and 

c/e. ^x,, either parallel or oblique to each other, fubtcnd the fame angle 

£jg. ijg. i^O^ or wOx at O; and becaufe the particles of light flowing from 

P and xr defcpibe the fame line PiirOy they will be rcfrailed to the 

fame point p upon the retina j and in like manner thofe that flow from 

^andx, willbe refrailed to the fame point y ; and fo the pidures/jof 

die objefls P^ w*, which fubtend the fame angle at O, are the iame 

in magnitude ; which was the firft thing to be proved. 

Now the pidures of objefts painted upon the retina of a dead e^ are 

found by experience ta be perfeftly well Ihaped and proportioned in 

*Art. 87- their parts^j that is, the proportion of the parts/y, yr, of the whole pi- 

&UTepqr, is the fame as that of the parts P^ ^Ji, of die whole ob- 

jeA P^Ji; and this latter proportion is very nearly the feme as chat of 

the 
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the angles PO^^OR fubtentkd by the parts P^^U and fo- the » Art, 59. 
propofition is proved when the objefts P^ ^Ji are both at the iame di- 
llance from (he eye. And iincc it was fhewn juft before, that the ob- 
jefts P^and w x have the fame pidturc pg^ it follows that the propor- 
tion of the piflurcs of the objcdls wx and ^Ji is thtf fame as that of 
the angles wOx, ^OR, fubtended by them at the eye. 

92. When an objeift approaches towards the eye, the diameter of its '*Jf "^P^. 
picture upon the retina increafes in the iame proportion as the diftance ^^ of dJ 
between the eye and the objeft decreafes;. and on the contrary, it de- objefl from 
creafes in the fame proportion as that diftancc increafes. For thedia-"^^*' 
meter of its pidure increafes in the fame proportion as the angle in- 
creafes, which the objci5t fubtcnds at the eye""} and this angle, when ^^^' 
finall, increafes in the fame proportion as the diftancc between the eye ^ j^^ ^ 
and obje^ decreafes''. 

93. The degree of brightnefs of the pi£iure of an objea painted up- ^.'^'""^^J^ 
on the retina continues the fame, at all diftances between the eye and ^iteJ^b7°the 
the objedj provided none of the rays be ftopt by the way, and that the diftancc of the 
pupil does not alter its apcnure. For inftance, when the eye approaches ^*^]."'™ 
as near again t© the objed, the piflure upcm the retina becomes dou- 
ble in length and double in breadth, and confequently quadruple in fur- 
face } for the furiace would be double, if its length alone or breadth 

alone was double. The quantity of rays received through the fame aper- 
ture of the pupil, at half the diftance from the objed, is alfo quadru- 
ple ^ ; and being equally fpread over four tinjcs the quantity of furface ** Art s*- 
of the retina, they are juu as denfe as before when the obje£^ was at 
twice the didance. 

94. It follows then that the faint appearance of remote objeds is ow- Faintnefi of 
ing to the opacity of the atmoff^e, which hinders part of their light ^S"!^^^ 
from coming to the eye. Accordingly we find that the fim, mooirand how caufed. 
ftars appear very feint when near the horizon, and brighter continually 

as they rife higher ; becaufe the trad of vapours, which lies in the vray 
of the rays> is longeft and thickeft near the horizon ; and becomes thin- 
ner and Shorter as the objeds rife higher, and confequently does lefs ob- 
SimSt the pafiage of the rays. 

95. Thiq fenfibility of the eye, or its power to difcem objefls, without Thdr degrea 
inconvenience, by different quantities of light, is vaftly extenfive. For t^ a^^]^ 
inftance, the difproportion in the quantities of light, cail upon the ho- and mooo- 
rizon by the fun and moon, at any equal altitudes, I find is no lefs than 90 '■^com,- 
thoufimd to I, when the moon is fullj or no lefs than iSothoufand^ 

to I, when the moon is in the quarters. And the proportion between 
thofc parts of the lights of the fun and moon, whatever they be, which 
are refleiled to our ^es from the fame objcft by day and by night, can 
hardly be different irom the proportion of the whole lights. Allowing 

then 
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then that the aperture of .the pupil may poffibly be 8 or 9 times lefs by ^ 
day than by night, (that is about 3 times ic(s in diameter,) yet the pro- 
portion in the quantities of day-light and moon-light, received by the 
eye from the fame objed:, to illuminate a pifture of the fame bignefs, 
will be no lefs than 20 th^ufand to i, when the nights have a middle 
degree of moon-light j I fay no lefs, becaufe the numbers here given arc 
deduced from a rule, which is built upon this principle; that the moon 
reflects all the light received from the fiuij which cannot be true, hy 
. reafon of the appearance of very large obfcurc places in her body j and 
in all probability a great part of the incident iignt is buried and loll even 
.in the brighteft places. 

The rule I mentioned is this, day-light is to moon-lighc as the fur- 
/ace of an hemiiphere, whofe center is at the eye, to the part -of that 
furface which appears to be poffeiTed -by the enlightened part of the 
moon : fo that the whole heavens covered with moons would only tnake 
day-light. This will be evident enough from the following confide rations, 
though I invented it another way. Day-light is made by innumerable 
reflexions of the fun's rays from all forts of bodies till at laft they come 
to our eyes: for if this were not fo, we could fee nothing in the world, e- 
,«Art.a. ven in the day lime, but the fun and ftars andfelf-fliining fubftances*- 
Accordingly we find that day-light is much the fame, whether the fun 
fliinesoutor not, in the place we are in ; becaufe his light is reflected to 
us from a vail quantity of earth, air and clouds extended all round us, 
perhaps toa hundred miles or more. So that the abfence of the fun's rays 
from a particular place fcarce alters day-light. Another thing is that the 
.moon by day appears like a cloud in the air of a middle degree of bright- 
xefs; fome appearing duller and fome br^hter than the moon it fel£ 
The rays of the fun being therefore intercepted in the night from all the 
vifible clouds, and being refleded to us by the moon only, it follows 
that day-light is to moon-light, as-the apparent furfaces of all the vifi- 
ble clouds, to the apparent furface of the vifible part of the moon, con- 
lidered as the only cloud which remains enlightened. And thefe two 
lights, whatever be the diflances of the moon and clouds, are juft the 
fame as if thofe bodies were all placed at any equal diflances from us, 
b Art. 93. _and compofed the furface of an hemifphere '' j whofe parts^ux die true 

aneafures of the parts of the light which comes to us. 

1^ confirm- g^^ A vaft difproportion between the lights of the fun and moon ap- 

mems!^" pears aifo by experiments made with burning-glaifcs; cither by rcft^- 

. burning- ftion of the rays through very broad lenfes, or by refleftion from very 

;4M«. broad concavc-glafles or metals: which by coUefting the rays of the fun 

into a fmall round image at the focus, do excite a more violent heat and 

bum quicker than the hotteft wind-furnaces : as appears by their mclt- 

.ing and calcining the hardefr meuls, and by vitrifying bricks and ftones. 
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in much lels portions of time than a minute ' . Yet the rays of the moon 
being collected by the fame glalTcs, do not excite the leafl fenfible heat y 
aor do they fenfibly affe^ the nicefl thepmometer, when caft upon the 
)>all of it », though the brighmefs of the light be very fenfibly increafed, 
Bymcafuring the breadth of the round image at the focus, and by com- 
paring it with the breadth of the glafs it ielf, it appears that fom&of thefe 
buming-giafies colled the incident rays into a fpace about 2 thoufand- 
ntnes lefs than they poffeffed at their incidence. But by the preceding 
calculation ^ the light of the full moon muft be condenfed about 90 
tfaoufand times', to^make it as denfe and as warm as the direct rays of 1 Art. 9;. 
[he fun. It is no wonder then that the heat of the moon's rays is not 
fenfible in the focus of the glafs, being then even ^o or 50 times thin- 
ner than the direct rays of the fun. For It is found by experiments made 
with thde glaffes that the degrees of heat are proportionable to the den- 
fitiesoftherays: which being compared with a fcale of the degrees of 
heat and warmth of feveral natural bodies,, determined by Sir Ifaac Wirw- 
ton, in the philofophical tranfa^ions 1 y it appears there is a vait difpro- 
portioa between the degrees of light which the eye can bear and be fen- 
fible of, and the degrees of its heat which the touch can bear and be fen- 
fiblc of. 

97. Dr. Hook aflures us. that the fliarpeil eye cannot well diftmguiih'J^o?Ji»>»* 
any diilance in the heavens, fuppofe a fpot of the moon's body, or the nJ^e^^S^ 
dinance of two Aars, which fubtends a lefs angle at the eye than half a ftance. 
minute ; and. that hardly one of a hundred can diftinguifh it when it 
iiibtends a minute *. If the angle be not bigger than this, the two ftars 

appear to the naked eye, as if thCT were but one. I have been prefent at 
making the experiment,, when a friend of mine, who had the bell eyes> 
of all the ceonpanyt could fcarce perceive a whitt circle upon a black, 
ground, or a black circle upon a white ground, or againft tlie fky-Iight,. 
when it fubccnded a lefs angle at the eye than two thirds of a minute} 
or which is the fame thing, when its diilance from the eye exceeded 
5 156 tioKS its own diameter : which agrees well enough with Dr. Hook'^ 
obfervation. Hence I find,, by a rule in the next book, that the diameter 
of the pidure of that circle upon the retina was but the 8000th pan of 
an inch at moil ; and this may be called a feniible^oint of the retina. 
That this point is very fmall any one may perceive from hence chat the. 
breadth of the fineil hair is viiible at the length of ones arm. 

98. The apparent magnitude of an objeft is a quantity (rf viiible ex- AHarent 
ccofioo, mcafuredby,or proportionable to, the angle which the two ^rays^'^ede^ 

defined. 
I Phil. Tnnf.abr.byi»«tfA. Vol. I. p. 211. andtn-yww/Vol+.p. 190, ^ bArt^p. 

1 Ibid. Lrwik- p- 213- and Mem. dc TAcad. Roy. des Scien. uin. 170;. p. 45;. 8<>. 

3 N». 270. or Jtmft abr. Vol. +. part- 1. p. i. It. Mem. dc I'Acad. an. 1703. p. 133. 

4 A^umadvcifioDi m Hevelii nuciuna cceldlis p. 8. 

that 
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that come from the extremirics of the objeft do make in falling on the 
eye. For the extremities of tlie objedt.are {e^n in the directions of thefc 
rays ; and in proportion cs they make a greater or fraaller angle at tht 

a Art 91. ^y.^^ j.j^g magnitude of the picture upon the retina is longer or fliorter*; 

and confequently caufcs a fcnfation of a greater or fmaller vifible exten- 

fion; confiftjng of a greater or fmaliernumbcr of vifible points, anfwer- 

^^' ing to the number of fenfible points of the retina \ of what magnitude 

foever thefe points arc fuppofed to be. 

Howitvanes. g^ The apparent magnitude of any given objeft is reciprocally as 
its diftance from the eye : that is to fay when the objeift approaches to 
the eye, its apparent magnitude increafcs (in proportion) as its real di- 
ftance decceafesi and on the contrary, it decreafes {in proportion) as 
that diftance increafes. For the apparent magnitude of an object was de- 
fined to be a quantity of vifible extenfion proportionable to the angle 

.c Art. 98. jvhich the objeft'fubcends at the eye % and this angle increafes very near- 
ly in proportion as the real diilance between the eye and obied dc- 

.dA„.6o. ^„f„y ^ 

When called iGo. The apparent magnitude ofanobjcft fecn by the naked eye, in 
^magni- oppofitioD to its apparent magnitude feen through glailes, and for ftiort- 
nefs of expreftion, is often called its true magnitude. And in fpeaking of 
the apparent magnitude of an objed I always mean the apparent magni- 
tude of its diameter, or of its length or breadth, or of any principal Tine 
of it, and not of its furfece or folidity, unlefs it be particularly fpeciJied. 

C H A P. IV. 

CONCERNING VISION WITH GLASSES. 

Al^rentdi- joi. A NY fmall objeft or point of anobjcd, feen by refraded or re- 
-^cTOLudfr aV flefled rays, appears fomewhere in the diredlion of that line, 

jned. which* the vifual ray defcribes after its laft refra^ion or reflexion in 

falling upon the eye. 
*Art. 18. iji the experiments to prove the laws of refleditm and rcfraaion% 

*' *" the pin at B, feen by a ray reflefted from the water, appeared fomc- 

where in the line ^C produced, which the vifual ray BCA delcribed 
after refleflion at C, when it advanced to the eye. And as the whole line 
CE appeared lifted up by the refraftion at the water, as if it had been 
a continuation of the line j4C ftraight on, fo if a ftraight oar be in part 
immcrfcd obliquely in water, it appears crooked, as if the part iminer- 
fed was broken at the furface, and lifted higher. For this part of the oar 
is feen in the direflion of rays which are bent downwards by refradJion 
At their emergence frem the water, and confequently advance to the 
.eye as if they came from a place inthe water which is higher than the 
«al place of the oar. In like manner any point P of an objcft feen by 

the 
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the ray Pj40 twice Tcfraded, cidicr by pafling through the e^ge of a Fig. 160 to 
prifm, or of a concave M" convex lens, or through the fides of a globe or V' 
decanter, or of a drinking glafs &Ued \vithany tranfparent Hquor; or 
ftenbya tay P^O'refleaed from a plane oriphcrical looking-glafs, ap-. 
pears CD the eye atO, fomewhere inthediredion of the laft refrafled or 
refici^ed ray IdO, LafUy an ol^e^ P vieweiJ by the eye at O, through a pig. 171. 
multiplying glafe, appears at one view in as many difrerent places, p,p i, 
pi, fituatol in as many difierent diredions O^, OB, OCof the laft rc- 
fraded r&ys produced, ,as the glaii has different furfaces DE, EF, FG 
diferently inclined to the oppofite furfacc DH. For thefe furfaces, like 
fomany difierent prifins, give the vifual rays PIAO, PKBO, PLCO 
fi) maaiy difierent bendings at / and >tf, K and B, L and C, and make 
them rail upon the eye ai O in as many difierent diredions AO, BO, 
CO '. And in all thefe inftances when the refleiiing or rcfraQing iurfa- » Ait. 40. 
ces of the water or glafies are Ihaken by the wind, or otherwife, the 
objeds feen by rcfleftion or refradion appear to fiiake and tremble ; be- 
aufc the laft direflkms of the vifual rays are fliaken and varied by thofc 
motions. 

Now the reafon why an ct^eSt or point of an objeiJl appears always 
in the diredion of the laft refraded or refleded ray, is, becaufe the place 
ef its pidure upon the retina is the fame as it would be if the objeft was 
really removed from its proper place into the direftion of tliat ray, and 
was fcen by direS rays. And having no fenfation of the previous rcfle- 
aions or Fcfradions of the rays at me glaffes, but only of their adioa 
upon a certain place of the retina, we form the fame judgment of the 
place of the tk^cCt as we ufed to do in the more common caies of direft 
vifion. How we know and judge of the placeandpofitionof an objedby 
the place and inverted poficion of its pidure upon the retina, will te 
ihewn in the next chapter; -wherein it will appear to be entirely the ef- 
ied of experience. 

J02, It is manifeft from fKhat has been faid, that any point P bf an ^pMrat J':, 
cb}e£k P^ feen by refradions or refledions; appears fomewhere in the fdiir^im."^" 
line^O, drawn from the correfponding point h of its 1^ image to the detemined. 
eye at any placeO. Becaufe all the rays which flowed from P do after J^'B- '^ " 
the laft rcfradion-orrefledion flow from or towards the coirefponding ^ " 
point/ of the laft imaged The reafon why I fay the laft image will be 
mencNned iii the iJ i Xu artiple. ' ' 

103. It is alfo mahifeft why an objed feen by refrafted or reflefted Theirappa- 
rays appears ibmet4mes upright and fomctimes inverted. For when the J^J^rm^^t" 
leftaGed or lefle^ted rays AO, CO, have the fame fituation with refpe<ft 
EG each other, as. two rays that come diredty from the &me points of 
the ohjc& to the eye, thefe points will appear in the ikme fituation with 
refpe£l te-Qicii other in both cafes '>. But if the rays that come from dieie b Art. loi. 
E points 
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points ftian hate crofled each other before they arrive at die eye, they 
will then have a contrary fituation to that of two rays coming diredty 
from the fame points to the eye; and confequcntty thefc two points 

iAit.ioi. will appear in the glafs in a contrary Htuatlon *. And one may add that 
in the former cafe, the pitSure upon the retina of the eye will have the 
lame pofition, though not the fame magnitude, as if the gkft was re- 
moved, and will have a contrary pofition in the latter cafe. 

Apparent 104. The apparent magnitude of an objeft, P^, fcen by ic&a^ted or 

gUflilde'fiVrf. ''^fleded rays either upright or inverted, is a quantity of vifiblc cxten- 

b Art. 90. fion, meafured by the angle, AOC^ which the two ^ rays, AO^CO^ that 
came from its extremities, P, ^ do make, after their \^ cc&adion or 
refledion, in falling on the eye. Or in other words, the objeift appears 
greater or fmaller in proportion aa that angle AQC i» creater 01 fmalter. 
Becaufe its extremities appear in the directions of the: Uft rcftadlcd cv 

cATt.i«i. reflefled rays OA^OC'i and alfo becaufe tta pidore upon the retina is 
greater or fmaller in proportifui aa thefe tays coDftictue-a gseaicr orffoal- 

dArt.91. ler angle at the eye <•. 

And deterr 105. Therefore the apparent magnitude of an obje£t, P^ isalfo me»* 

nined. fured by the angle fOq which it& laft image f-f fubtanfe at the eye. 

For the lines A0,pO ^rchut one linecontinved^aBdia'anrCQ^.^O, and 
therefore the angl^ AOC^pOq are the faitK wfaentlie ibk^Um- before- 
^« eye, and are c(^al when it lies behind it. 

Howitnrlw. to6. Hence the apparent magnitude of tn ok^esft increafes Mid de* 
creafes in proponicn as the eye a^^roacfaes to oi roosdes. from its Uit 

e Alt. 99- image, (juil as if it was a real obje&<:,) placedekher fae&re: or b^iad the 
eye. For when the imag<e is £xcd, the aoglc jftOf, ^ea fioalU incrcafet 

r Art. 60. jjj the iame pr(^rfion aa Oy decreases, and an the coatmy ^. 

whcninvaria- 107. Hcnce if the laft image be removed to an infinite diibnce, tint is,. 

^'^- if the objcd be placed in the principal focns: of a lens, sphere; or con- 

^^', '^'' cave looking-glafs, its apparent magnitude to the eye atany pkce vriiac- 
ever will be invariably the fame; and cqtial tu Its ^pateat nftagnicnde 
ieen by the naked ^e, fuppofing it put inZD the place of the center of 
the fphere, lens,, oc refledic^ concave;. For fince all dieniys of anyone 
pencil, are parallel to its axis P£, the angle COA^ ^iriudi meafure* 
the apparent magnitude at any point O^ is every where equal gd the an- 
gle ^Pat thecenter £. . 

fig i77>i79- The apparent magnitude of the objeift will alio be invariiUiB wfaefc- 
ever ic be placed, when the ejK » fixed at the prindp*! focw of any 
glafs which makes parallel rays converge to the eye. For cwiceiving 
them to flow back ^in from, die eye to the ot^eA, they will &It u[>- 
on the fame points of the objed fnsn whence tb^' came wtele it i« 
moved in any place along the axis q£ the g^aiff: and na other rays- bur 
chefe can return from & £uiK poiocs of lie; cA)jc^ w the (^e in tl»t 

place ; 



d by Google 



CH Af. 4. WITHGLASSES. 3^ 

place : therefore the feveral parts of the objcft will always be feen un- 
der the (ame angles, and cwifequently will appear of the fame magni- 
tudes '. • *•*■ *»4- 

108. The apparent magnitude of an obje^ feen by reflefled or re- CoDipiredw 
framed rays being meafured by the angle which its lall image fubttnds 2^" "^ 
at the eye \ and its apparent magnitude to the naked eye in any place b Ait. to;, 
being meafured by the angle which the obje^ it fclf fubtcnds at the eye 

in that place S it follows that the former apparent magnitude is to the * *"■ 97- 
latter, as the former angle to the latter angle. For the meaJures of things 
and the things meafured by them are proportionable. 

109. CotwTequently the apparent magnitude of an objeft feen in a glafs. When eqwi 
will be equal to its apparent magnitude to the naked eye in the fattie '** ''^' 
place, iftheglafs was removed, Firft, when the objefl touches any thin 

lens or any tingle furface. For the image is then equal to the objeift 
and coincides with it <*. Secondly, when the eye touches any thin lens or <• A»t. ss- 
any refleSing furface. For then the ray P^iO will pafs from the objcA 
to the eye through the.middle of the lens very nearly, and therefore be- 
ing almoA ftraight « will make nearly the iamc angle with the axis as ' *^ 4*' 
an unrcfratted ray would do: and when the point of incidence, ^ co- 
incides with C at any refle&ing furface, the incident and reflei^ed rays 
PAj AO, jwoduced, will alfo make equal angles with the axis or per- 
pendicular ^f ; and fo the objca will appear under the fame angle as f A"^- *• 
it would do to the naked eye turned about. Thirdly, when the eye is at 
the center of a reflefting concave. For then the incident and reflected 
rays PAy AO wUl coincide with the direft ray PE b, and confequent- g Ait. la 
ty vill make tlie fame angles with the axis. Fourthly, when the object 
is at die oaaxx of the renewing concave. For then the reflected image 
is alfb It the center and is equal to the obje£t ^ Fifthly, whenaray com- ^.^'^■g''9-^, 
tog direQIy from P to O, would make an angle with the axis equal to 171. 
the angle AOC, which the refracted or reflcfted ray PAO makes with,. 
ic on tM otho- fide. 

1 10. Thcfc cafes being excepted the apparent magnitude of an objc<9: Ler» than the 
fceti through a concave lens is always lefs than the true ; and when it ^n^^^d 
is feen upright through a convex lens, or a globe, it is greater than the greater 
true. For the ray PAO^ coming from the extremity of the objeft to tiirouRhacon- 
the eye, is bent by the concave lens from its axis, and therefore makes *" ^ ' 

a lefs angle with it at the eye than a ray coming direftly from that ex- 
tremity to the eye. But the fame ray is bent by the convex lens towards 
ia axis, and therefore makes a greater angle at the eye than the dire^ 
ray : and the apparent magnitudes are meafured by thefe angles. 

111. What tus hitherto been demonflrated concerning the apparent Tke whote 
magnitude of an objedt P^ will continue in force if you fuppofe the f,^^^^ ' 
ob}c£t P^tobean image fc»:medby another glafs or other glares. For aajmuidyernf 

E 2 thcsi^ff"- 
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the rays diverge from ckher of them in the fame manner, and for thi? 
reafon I have always called ^j the laft image of the obj&a. 
Whiipwtof 1 12. The place of the eye at O being given, todetcrmine what part 
^ m'Lly^' °^ ^"^ dijeft is vifible in a given portion or aperture AC of any refraift- 
l^&. ing or refieifting ghfs, draw OA to the edge of the aperture and pro- 

duce ic till it GUIS the image in />» and through the center of the glafe 
draw/)E cutting the objeft in P; and Pi^will be the pan in view in 
the apenure AC. For the whole pencil of rays flowing from P will be- 

* Art. 43. ijjjjg jQ p jjfjg^ refradrion or reflexion ', andconfequently fome one of thofc 
f-v ,-- to ^y^ ^''^ advance to the eye in the line AO drawn through/. If the 
1^6. '^ image be at aa infinite diftance all the rays that belonged to p will be 

parallel to the axis of the pencil j therefore F^is now determined by 
Fig. 168. drawing JS P parallel to O^. In a plane lookiog-glafsj/Pmuft bedrawn: 
bArt. ij. fyfj^p parallel to y^, or perpendicular ■> to the giafs, to cut oiFthe 
part P^ vifible in the aperture AC. For thisigUfs may be confidcred a& 
having a center at an infinite diftance from it. 
JHowKTailra. 113. Hence iftheglafs andobJe<ftbe fixed, the part in view in a gi- 
ven aperture will dccreafe perpetually while die eye recedes from the 
glafs ; unlefs the image be behind the eye. For then it will decreafe on- 
ly till the eye arrives at the imagc^ and after the eye has pafied by the 
image it will increafe perpetually. The reafon isbecaufe die objedaijd 
image> being fixed in. their places^ do both increafc or both decreafe to- 
gether, being both terminated by two lines P/,^diatmect or crofs 
ki E the center of the glafs. 
*^=p F<=^ 1 14^ Therefore the part in view is greatcft when the eye is clofe ta 
*" the glafs, and leaft when clofe to the image ; and^ in this latter cafe, it. 

appears infinitely magnified. For conceiving the diftance Oq infinitely- 
diminiflied^ the parts/y, P^cutoffby the lines .(40jp,/£P willboth. 
be infinitely dimmiftiedi but the magnitude of the angle at O, fubtend- 
ttd by pg or by AC,, conunues finite while the angle fubtended by P^ac 
O is infinitely diminiftied : and fo the difproportion between thefe an- 
gles,, that is between the apparent and true magnitudes of the particle; 
a fyt 108. p^' is infinitely great. It appears alfo infinitely confiifed,. when the pu- 
pil is open, for the reafon given, in the following articles; 
Theriieofa ji^_ When, a perfon views himfelf in a plane Iooking*glafs he ap- 
ftlffic'^ttofce pears to himfelf to. fill the fame part of the glafs whercvec he ihnds :. 
alt ones own and the length and breadth of this- part is always half the length and 
^y- ,g breadth of the correfoonding part of his own body. For when O and ^ 
dAn.zi- coincide, OC iahalf of Oyor^iland therefore ^Cis.half of./y«oi: 

• Arts?. p^ 

Vifion when nfi. Hitherto I have confidered the pupilof the eye as no-biggerthan 
nUffi* ^ a. point,, admitting butafingle.rayfrom every point of the objcft'; by 
iArt..9p. which means the gi^K u£ou,thc retina, wouldbediftina.io. all .cafoa 

BUIL. 
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But vfbca the pupil is wwn, if the image formed by the glafs be Bearef 
to the eye than the leaft diftancc at which wc can fee objc*^ diftindly 
with the naked eye, the appearance through the glafs will be ccnfufed. 
Becaufe the rays diverge too much from fo near an image to be reduced 
by the eye to a diftinfl: piiiure upon the retina. On the other hand, when 
the rays converge to an image behind the eye, they will be colleded to 
adiftinft pifture before they arrive at the retina, becaufe the eye is not 
naturally ufed to conform it felf to converging rays j and fo the vifion. 
will be confufed in both cafes, but may be rendered diftinA as fol- 
loweth. 

117. Things which appear confufed when feen by dire£t, '*fra^C"i 5T(^^"'' 
or renewed rays may be rendered diflind either by looking through a 
ticde hole in a thin plate or bit of- paper, or through a convex or con- 
cave glafs of a, proper degree of convexity or concavity; and provided- 
the hole or glais be put clofe to the eye, the apparent magnitude and fi- 
tuation of the objed will be the feme in both cafes. For if the hole be- 
fo finall as to admit but a iingle ray from every difUnd point of the ob- 
ject, thefe rays will fall upon the retina in as many other diftin£l points,. 
and will make a diilind picture. An(l when the pencils of rays iall upon a- 
diin lens, their axes go ftraight through the middle of it », and confe- ' ^' *'' 
qucntly will proceed to the fame points upon the retina as when they 
pafled through the hole. Now fuppofing the lens to have fuch a fi- 
gure that the rays of every pencil mall be refraded by it, and by the 
eye together, to thofe very points of their axes, which touch the retina , 
the pi^ure will Hill be diillnd : and will be the fame in magnitude and 
pofition as before : and the only diiference in the ededs of the hole and- 
has will be in the degree of brightnefs of the picture upon the retina. 

irSi A fingle microfcope is only a very fmall globule ofglafs^ oraAfingltmi-' 
£iiall double convex glafs, whofe focal diftance is very ftiort. A minute ^<.hirnwR^ 
object Pq feen diflin£tly through a fmall gkf^ ^E by the eye put clofe niRa. 
to it, appears fo much greater than it would to the naked eye, placed at ^^s- 179''8<'- 
the lealt diftance f X fi-om whence it appears fufficiently diftin£^, as this 
latter diilance gL is greater than the former qE. For having put your 
eye clofe to the glafs £^, in order to fee as much of the obj&a as pof- 
fible at one view'', remove the objeft ^y to and fro till it appears moft bAA. 114.- 
diftindly, fuppofe at the diftance £y. Then conceiving the glafs. ^£ to 
be removed, and a thin plate, with a pin-hole in it, to be put in its. place,- 
tlic objed will appear diftina,and as large as before % when feen through c An. 117. 
the.glafs, only not fo bri|;ht. And in this latter cafe, it appears fo much, 
greater than it does to die naked eye, at the diftancc gL, either with th& 
piD-hoIe or without it, as the angle pEg is greater tran the angle /"Lj S ^ Art. 97.- 
or as- thclatter djftance jZiisg^rcatcr thaathe former gE*. . eAn. 60. - 

a J 9.. Since.- 
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AdJ in what i j^, Slncc the interpoficion of the glafe has no other efie^t than to 
mwmer. render ^\e appearance diftinfV, by helping the eje to increa& die rcfra- 
dlion of theTays in each pencil, it i^ plain that the greater apparent m^-* 
flit ude is iinirely owing to a nearer view than could be taken by the na- 
ked eye . If the eje be fo perfeA as to fee diftintftly by pencils of paral- 
lel rays falling, upon it, the diilancc Eq, of the objeft from the glaf^ il 
then the focat diflance of the slafs. Now if the glafs be a fmall round 
globule whofe diameter is -'-^ of an inch, fuch as are ealily made in the 
manner defcribed in the third book, its focal diftance Eq being three 
*Art.6i. quarters of its diameter, 'is^'- of an Inch; andif oibe 8 inches, the 
ufual diftance at which we view minute objeds, this globule will mag- 
nify at the rate of 8 to ~- or of i6o to i. 
Aftronomicii 120. An ailronomical telefcope is compofed of two convex glafles in 
'''^'^°!^'''"^ the following manner. P^reprefents the fcmidiamctcr of a remote ob- 
nifi«, and ]c&, and / J its pifturc formed by the convex lens L, which being next 
Jf.i'y- to the objea is called the objefl-glafs. In the axis of this glafs, $J^q 

*' '■ produced, £-(^reprefents another jilafs more convex than Z-, fo placet!, 
that as yi, is the focal diftance of the glafs L, foj£ is the focal diftance 
ofthcgIafs£; and£Z,thefum of their focal diftances. In this fituatioa 
of the glaffes, I fay the objeft will appear to the eye at any point O, di- 
H'm&y inverted and magnified at the rate of qL to qE, that is of the 
focal diflance of the objeft glafs to the focal diftance of the eye glafe. 

For the rays which diverge from the point q of the pifture/y, being 
Tcfm&tA by the cye-glafs, will emerge upon the eye at O in lines paral- 
Jel to the axis qEO; becaufc y £ is f uppofed to be the focal diftance of the 
cye-glafs ; and for the fame reafon, the rays which diverge from any 
collateral pointy, of that pifture/y, will emerge from the eye-glafs, af- 
ter refradlions at ^, in lines parallel to the line or rzypE j this line be- 
ing the axis of an oblique pencil of rays, part of which diverge from p 
upcai the glafs. An eye therefore which can fee diftinftl)^ by pencils of 
parallel rays being placed any where at O, among the interwdions of 
thefe pencils, will fee the points of the objedt diftinftly. 

Now to the eye at the apparent magnitude of^the pi^rc /y, or 
h Art. 104. objcft P^ is meafured by the angle EOA\ or by the equal angle qEp ; 
but to the naked eye at L, if the glafs was removed, the apparent mag- 
nitude of the objeft is meafured by the angle ^L P, or by the equal 
* Art 43. angle yZ./; the oblique axis PLp being ftraight '. Therefore the for- 
mer apparent magnitude is to the latter, as the angle q Ep, to the an- 

, . , S^c 9^P i and confcquently as the latter diftance qL, to the fomwr 
-d Art. 60. I^af ^ n / X » 

jnadcof^r J2I. Thc obj eft which appeared inverted In the former telefcope % 
««^«|pw will appear upright and diftind through two more convex eye-glafles 
Kg. isT' fubjpined to it j at a diftance from each other, equal to the fum of their 
*Xt. 103. focai 
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focal diftaiKes ; aUd -vthen their fi>ca] diftances are equal to each other, 
ihe chK& wttl be magnified juft as much as it was before. For the pen- 
cils of parftUel^ra;»£OF, J[0S,6cCf which are continued to the glafs 
FBy will be formed by it into a feccmd image «x ; and the focus v, of 
any oblique pencil OB, will be determined by the intericfticm of the 
line vx^ perpendicular to the common axis of the glaiTes, and of the ob- 
lique vcig FtTy drawn parallel to the incident rays OB'. This point w •*«■ SS-- 
bctng the focus of incident cays on the laft gkfs GC, the emergent rays 
CD win be parallel to their oblique axis vG ; becaufe the rays that flow 
from X are fuppo&d to emerge parallel to the dired axis. Therefore to 
the cf€ axj^j where thefe emergent pencils crofs, the object wilt appear 
diitioA, aad upright ^ And when the glailes F and G are cxaAlj equals b Art. to^. 
the knage vx wiilbe eza^y in die nuddle between them; and fo the 
liiaMles vFa, vGn. will be exactly equal. Con&quencly tbe aii^e 
CHG, which now meafuccs- tlie apparent magnitude to the eye ar 27, 
wUIbeequftltfrthcai^levGiLor vF«or SOFor ^0£, vr^uxhsaeab' 
fared it bcliare to the eye at CX 

122. Inatelcfcflpeaf agiven-leagtb the quantity of otneds taken inHowmvdi 
at one Ticw, dnteoos upon the breadth of the eye-glafs. For as AE is ^'^fj;^, 
pcMer oc fiDaUer,, the angle AL£ cff its equal PL^ is alfo greater or rig. i8i,t8£. 
fimUars aad thisaHgle t^es in all the objeds that can be feciv at one 

view OB eoe fide of die axis; of the cekTcopc. 

123, The di&reocc between the aftronomical telefcopc aod GdHWa f^''*^^ 
telefcope or a common pcrfpeaivc-glafs is this j inftead of the ooowx <^. 
tye*^a& |rfaced behind the ms^e m raalce the rays of eadb pencil go Pig. 183. 
pocwcl to the eye, there is pkc^ a concave ejre^glafs jiE as much bo- 

fxt il; which opens the rays of each pencil that converged to g-stadfiy 
and mdics them emerge pasulel upon the eye; asi&evideBtbycoaceirin^ 
the ra^n to p> back again throuah the eye-gla&, wfaoTe focal diftance wr 
iiipptmd waa £^ Thec^moAbc put clofe tathe glafs to- reeeiw asi 
many pencils as paflifaie; anddien, fuppofing an emerging ray of an 
obii(|ue pen^ prcdaced backwaxd along AO^ the apparent m^initBds 
of dieo^cAis mcafotedby the angle ^0£* oris* equal j£-/, which c An. 104. 
is uydhcan^ fLpioc^P, «he mcafure of die true magnicod^) a» 
fX* to fEf asbcfiin m the othsr telefcope. It is mani&ft, by the ^^'^^ 
arckk, that ol:^ei3a in this teleibape appear upKght. 

J24. The quantity of objedte taken m at one view in this teldbope Ttotakesm 
doea not depend opoD dae breadth of the eye-glafsv as- in the aftronomiud ^^ 
^Icfeopc, tat upon the bEcadeh of the pupil of the eye. Becau& the 
pupil is k& than the eyc-gla&,. asd the lateral pencils do- nor noff cm- 
verge 00 fast diveq^ from, the axis of the glafles. Upon this accounc 1^ 
vic^m heia$ nmowec is> not £0 plea£mc as in die foimer tdefc^s. 

125. Sir 
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■Sir7/AW 125. Sir i/fliiir iVifw/oB's i;eflc£Hng telefcope magnifies the diameter of 
-t'iefcoie. "^ a remote objcft in the proportion of the focal diftance of the refleding 
i'ig. 184. concave.to the focal difiancc of the convex eye-glafs and ihews it inver- 
ted. Let ST be an image of a remote objcft P^ formed by refleilions 
from a large concave furface u4C, and terminated by the Vm^PESJ, 
^^TC drawn through its center JE. Now becaufe this image cannot be 
viewed through an eye-glafs placed diredly before it (for then the fpec- 
tator would intercept the rays that are coming to the concave) there- 
fore let the fevcral pencils of rays which converge towards it in coming 
fi-om the broad concave J!C, be refleiSed fideways from a fmall poHOi^ 
plane, reprefenied hy ac; and then the fccond image j/, formed by this 
-a Art. 2+, »s. plane, will be equal to the firft image ST'. Let //be the focal diftance 
■^ of a fmall convex eye-glafs ki and the rays which flow from any point 
i will be rcfrafted through this glafs, to the eye at 0, in the lines ko . 
drawn parallel to the oblique axis si; and fb the apparent magnitude 
of theobjeft, P^ to the eye at 0, will be meafured by the angle iol 
bArt.104. orslt^: but to the naked eye at £, it is meafured by the angle P£^or- 
SET. Therefore the former apparent magnitude is to the latter, as the 
angle j//to the angle SET" or, (becaufe their fubtenfes st, ST ikc~ 
SaJS' T^M ^^^toZ/'ofas CT to If, when the objed is remote ^ Note 
diat the plane ac6 is much too broad in comparifon to the concave ACB, 
which could not be helped in fo fmall a draught. That the appearance 
oftheobjeia is inverted or turned from right to left, isevideoc by the 
103d article. 
Sefth^'^'' 126, Dioptrick telefcopes which magnify much being very long and 
'ochen. troublefome to be managed, Sir IJ'aac Newton propofed this metlwd to 

ihorten telefcopes ' : which anfwers to admiration ; as appears by a tabic 
in the next book, of the lengths of both forts of telefcopes which mag. 
Hify equally with equal diftinfinefs. The reafon why dioptrick tele- 
fcc^s cannot be Shortened as much as tbefe, and Aill magnify as much, 
e Art 1*0. by diminifhing the focal diAances of the eye-glafles", in ftiort is this. 
The im^es made by refra<Aions through the convex ot^oEl-glalles, be- 
ing much more imperfect xhan thofe, which are made by reflexions 
from c<mcave furfaces, will not bear to be magnified fo much by fo fmall 
"• "^" cye-glaflcs^, without appearing confufed: and the chief caule of thole 
imperfoftions in the pL^ures is the unequal refrangibility of raysof dif^ 
ierent colours j as will be fully explained hereafter. 
Doufiieniicro. 127. A double microfcope is compofed of two convex gla&s placed 
d ^ "*'^" " ■^ *°** ■^* "^^^ S^^ ^ "^^ t^ objedl P^is very fmall and very much 
-fIk. 185. convex, and confequently its focal diftance LF is very ihort; the di- 
ftance Z.^ of the fmall objeft P^ is but a little greater than LFi to 
jj«. ffi. that the image/ j^ may be -formed at a great diftance from the glais s, 

,1 Opdclu. p-95- 

and 
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aad confequently may be much greater than the objcA it felf •. Thisa An-ss- 
pi<Sure f j being viewed through a convex eye-glafs ^E, wh©fe focal 
diftance is jjE, appears diftinca as in a telefcope. Now the objeia appear* 
magnified upon two accounts j firft bccaufc if we viewed its piiSure / j, 
with the naked eye, it would appear as much greater than the objeiil, at 
the fame diftance, as it really is greater than the objetft, or as much as 
ij is greater than L^ \ and fecondly becaufe this pidure appears f" A"^' »■ 
magnified through the -eye glais as much as the leaft diltance at which / 

it can be fcen diftindlly with the naked eye, is greaKr than aE^ the fo- ^ 
cal diflance of the eye-glafs '. For example, if this latter ratio be 5 to i, *^'*"' ' 
and the former -ratio (A Lq to X^be 20 to j, then upon both accounts 
the objed will appear 5 times 20, or 100 times greater than to the na- 
ked eye. 

128. To fit thefc telcfcopcs and microftopes to fhort-fighted eyes, the To fit tckf- 
glaffes £ and L muft be placed a Jittle nearer together ; fo that the rays ^^Pf' ^^* """ 
of each pencil may not emerge parallel but jnay fall diverging upon d^cf^^'c^- 
theeye''; and then the apparent magnitude will be altered a little but d Art. 48. 
fcarce fenfibly. 

129. The brightnefs of the appearance through a given telefcope or The appr^rfi 
microfcope is more or lefs in proportion to the aperture of the obje£t- ^"^*'"1^'L 
glafs. For fuppofing it covered with paper, all tut a fmall hole in the ^''^^ ^ '* 
niiddle,thema^itudesof the piiSures/jin the focus of the glaifes, and 

ofxhat upon the retina woula not be altered; but the hole at L. being 
fmaller man before, there are fewer rays in every pencil, and confe- 
quently in every point of thofe piftures, and fo they appear more ob- 
icure. If the aperture and objedt-glafs remain the fame, things appear 
brighter or fainter according as the focal diftance of the eye-glafs is lon- 
ger or fhorter j that is, according as the telefcope or microfcope magni- 
fies lefs or more «. For the fame quantity of light ^readover a fmaller c Ait. tzOw 
or larger pidlure or part of the retina will make it brighter or duller. "''■ 

130. Hitherto I have fuppofed the eye to be always placed at fome Ai' iipre'tai*- 
po'int O in the common axis of the refraifling or refleding furfaces. Now "^^^en* h*e'^% 
let it be placed at any point in a line Oo perpendicular to the axis ^j " out of the 
I fay that all the appearances will be the fame or at leaft not fenfibly gj^fj"!^'']^^,. 
different from what they were before. For let/y be the laft image of an Fig, 186. 
object, and P^the laft but one, or the objeft it felf j draw the lines /ff, 
^ meeting the Jiext furface in a and c\ and the points F and ^will ap- 
pear to the eye at in the direftions of thofe lines ort, oc. Whence draw- 
ing /O meeting the furface in .^i fincc the direftions 0-f^, Oil, in which 
P is feen, lye the fMne way from the directions OC, oc, in which ^is 
fcen, it is evident that the apparent fituation of the extremities P, .'^ is 
the fame at both places of the eye ; and alfo the apparent magnitude, 
wrhichis mcafuredbythc anglerfOff or^oo ca pO^ot AOC. For the ^Art. n4> 
F fmall 
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iVttalJ anglcft f6^, pOq^ being fubterxlcd \yy tho fame image fq, icff 
nearly at eqttal dift^ceS p^^^ jO frorft 9 sikJ O, ai'e very rtearfy e^ual. 
The apparent bf ightnefs df the otgeft k alfo the fonw j becaufe the den- 
fity cif the rays, *hat eliter the pupil, at iriy pan of Ae perpeiidiculai? 

a Art. j8. plane reprtfeiitcd by Oo, k nearly the feme ». Fof the rays flow from of 
towards the laft image /^^juft as if it Was aluminous body. Andlaftly 
the degree of apparent diftinftnefs or confufion is the fame alfo, becaufe 
the angles which tho pupil, placed at O or a« tf, fubtends at/ and y, of 
the mutual inclinations of the rays in each pencil arc very nearly eouaL 

AgtncMob- i^i. This general obfervatjon upon vifion is worth tefliembring. 

vi^on!"'^ "*"" That the apparent diftinanefs and- confufion of an object depends upon 

tJie mutual inclination of the rays tO each other in any one pencil wnen 

^ ■ ' ■ they fall upon the eye^j the apparent magnitude, upon the inclination 

( of the rays of different pencils to each other when they fall upon tfic 

^ a' '°* ^y^' i the apparent fituation, upon the real fituation of the cxtream pen- 
Art 68^ ^^^ when they fall upon the eye ■* j and the apparent brightncfs and ob- 
fcyrity, upon the quantity of rays in erery pencil *. 

CHAP. T. 
CONCERNING OUR IDEAS ACQJJIRED BY SIGHT,. 

''^'»*"f^f 1*32. Tn wder to account for feveral appearances in vifion,, it is necet 
^ind «mf 1™ \ ^^ry to confidcf the manner of acquiring our ideas of things by 

dswd. iighc. The noted quclViort propofed by Mr. Molyneux to Mr. Locke ^ 

whether a perfon blind from his birth, being made to fee, could by fight 
alone diftinguifli a globe from a Cube, whole difference he knew by feel- 
ing, has been pronounced in the negarivc by both thofe philofophers ' : 
and this opinion has fince been confirmed by the experience of feveral 
perfons, who receiving their fight from the operation of Couching, could 
not know any one thing from irtother, however different in fliapc and' 
tfiagnitude. Mr. Cbejfeld^n having given us a very curious account of 
forric obfervations made by a young gentleman who was couched by 
him in the thirteenth yeai< of his age, I will here infert it in his owti^ 
words *. 
Mr. clkffti- 132. Though we fay of this gentleman that he was blind, as we do 
^'f^\^- <*f all people who have rjpe Cataracts, yet they are never fo Blind from 
fons brought that caufe, but that they can difcern liay from night j and fof die moft 
to fight. part in a ftrong light, diftinguifh black, white, and fcarlet, but they can- 
not perceive the mape of any thing: for the light by which thcfe per- 
ceptions aic made, being let in obliquely through the aqueous ^imouTy. 

I ZotVs Effay on Hiim. Underft. B. i. c. 9. 

: PMI. Tr*nf. N>. 402. SeeanoyieratcauiiiHii'tlit'sisiliTMlR. 
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fir the anterior furface of the cryftalline (by which the rays cannot be 
brought into a focus upon the retina) they can difcerq in no other man- 
ner, than a found eye can through a glafs of broken jtWy where a great 
variety tjffuffaces fo differently refrad: the light, that the feveral diftinA 
pencils of rays cannot be colleded by the eye into thcjr proper foci ; 
wherefore the fhapeof an olgeft in fuch a cafe, cannot be at all difcern- 
ed, though the colour jnay: and thus it was with this young gentleman, 
who though he knew thefe colours afunder in a good light j yet when he 
few them after he was couched, the faint ideas he had of them before;, 
were not fufficicnt for him to know them by afterwards ; and therefore 
he did not think them the fame, which he had before known by tfaofc 
names. Now fcarlet be thought the moft beautiful of all colours, and 
of others the moft gay were the moft plcafing } whereas the firft time 
be faw black, it gave him great uneafincfs, yet after a little time he was 
reconciled to h: outfome months after, feeing by accident a Negro wo- 
tnan, he was ftrack with £reat horror at the fight. 

When he firft faw, he was fo far from making any judgment about dt- 
ftanccs that he thought all objefts whatever touched his eyes (as he e:£- 
prefied itj as what he felt did his fkin ; and thought no objeiSs fo agree- 
able asttiofe Miich were fmooth and regular, though he could form no 
jadgmcnt trfrfieir ftiape, or guefs what it was in any objeft that was 
pleau5i^ to him. He knew not the fhape of any diii^, nor any one thing 
TTxnn another, however different in ftiape, or magnitude, but upMi being 
tdld -w^ diings were, whofe form he before knew from feeling, he 
wtmli carefillly obferve, that he might know tbem again j but having 
too many dbjeCts to learn at once, he forgot many of them : and (as he 
lai^ at firft he learned to know, and again forgot a thoufand things in 
a day- One particirtaronly (though it may appear trifling) I wUl relate.: 
Havii^ often forgot which was the cat, ana which the dog, he was 
aftiamed to aflt, bitt catching the car (which he knew by feeling) he was 
obferved to locik at her ftedfaftly, and then fetting her down, faid, fo 
puis , I fli^l know you another time. He was very much furprized, that 
tbofe thii^ which he had liked beft, did not appear moft .^eeable to 
his eyes, expefting thofe perfcms would appear moft beautiful that he 
iovcd moft, and fu<;h things to be moft agreeable to his fighc that were 
ib to lus latfte. "We thought he foon knew what pitftures reprefentcd, 
•wlilch svere Oiewed to hun, but we found afterwards we were miftb- 
"kcn : for Sbout two montlis after lie was couched he difcoveredat once, 
"dxy rcprefented folid bodies> when to that time he conildered them on- 
ly sts party-coloured planes, or furfaces diverftfied with variety of painty 
but even-then he was no lefs furprized, expecting the piftures would feel 
like the things they reprefented, and was amazed when he found thofc 
-p3iTts, wtichby their light and fliadow appeared now round and uneven. 
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ftrlt only flat like the reft : and,aiked which was the lying ftiife, feeling 
er fceiiii; ? 

Being fliewn his father''s plflure iu a locket at his mother's watch». 
and told what it was, he acknowledged a likeneis» but was vaftly fur* 
prized ; afking how it could be, that a large face could be exprefied in 
io little room ;, faying, it fliould have feemed as impafiible to him, as to 
put a buftiel of any thing into a pint. 

At fixft he could bear but very little light, and the things he faw,, he 
thought extreamly large ; but upon feeing things larger, thofe firft feeo 
he conceived lefs, never being able to imagine any lines beyond the 
bounds he faw : the room .he was in,, he faid, he knew to be but part 
of the houfe, yet he could not conceive that the whole houfe could fook 
bigger. Before he was couched^ he expefted little advantage from fee- 
ing, worth undergoing an operation for,, except reading and writing; 
for he faid, he thought he could have no more pleafure in walking &- 
broad than he had in the garden, which he could do fafely and readily. 
And even blindnefs he obferved^ had this advantage, that he could go- 
any where in the dark much better than thofe who can IJeei, and after he 
had feen, he did not foon lofe this quality^ nor defire a light to go a,- 
bout the houfe in the night. He faid every new objieft was a new delight, 
and the pleafure was fo great, that he wanted ways to exprefs it; but 
his gratitude to his operator he could not conceal, never feeing him for 
fome time without tears of joy in his eyes, and other marks of affedion,: 
and if he did not happeato come at any time when he was expeded, he 
would be fo grieved, that he could not forbear crying at the difappoint- 
ment. A year after his firft feeing, being carried upon Ep/om. Downs, 
and obferving a large profpeft, he was exceedingly delighted with it, 
and called it a new kind of feeing. And now being lately couched of his 
other eye, he fays» that objedts at firft appeared large to this eye, but not 
fo large as they did at firft to the other : and looking upon the fame obr 
jeft with both eyes, he thought it looked about twice as large as with 
the firft couched eye only,, but not doublcj that we. can any ways 
difcover. 
Someaddi- 1^4. Mr. Chejfelden adds in another paper printed by it felf, that he 

Kcounc ^^^ brought to fight feveral others who had no remembrance of ever 
having feen ; and that they all gave the fame account of their learning 
to fee, as they called it» with the young gentleman above mentioned, 
though not in fo many particulars ; and that they all had this in conv 
mon, that having never had occafion to move their eyes they knew not 
how to do it; and at firft^ could not at aH diredt them to a particular 
objed; but in time they acquired that faculty, though by flow dtgrees. 
lywhitregu- i^^;. Let US now confider a little by what regular fteps and obferva- 
wuylaj^to ^^^^ * perfon in this cafe, might learn to know the places, magnitudes, 
taoK tl^gs. f^ures. 
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fi^rcs and djftanccs of objeite. Since fac cannot direct his eye to look at 
any particular objeft', whofe place he knows by feeling, at firft wc » Art. 134. 
muft fuppofe his eye at reftj and when he has learned to know his hand, 
or his finger end, let him move it gently upwards and downwards. Dur-- 
in? this motion he cannot help perceiving fome fore of alteration in the 
nifible appearance, occalxoned by the COTrefponding motion of the pic- 
ture of his finger over diiferent parts of the retina. Then by carefully 
obferving and remembring what fort of fenfation was perceived when 
his finger was in any particular place, fuppofe above his eye ; whenever 
the like fenfation fhall again be excited, by another pidture of the fame 
or of a different objedt, falling upon the fame place of the retina, - 
wherever it be, he will conclude that this objeft, whofe place is un- 
known, is above his eye,. or in the place where he formerly held his 
finger. By the like obfervations made with his hand and frequently re- 
peated, he may learn to know the motion of a body by fight; and the 
direftion of its motion, with refpeft to his own body ; and confequcntly 
to know extenfion and the fituation of extenfion ; and confequently ta 
know the figure of bodies, which confifts only of various cxtenfions va- 
rioufly fituated. This he may learn by moving his finger round the- 
edges of bodies, and by obferving tbe various bendings of its vifible mo- 
tion; or by walking round a room; and in general by comparing toge- 
ther the ideas fuggefted to his mind by fight and by touch. And by ob-i 
fiyving that the appearance of the fame body is continually varied while 
the eye approaches to it or recedes from it, by this variety of apparent 
magnitude he will learn to know the diftances of things from his eye a» 
well as from one another. Laftly fince he cannot lielp perceiving thofc 
objefts moll diftinftly which lye neareft to the axis of the eye produced, 
and ochen more confufedly which lye farther and farther from it, as 
other people do; when he finds that an objeiH: diitlndly perceived, doca 
fuddenly grow confufed, by any accidentai motion of his head or eye^ 
the memory of that diilinifter perception now loft will induce him to 
try to regaia it, by a voluntary motion of his head or eye j till by ftc-r 
quent trials he will learn to direil his eye to any defired objedl. And 
by the fame method he will learn to diredt both eyes to the fame object. 
From what has been faid it appears that our perception of things by 
fight is no more than this: by memory of former perceptions by fight 
and other fenfes conipared together, we coUedt in an inltant that the 
thing we now perceive by fight only will affeft our other fenfes, upon 
trial, as it formerly lifed to dc I fay in an inftant, which will lefs fur- 
prize us, when we confider how quick the characters or founds of words, 
whofe fignification wc could hardly remember at firft, do excite in our 
minds the ideas of things they are conftantly ufed to fignify: £b .great 
is the force of habits in brijiging our ideas together. And fo it appears 
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at laft, that the muiner, wherein external objc& arc fignificd to us, by 
tlw ftaifacions of licjit and colours, is the fame with that of languages 
and ■&^iis of human appointment : which do not fuggcft rfic things fig- 
dificd by any likencfs or identity of nature, trat only by an habitual con- 
acfiion that constant experience has made us obfcrve between them *. 

136, ^ow if ii be the memory of the fame fenfations excited in the 
feme places of the retina, though unknown, which occafions the fame 
judgment of the place of an objedt, (which will be farther confirmed in 
the following articles,) the inverted piftures <m tte retina will fervc as 
well to excite the fame ideas as if they had Iwen conftantly upright or 
in any oblique pofture. It is only neceffary that the objcfl and pifturc 
fliould alter their places both together by any conflant rule whatever. 
For icxampilc, if a pcrfon was born with an eye in which ihe piAures 
of objefls were painted upright, as reprefcnted in the 187th figure, 
wchere thcfirfl image ^y is formed bythe cornea in the aqueous hnmour 
onlai|il£d, and the fecond image by the crv-ftallint: tipon die retina wk; . 
let h 'be confidered whether by rhefe upright piiftures he might not learn 
fo know, judge, and talk of objcdts juft as other people do, and on the 
contrary j and whether it could eafily be known that his eyes were dif- 
lerent fi^m common eyes. 

137. The axis of the «ye is a line drawn through the middle of the 
pupil and of the cryflalline, and confequently falls upon the middle of 
the retina. Aad the axes of both eyes produced are -called the optick 
ttXBB. Whtn the optick axes are parallel or meet in a point, die two 
midfflepoutts-oftlw retinas, or any two points which are equally diftant 
Bsum daen, and lye on the fame fides of them «it1ier towards the 
c^jhe kxndtir left hand, or upwards or downwards, or in any oblique 
^e^^icK, arc called correfponding pohns. Now we find by experience 
#iat aa vkqeA or point of an objett appears fiog^e when Its piftures fall 
upon oorrefponding points of the rcnnas, and double when they do not. 
I*r vAma wc view an objeft fteadily, we have acquired a habit of di- 
M^nig die c^tick axes to the pomt in view ; becaufe its pictures falling 
span cfae middle points. of the retinas are then diftincter than if they 
K^ upon any other places ; and fince the pii^tures of the whole obje^ 
mt KfoaA t« one anocher and are both inverted with refpeft to the optidt 
ae*, k fi^lows that xhc jriiftuTes of any -collateral point of the ol^oa 
«ce painted vpon eorreiponding points of the retinas. This habit of 31- 
roSiBg die optick axes to the point in view, is fo ftrong that it is very 
diriileulc to <io otherwife ; infomnqh that when one «yc is fliut and the 
pdxr is in motion, one may feel by ones fingers laid upoa the eye-lid, 
that the eye which is Hntt, always follows the motions of the eye that is 
open. Bux if by fqninting or by depreffing an eye with oae« fi^S^^* ^^ 

? 9»r ga-if^'t ^y on Vifion. p. 17?. 

optick 
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Optick ua ir« ncA dire^^ed U> the fame point; in thefe ea&6 obje^ ap- 
Btar double : ittid now it is plain that their piAares are Aot paitiKd Upoil 
(tornfpondiAg places of the retinas. 

^or the Kke r««fon if while the optick axes NM, OMste dire^ed tti Wg. is^iga. 
t mark jl/, we jttcend to an object 6r image q, placed any where withiil 
ihe angfe NMO or its opposite, made by the optick axes produced, the 
(kje& q will, appear in two places, iiippofe at a and b, fituated in the 
dffeftions <rf We vifual rays W^, Oq ». For the piftures of the ofcjeft, y, » ak. loi- 
wtrich ly<s between the optick- axes, being both inverted with rcfpeft to 
the axe^ muft fall upon the fctinag on contrary fides of rhc axes, and 
coaicquemly upoH places that do not correspond. And this may be thd 
reafoft of the dioublc appearance. Becaufe this firuation of the" piflures 
never happens in the ordinary and conftant ufe of our eyes, but from two 
objcdtd A and B placed on oppofice fides of the mark M. One of thefe 
objcas akme being on the lame fides of both axes, would have its pi^ureS 
00 corrcfpwiding points of the retinas and consequently would appeir 
ingle. Add t6 this, that at one view we generally regari no other ob- 
je&s but tfoofe which Xyc round about the mark M, much ai equal di- 
ftaftecft firortt the eyes ; and- not thoifc which lye in a long line extended 
feotb es. ¥&t thefe objedfs being placed at various diflances from the eye 
caraioc be feen diflindtly all at once : it being necelTary for this purpofe 
H> 2^e» both the diilances of the point of concourfe of the optick axes, iXiA 
alfo the configuration 6f the c^^ ; that the piftufcs formed by rays cOiA- 
&ig fr&m i^tttni diftances, may be fucceflively dlftinft. 

bil^e-ftitiiM^if ^ image ; of an ohjed ^be formed at dnyplae^ Fig. 191, 
b^ifid <b6 ^niS>> either by rcflcaBd df rtiraaed rays J andthffgrafe^i '9*''95- 
be ftiffieiiito^ broad to throw the ntys into both eyes ; the objfeift ^will 
il^ft^a^spew dbuble. For" to- procure diftinft viuori Wc aceaecbftdm- 
ed to dircCT the optidk toci to fomc point Af lying before them. Rut fhe 
Vifiial rij*,- ANq, BOq„ by \*hicK the objea: iS feen, arfe- fending t'6 
iAe««M |B(fhHiddie eyes, and confequently muH fall at C and i)oti the 
vAAd didteir dxes, which are not ciorrefponding places. 

1 flArffty' esijieriehce tbat the apparent diftance between the tWo app*^ 
Krte places 6i the ot)^c6b, is Aea^ly proportionable to the fum of the arcli- 
cs, GB^ X)F, upoh'the rctiilaSi or to the fum'of the ailgles aNM, b'OM 
B^de % each ciptlck axis antf each Vifual ray, provided thefe arches lye 
both (^ Ac iiifide^ Of Both dA the Outfides of die optick axes: but if Fig. 194,195. 
dne lyes within and tlie othei* without, the apparent diftance of the pla- 
ces of the objedt is meafurcd by the diffefences of thofe arches. Fo'r 
though' I'have hidlerto fuppoled the obje<a to be within the angle's made 
by the dptick »ies, in order to fhew the cffeft of the double appearaiice 
more plainly, yet \t is ftill' double though the objeft be placed' in eithei" 
axis, OT on the outfides of both either much nearer or remoter than 
" ' "" " ' their 
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their point of concourie. I find alfo that in all fituations, the apparent 
interval, .between the two apparent places, will continue the fame while 
the eyes are rolled about, fo as to view any objetSts placed nearly at equal 
diftances from them: and that each image a ox b appears over againft 
the fame objcd: Aox B wlien both eyes are open, as it dees when the 

Tig. 189. other eye is fliut. And that v/hcn the ebjeft, or image q formed by the 
glafs, is between the eyes and the mark we look at, the apparoit image 
on the right hand is perceived by the left eye, and the app^-ent image 
on the left hand by the right eye; as is manifert by opening ajid ftiui- 

Fig. 190. ting each eye by turns.: but when theobjcift it fclf, or its image form- 
ed by the glafs, is beyond the mark, or behind the eyes, the apparent 
image on the right hand is perceived by the right eye, and that on the 
left hand by the left eye. 

Hence it is manifeft that the two apparent plaices a, b of the object q 
are neither of them the fame as its real place j and that they lye be- 
tween it and the mark we look at, but not very far from the real place. 

jFig. 196. A double appearance will alfo be feen when the end of a long ruler 

is placed between the eye brows and extended dire^Sly forward with its 
flat fides refpedting the right hand and the left ; and by direfting the eye 
to a remote objeifl, the right fide of the ruler, feen by the right eye, 
will appear on the left hand^ and the left fide on the right hand ; as 
jeprefented in the 196th figure ; in which i'^ denotes the ruler, /y 
and -Bfyi its images feen by the eyes N^ O refpeftively. 

"Now if it be aflted why in feeing with both eyes we do not always fee 
double, becaufe of a double fenfation; I think it is fufficient to fay that 
in the ordinary ufe of our eyes, in which the pidlurcs of an obje<ft are 
conftantly painted upon correfponding places of the retinas, the predo- 
minant fenfe of feeling has originally and conftantly informed us that 
the objedt is fingle. By this means our idea of its fautward place is con- 
neiSed with both thofe fenfations, as is manifeft by its appearing in two 
places when its pidtures are not painted upon correfponding places of 
the retinas In the extraordinary circumftances above mentioned; which 
is only a direct confequence arifing from our general habit of feeing. 
Befides, whatever anfwer is fufficient to this quefticn, muft equally ferve 
hy the rules of philofbphy, for an anfwer to all others of the fame fort : 
as how it happens that in hearing with two ears we do not hearilouble j 
that in feeling with two feet or two hands or two fitters, we do not feel 
double; as we really do in the dark, when a button is prcffcd with two 
.oppofite fides of two contiguous fingers laid acrofs; for this reafon, that 
thofe oppofite fides of the fingers have never been ufed to feel one but 
always two things at a time. We have learned therefore by experience 
.of.hoth fenfes compared together, to make their informations confift- 

ent 
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«nt with each other. Mr. Cbejelden mentions the cafe of a gentleman, 
who having had one of his eyes diftorted by a blow on his head, found 
that every objeift appeared double ; but by degrees the nioft familiar ones 
became fingle, and in time all otgefts bnrdme fo, though the diftortion 
ft ill continued*: which greatly confirms the preient argument, that the 
judgments we make of the namber and places of external obje^ are 
entirely the cffcft of experience ; by which our ideas of their number 
and places are CMiftantly conno<5ted with certain fenfations in corref- 
ponding places of the retinas : inibmuch that if an ^limal bad a hundred 
eyes, in uie ordinsny and conftant ufe of them an objedl would appear to 
hun fingle, and centuple in cafes extraordinary, like thofe above men- 
tioned. 



138. The apparent diftance of an objed, perceived by fight, is sai Apparent aif 
lea of a re^ diftance ufually meafured by fosling, as by the motion of "^"^!|^^ 
the body in wailking, or ocherwife ; and is fuggefted to the mind1:>y the ccivei. 



apparent magnif jde of the objeft in view, if feen alone, "(as a bird in the 
air, or as an ch]ti& in a telefcope or microfcope ;) but if it be feen with 
other objcdls, as it ufuaUy happens, its diftance is fuggefted both by its 
own apparent magnitude and by the apparent magnitudes of other ad- 
joining obje^s obliquely extended betweoi the <ye and the otyeifl in 
view; as -the furface of the ground, rivers, walks, high- ways, hedges 
and ditches, or the houfes in a ftreet, or the wails and ceiling of a room, 
or the flty over head. For what is the apparent m^nitude or apparent 
extenfion of an ofegeft but the apparent diftanoe ofits extremities from, 
oneanother? and whatistheapparent dJftanccbctweontwoobje£lsinany 
fituation orbetween one ol^e£t and the fpedatorhimfelf, but the apparent 
extenfion of intermediate ot^etAs ? And fince they are feldom feen alon^ 
excepting through glafies, it cannot be doubted, but we eftimate their 
diftances from one another and firom our felves by our ideas of the mag- 
nitudes of thofe intermediate ohgefls : and every one knows that furvey- 
ers , gunners, travellers and all forts of artificers, who are converfant 
in meafuri^ig diftances, are able to make a truer eftimate of diftance by 
the eye, than others that have not had lb much experience. Sometimes 
kideed without attending to thofe oblique furfaces we are fenfible of 
the approach of a body by the increafe of its own apparent magnitude, 
and (Ml the contrary j and fometimcs we are alfo fenfible of it when the 
body is at reft, provided it be known and familiar to us. For bodies arc 
diftinguiftied kito forts chtefiy by their ihapes and colours, and we reck- 
on them fmall or great, not in comparifon with bodies of another fore 
but with one another ; and having found by experience that certain 
quantities of apparent magnitude of a known body are conftantly attend- 
ed by certain quantitiesofdiftancej thefenfationof themagnitudeof the 

* Anatomy p. 324 }d Edit. 

G body 
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body immediately excites the ufual idea of its <£ftance: wfiich is alfo 
evident in oblique furfaces as well as of thofe that arc perpendicular to 
the eye. For the ideas of variable diftances muft either mediately or im- 
mediately be excited in the mind by certain variable fcnfations, caufed 
by fome certain variations in the piaures upon the retina. But while th» 
diiliance of the oh]t& varies, nothing is varied in its picture, excepting* 

3.4tt. 93. its magoicude ; iu figure, colour, brightness * and diftind^iefe receive 00 
fenHblc variation in jnoft cafes : and for cme idea to excite another^ every 
one knows it is fufEcient that they have conftantly been obferved to go- 
together, as in languages and a thouland things befides. Laftly I have 
found by abundance of experiments made with gUHes of all focts^ that 
while the apparent magnitude of an objeft increases by moving the glafs^ 
eye or objei^, it always appears to ap|H'oach, and ts recede while its ap- 
parent magnitude decreafes, excepting a particular caiie or two to be 
mentioned hereafter. And thefe experiments feem to me to put the que- 
ilion beyond difbute. For in looking throu^glaffes with (Mie eye on- 
ly, and at a fingle obje<ft, when nothing is perceived in the fpace inter- 
pofed, how is it polfibk: for different apparent magnitudes of the objet^ 
to fuggefl the ideas of different quantities of that invifible fpace>, accord- 
ing to a certain rule to be mentioned hereafter ; if thofe ideas had not 
ufually gone together before we looked into the glafles? I find alfo that 
by altering the degrees of apparent brightn^ anddiftin&neft of an ob^ 
]e&t either by looking through little hoks n^de with a pin or through 
Icnfes of different figures put clofe to my eye, or throu^ both at once 

I Art. io9>. put clofe together and to my eye,, that neither the apparent magnitude V 

Ltj. nor apparent diftance is fenfibly altered thereby. The rcafon is, we have 

had no experience in fuch confiifcd vifion with the n^ced eye, and there- 
fore, though different degrees of confufion and diAindbwls in glai&s are 
plainly perceived^ yet like the words of an unknown language, their fig- 
nification of diftance or of any thing elfc is entirely unlmown. The 
fame may be faid of the degrees of brightnefs and ob&urity. By day- 
light obje<fls appear equally bright at all moderate diftances from the 

c An. 9]. eye ', and wc retain much the iame ideas of their dtd3mces in the night, 
when we fee them more obfcurcly. The permanent colours and Ihades 
of bodies ferve chiefiy to diftinguiih their apparent Oiapes ; and their 
colours and ihapes are manifeft diftinitions of their various forts, but 
being permanent they are no. diftinftions of their apparent diftances from 
the eye. When the eye is fixed and a fixt line Is extaided fi-om it, the di- 
vergency of rays from different points of that line is neither difiinguifti- 
ed nur fo much as perceived by fenfe, by perfons that ice diftinftiy. Ii is 
a rational dedu<^n from fenfe whidi informs us that rays diverge from 
the points of an ot^eiS: ; which the nujority of coankind are entirely 
i^^norant of: And the ancient philofophers who thought that fomething 

like 
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like rays proceeded from the eye to the objcdJ:, could diftinguifli diftances 
as well as wc. Thraefore the divcrgcnqr of rays from points at different 
^IfUnces is not the medium which introduces the ideas of diilances into 
ihe mind. Sometimes indeed there are degrees of diftinftnefs and confu- 
fion confequent upon it, but their relation to di/^ce as I faid before is 
not perceived. Befidcs this, in vifion with glafles, we have ideas of as 
many different degrees of diftance conveyed to lis, as well when the rays ^ 
come converging towards points behind the eye as when they diverge 
from points before it, as will be ihevm hereafter. The divergency of 
rays from the place of anobjedt is therefore no caufe of its appearing in 
■diat place. It is alfo matter of fafl in painting and perfpoalve, that 
OBi'.fcnfibie ideas of the places of the objei5ts ia the pidhire arc quite 
diflfcrent from our rational ideas of the places from whence the rays di- 
verge : and the difference in thcfe ideas is caufed by the different apparent 
mtgnitudes of the known objefts reprefented in the pidurc. It is alfo e- 
wdcnt diat our fcaifiblc ideas of the places of the remoter parts of a long 
walk or gallery, and of the clouds overhead, and of all celeftial bodies, 
are quite diflcrent from the rational ideas of the places from whence the 
jays diverge, as will appear more fiiUy hereafter. Neither is diftance 
fijggeftod to the mind by the magnitudes of the angles in a triangle made 
hf die optick axes and the interval between the eyes. For thele angles 
«e ail varied by turning the head fideways while we look at an obje<^ 
till at laft wc fee it at the fame diftance with one eye as with both ; 
whidi fhcws dfb that the faint and confufed app^rance of collateral 
■ol^efts docs not alter our ideas of their diftances. Nor is diftance fug- 
ged by feling die turn of the eyes in widening or contracting the in- 
tcrral between pupils, when we direS them to different places. For 
the i^acc of the c6je<St is generally perceived by a fide-view, before we 
^r^ our eyes 10 view it more diftinftly. From what has been faid it 
mpears to me that the ideas of diftance are fuggefted to the mind by the 
ideas of the magaitudes of ot^eds. 

139. Hence it follovre that an olgeA feen by refrafliion or reflexion, ^p^^,^ 
appears at the lame diftance from the eye, as it ufually does from the SltS^SMd. 
naked-eye, when it appears of the fame m^nitude as in the glafles. To Fig. i^jta 
determine this diftance in all cafes, I conceive a ray O^ to go from the **^ 
eye at O, and after its laft: refleftion or refraQion to belong to the focus 
e, in die common axis C^ of all the furfaces ; and to meet an objeil 
^^in J*, placed perpendicular to 0^ and that a line Pw is drawn 
parallel to tibe axis O^^till it meets the ray O^^ produced, in w. Theft 
ibppoimg the objeA F^ to be removed to the place «x, and there to 
be viewed by the naked eye ; fince it appears under the fame angle vOk 
or AO^ as it flppcared under in the glafles, when it was at P^ it will 
- G 2 alfo 
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alfo appear of the fame magnitude and confcqucudy at the famediftance 

• -**■ '38- from the eye in both, cafes '. Therefore if when the objed is placed at. 

w, its apparent diftance from the naked eye be reprefented by itsreak^ 
dlftance 0», the fame x. will alfo reprefent its apparent diilance in the. 
glaffes when- it was at P^ I IhalL therefore call 0* the apparent dl* 
ftance of the objed P^ and wx the awKirent obje<fl. 

When the point P and the ray Oj4, by which it is fcen^ are on con- 
trary fides of the axis 0^. the point w and the line wx will be behind 
the eye,, and therefore muft be viewed by the naked, eye inverted and 
turned about. But if you had rather w x fliould always be before the eye,. 
in this cafe invert the objeit P^, and then Aide it along the axis j and' 
its extremity P will touch the vifualray O^,. produced, at the fame di- 
ftance from the eye as befbrej becaufe the oppofite angles A0C,,vO-k 
are equal. 
Trv.irie*reci- 140. Hence while the cye, objed or glaffes are in motion, theappa— 
procaiiy M the rgm; diftancc of the objed will increafe in the fame proportion as its ap— 
m^viril^ Parent magnitude decreafes; and on the contrary.. For the famt appa- 
rent diftance of the fame, objed leen at w x by the naked eye,, varies in. 
b Am. 99.- that proportion of the feme apparent magnitude "".. 
Apprentand 141. Hcncc alfo the apparent diftance, 0-(, of an objeft, P^ fecn^ 
true diftance jji glaflcs, is to Its apparent diftancei 0^ feen by the naked eye, as its: 
ceneraL "" apparent magnitude to the naked eye,, to its apparent magnitude in the 
glafles. For conceiving a line OP^ which is omitted in the figures for 
the fake,of fimplicityv fince P^andwx are equal, the former diflancc. 

• Art. fio. Ox,, is to thelattw 0^ as. thtlatter angle PO^ to the former wOx°.. 

jjfjiga. The ratio of the apparent and true magnitudes of <A)jeds being deter- 

mined in moil cafes in the foregoing chapter, their apparent diftances 
are. alib determined by this rule. But becaufe this-fubjed: of apparent 
diftance,. Bas hitheno been handled but very imperfedly hy all opcick 
writers,, it may not be unacceptable to fome readers to. fee it puriueda. 
little farther. 1 will therefore deduce all the cafes of apparent diftance. 

d^^Art. 139. immediately from the definition of it ^, without the help of thofe former 

demonftrations. 

c»ft'*'«n«- 142. The apparent and true diftancesO* and 0^ win beequal, firft. 

Stiver. '^ when the objed touches, any thin lens or any fihgle furface. For then the . 

points P, -^. w will coincide. Secondly, when, the cye touches any thin 

Kg. 219, »zo. Icn&or refleding furface. For vrfien.the points O^A,C coincide at a lens,. 

the vifual ray will pafs through tBe.middle of it very nearly j and con- 

fequently its incident and emergent parts produced, will be nearl^ pa-. 

j^ rallel and coincident *, and fo the points P,,wwiU nearly coincide:, and: 

' *** when the points 0,A, C coincide at a refleding furface, the incidentand. 

refleded rays produced will make equal angles with theperpendicular 

^», and iQ the triangres PC^ wC* will be equal; Thirdly, when 

the 
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the eye is at the center of a refleding concave. For then the'fneidcnt and 

rtfledcd rays, and confcquently wk and P^ will coincide. Fourthly, 

when a ray P coming diredly to the eye, makes an angk PO^ equal f «■ »°i< «y7^ 

to JOC or wOx. For then the triangles PO^ vOk are equal. This*' 

happens in a refleding concave when the objeci is very near its center. 

For producing the objeft P^ till it cuts the reflefted ray in p^ fince 

the angles PO^ orOx or/O^are fuppofedtobeequal, the lines P^ 

^^wUl alfo be equals and confcquently a line ^ji will nearly bifeft 

the angle Pjipt when ^ is very near to C' ; as a line drawn from thc-» Art. 59. 

oenttf E will ao^ and fo the points ^ E are almnft coincident. b Ait. 8. 

143. The apparent diftance of an objed feen in a telefcope or a mi- Apparent md 
crofcope, is to its apparent diftance perceived by the naked eye, as "S'J.^th^'^^a 
apparent magnitude to the naked eye, to its apparent magnitude in the comrnredin 
telefcope or microfcope. For conceiving ACxo be the objeft-glafs, and leiefcoperan* 
the eye to be clofc to the eye-glafs at 0; the vifual ray JO will go in p/g ^^^^ 
amanner ftraight through it " ; and fa the apparent magnitude and ap- aai, ia>. 
parent diftance of the objeft will continue the fame as when there was c An. +*. 
no eye-glafs : and fince, when the vifion is diftinft, the ray» in every 
pencil come parallel through the eye-glafs,, the apparent magiutude and 
confcquently the apparent diftance wSl ftill continue the fame as before 
while the eye is drawn back ''. i Art. 107. 

Conlequeiuly the apparent diftance in a celefcope is to the apparent 
diftance perceived by the naked eye, as the focal diftance of the eye- 
glafs, to the focal diftance of the objea-glafs j by the 120th and 141ft 
articles. Which may thus be demonftrat^ independently of the 120th 
article, hetpq be the image of a remote objeft terminated by the line 
PCp; fo that qCaad qO may be the focal diftances of the objed-glafs 
and eye-glafs j then fuppoling the obje£l viewed t^ the naked eye at C, 
fince the angles wOx, PC^have equal fubtenfes wx and P^ the ap- 
parent diftance, Ox> in the teleicope, is to the apparent diftance, C^ 
10 the naked eye at C, as the latter angle P C^ to the former ir O x •, or e An. 60. 
as theoppofiteangle/Co,, to the t^pofice angle ^O^, or fince /^iub- 
tcnds them both, as the latter focal diftance ? O, to the former ;C'. 

The fame proportion may be proved when AC reprefents the eye-F^. 224, 
glais of a telefcope or microfcope, and the objeft-glafs is placed at**!'**^. 
0, the conjugate ibctis to O. For let /y be the image of the remote 
objed P^ terminated by the line Po>^, and. when qo and ^Carethe fo- 
cal diftancesof the glafiesat a and C,,the ray .<40 will be parallel to^C^.f A": S°- 
Now the apparent diftance Ox, is to- the apparent diftance 0^ perceiv- 
ed by the o^ed eye at 0, as the latter angle Po^to the former wOx, 
or as the oppofite angle /oj' to the oppofite angle AQCot its equal /C^, 
or as the utter difta^ ; C to the former qo. 
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un!^"of S" '^' ^ '^C'^ feen in any glafs will appear behind it, or at it, or be- 
oiljeaMd f^""* ^^i accordii^ as, wx or P^ the real magnitude of the objed: is 
gia(i com- biggcr.equal or lefs than :^C the part of the glafa in which it appears. For 
Fig! 107 ta ^"'^ aritand ^Cdo both fubtend the fame or equal angles at thecyq, 
„zx6. O IT will be bigger, equal or lefs than OC, according as trx orP^is- 

bigger, equal or lefs tlwn ^C. 

Hence it follows that an objeft always appears behind any fiirfaoe or 
.glafs which cannot make rays go parallel that diverged from the eye. For 
^hen P^or arjc wili always be greater than>^C ■ 

The rule is true in a globe or in any number of furfeccs, taking A 

■for the concourfe of the incident and emergent parts of the vifual ray 

produced, and a perpendicular ^C upon the axis, initead of the apertuBC 

of a (ingle glafs. 

•ThediftancM i^j. It appears by the conAant fimilitude in the ftiapes of die trian- 

tl^'r^i^ %\esAi,rP,AOo, that the ratio , of ^ar to ^P, that is of the diftancee 

jeasfrom the of the apparent and real objeds from the glals, is the fame as the ratio 

gbfaOTm- oi AOko Ao^ that is of the diftances of the eye and its conjugate focus 

Jig^ 209,210. fro™ the glafs. Confcquently in refradlions at a plane furface this ratio 

.2 Art. 31. is the fame as of the fine of incidence to the fine of refradion " of a ray 

coming from the objed to the eye j which in refrafttons out of water ia- 

b Atf. 23. to air is as 3 to 4 ; and in reflexions at a plane it is a ratio of equaliw K 

Sometime in 146. Therefore in thcfe two cafes the objedt appears in the place oiita 

in^rfw p£«of '""S^ > "'^ becaufe the rays diverge from that place to the eye, wWch 

Jo image. the fenfo docs not perceive, but becaufe the ■otyaft is equal to the image ; 

.and cohfequently its apparent magnicudeand diilanoe are the fame as if 

it wa« put in the place of the image and viewed there by die naked eye. 

But if an objeft be put in the place of an image which is lefs than it 

.c Art. 105. fgif^ it ^jiii appear bigger* and confequently nearer to die naked eye than 

,d Art. ijs. it did in tjie glftfsii; that is, theobjett in the glafs will appear remoter 

than the place of its image: and on the contrary. And in general, the 

apparent diftance of an tSged", is to the real diftancc of its laft imi^e, 

as the real magnitude of die ol^Cfft, to the resrf magnitude of that image. 

Becaufe the apparent objed {vk ) and the laft image, fttbtcnd the fame 

.angle at the eye. 

■Howtheafv- J47' While thc glafs and eye are fixcd, and the olgoA is gradually re- 

parentdifUnce movM from the glafs, we may fuppofe the lines OA^ .^^ to be fet and 

th^Tij^Md ™^y ***^ parallel Fty to be moveable j and firom hence it trill be cvi- 

cye an fizt dent, cfpecially from the conilant Ikniiitude in the fliape of the variable 

movri'''^'' *'*^®"8** PAxir, to die fixt triangle oAO^ that, in all glaflcs which can- 

'^^z- '97 to ™*f make dve ray AP%o parallel to the ams, while -5p increafes, Aiw 

?M. and Ow will atfo increafe perpetually, wherever thie eye is fixtj and 

that Owwillalfo increafe perpetually in any other glaifs that can make 

^ ray AP %Q parallel to the .axis, when the eye is Stxx. between this 

glafs 
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glafc and its principal focus. But if the eye be fixt at this fcNCUs> jiv 
being nothing, Ov will be conftantly equal to its focal diftancc; and 
when the eye is fixt on thi» fide the focus, O v will dccrcafe till P arrives- 
at 0, and after it has paffcd over o, Ov will increafe perpetually till it 
equals OAy when oP equals o^j and alfo till it equals OP, when the 
angle PO^becomes equal to wO« or ^OCj that is whentlwtrue and 
apparent magnitudes of the objed: become equal. 

148. There will be the lil^ variations of apparent diftancc while the How it v»ries 
glals and obje^ arc fixt and the eye is gradually removed frcMn the glafs j *'ji*"i!-'^^'^ 
that is in all forts of glailes and furfaces which cannot make divci^ing fat Md the 
rays become parallel, while uiO increafcs, Ov will alfo increafe perpe- cy«" moved, 
nwlly wherever the objed: be fixt ; and in any other glafs that can make 
them parallel, Ov will alfo increafe when the objeA is fixt between this 
glais and its principal focus. But if the objcd be fixt at this focus, Oor 
will be conftantly equal to its focal diilance ; and when the objctft is fixi 
on this fide the focus, v will decreafe till arrives at ^ but after it has 
pafiedover^ Oar will increafe perpetually; till it becomes equal to 
O^and then to O P as in the fprmer article. 

For the glafs andobjed being fixt, the image of the objed is alfo fixt SeePUteis- 
b place and m^nitude j and being beyond the glafs in the two firft ca- . 
la, the angle it fubiends at the eye will continually decreafe, while 
the eye rec«ies from it and from the glafs ; and confequcntly the given 
ot^oa » K will fubtend that dccreafing angle at greater and greater diftan- 
ces from the eye : but when the objeft is at the prmcipal focus, the an- 
ile whkh meafures its apparent magnitude will be invariable ; and con- 
iequeotly O v- will alfo be invariable and equal to the focal diilance ; and 
when the ot^ed is £u-ther from the glafs than Its focal difUnce, its image 
will be on this fide of the glafs, and the e)^ in receding from the glafs 
will firfl come nearer to tlM fixt image till it paffes by it, and then re- 
cedes from it i fo that the apparent magnitude will firfl: increafe and then 
decFcafb, and cwifcquently the apparent diAance will firfl decreafe to no- 
ihii^, and dien increafe perpetually '. ■ An. 140. 

1+9. Two pcrfons NO, P^ viewing one another through any given Two perfon* 
lens ^C, appear at equal diftances from one another. For let two rays ][j,^^"f ™' 
PJO, NA^crofs one another at any point of the lens and let the vi- "^^ a lehs 
fual rays O^ ^ produced meet the parallels P or, Nt in «r and f, and »ppp^' •* '** 
the perpendiculars w x, ra will be the apparwit objeds K Now fince the j?^ ^^" 
bendings of the rays NA^^PAOzk equal', the angles NAO^ PA^oti^cr.. 
are alfo equal, and being but fmall, ATO isto P^(as^O to -^^^ or ) p«- "7 '<> 
as the angle A^f to the angle AOC': that is the apparent objefts »«, l^An. 139. 
vs. are proportionable to the armies they fubtend at the eyes ^ O, and c Are. 4s 
confequcntly their diflances from them are equal, as in all cafes of vi^ ^ ^- 1^; 
Con widi the naked eye. 

150. Hence 
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*Um/ f^h 150. 'Hcncc-when theglafs is at any two places C,iD cquidlftant from 
fanTwjuidir- thc extremities of the given interval O^ the obje^ will appear at the 
■ tjntfrom tiie .fame diftaiice to the fame eye. For On, the apparent diftance of theob- 
^'■"'"- ^edt P^being equal tOj^ft-.-the apparent diftance of the objefl iVO feen 
ihrouah the glafs at the diftance ^C , will alfo be equal to the apparent 
diftance of the objeft P ^ feen through the glafs removed to the di- 
ftance OD equal to ^C. 
Howthatap- i^i. When the interval between the eye and object is fixt and a con- 
.^riwwhiir* cave lens is gradually moved from either «nd of it to the other, the ap- 
ihe eye .ind parent diftance of the objedt will firft increafe and then decreafc again -, 
ancUhelu" ^^^ ^'^^ ^ the grcaieft of dl when the glafs is exaftly in thc middle of 
u moved. that interval. But when a convex lens is carried from either end to the 
«ther, thc apparent diftance of the objeft will firft -decreafe and then in- 
creafe and will be the leaft of all when the kns is exaiJly in the middle 
iaf thc interval, provided it he Icfs than 4 times the focal diftance of the 
Jens i but if it be equal to 4 focal diftances, thc .apparent obje^ will 
ieem to touch the eye, being infinitdy great and infinitely confufed, 
when the glafs is in die middle. And when the interval betwwn the eye 
and obje£t is bigger than 4 focal diftances, thc objofl will appear Infi- 
. -ijicely great and confufed and confequently infinitely near to the eye, 
•when the lens is at two places, fuppofe at C and D cquidiftant from 
.the eye and objeil ; fo tmt while the lens is carried from cither end to 
-the other the apparent diftance will firft decreafe, and then increafe, till 
■the lens gets to the middle, and then wiU decreafe and increafe again till 
•the lens gets to the end : and when thc lens is in the middle thc appa- 
^rent diftance of the objeil will be lefe, equal or greater than its truedi- 
Jlance, according as the whole mterval is Icfs, equal or greater than 8 
focal diftances of the lene j and confequently if greater than 8, the ap- 
•parcnt diftance will be equal to the true diftance, when the lens is at 
two places between C and D cquidiftant from them and from thc mid- 
dle : and all this while thc apparent ma^itude of thc objedl will in- 
# Art. 140. crcafe when its apparent diftance decreafcs, and on the contrary*; as any 
one will find that pleafes tojpake the experiment. And the reafon of all 
ihefe appearances is Ihewn by an eafy rule in the-next book. 
Appearance* 1^2. When an objed; PR is inclined to the axis of any glafs, its ap- 
■p^nc'inedob- parent inclination may be determined, as before^ by drawing the lines 
£m1*"' ^^» ^t parallel to the axis or unrefradicd ray OC, till they meet the 
Fig. 131 to rays, 0^ 05, by which thc points P and .8*are ieen, in w and g j and 
AArt itQ I'y'irawing thc line ar^, which will be the apparent objeft. Becaufe its 
extremities or, f, viewed by the naked eye, are the apparent places, in 
thc glafs, of the extremities of two other objedts conceived to touch thc 
extremities of the inclined objeft PR, and to ftand perpendicular to thc 
.c^rtijg. axisof thc^lafe'.: obfcrvin^ as before, that whcnP^ and>^5are on 
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contrary fides of the axis^the naked eye muft either be inverted and turn- 
ed about to view the inclination of wj, or elfe two other diftances Op and 
Or muil be taken equal to Oor and Og in oppofite parts of the fame rays 
produced; and then if the glafs be removed, the linear will appear in the 
fame place and pofition as the objet^ PR appeared in, in the glafs. 

153. Hence if an objedt P i? be parallel to the axis of the glafs, pro- And of objefls 
duce it till it cuts the vifual rays OA, fi in ??■ and g ; and the line p^"""'-" *''* 
v% will appear to the naked eye in the fame place and pofition as PR Fig, 240 c* 
appeared in, in the glafs. It is to be obferved that though the real places of H^- 

the lines PR, wgare parallel to the axis, yet they do not appear fo to the 
naked eye } but ieem to converge towards the remoter parts of the axis, 
-for a reafon to be mentioned in Art. 156. 

By the defcription of caufticks in Art. 69 &c. and by the figures there Definition. 
explained, it is eafy to underftand, that the edge of a thin plate may be ^'^' '3i- Re- 
formed into a curve of fuch a Ihape and degree of convexity, that when 
it is applyed within the concavity of a leg of a given cauftick, it ftiall 
touch every ray in a diiFerent point of its convexity *. This convex edge * ^ ^j^- 
it felf may be called the leg of the cauftick; and is reprefented in the fol- 
lowing figures by thecurve^3^'U or g'3y_y, &c. 

1 54. Hence when the eye is fixt at any point 0, placed any where but Vifual ny$ 
■in the very curve of a given cauftick, farmed by refradlions or refleftions "rih "feg"of a 
of ail the rays that flowed from P; the vifual ray* by which the point P cauftick. 

is then feen, may be found by drawing a line from the eye v 0, that fhall ^^- ^^9 '« 
touch a leg of the cauftick in a fingle point 3^, without cutting the fame • A/t. 90. 
leg. And if you conceive a fine line or firing to be fixt at the fartheft 
■end of this leg from the eye, and to be lapped upon a part of its con- 
vexity, and thence to be extended from it in a ftraight line $po, the 
point P will always appear in the fucceflive diredtions of this ftring, 
while the eye, or the cauftick it felf, is moved fideways. 

155. If afmall round objeft beieen inverted through a fphere, or in fo How iheap- 
largea portion of arefteding concave furface as to form a cauftick, it {^de"ofTn^o"b^ 
will appear biggeft andneareft to the eye placed in a line drawn through jeft varies by 
the objedt and the center of the fphere or fpherical furface: and the objedt moving the 
will appear gradually fmaller and remoter while the eye, or the fphere, or ^^ fidcway" 
the objedt it felf, is moved fideways: and the contrary appearances may 

happen ill a leffer degree when the objedt is feen upright, in the cafes fpe- 
cified by the figures, which among other ways may be thus demonftrated. 

Through the center £ of thefphereorfpcculum, draw two lines £P, Fig. 249 to 
£^touching the oppofite fides of the fmall round objedt P^; and of all the ^S^' 
rays that flow from P, let the neareft to the line PEp, belong to the focus p 
after refradlions or refledlions ; and the reft of them will be formed into a 
cauftick, whofe legs pv,px are always convex towards PEp, theaxis of the 
pencil *. Alfo let ^y and gz be the legs of another cauftick. formed by the * Art- 69 *=• 
H pencil 
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pencil flowing from^whofc axis is ^Eq. Then with the center £, and 
any iemidiamcter Ei, draw an arch Imno, cutting the (produced ) axes 
•Pp,^q in/and«;and from the eye firftplacedatwwithintheangle lEn 
under the axes, draw the lines m zfy mzq (oas to touch a leg of eack 

■fAtt. IS4- cauftick ; and the objedt P^willappearunder the vifual angle zpmzq*-^ 
Again from the eye removed to any point o placed out of the angle lEn 
under the axes, draw two other lines 02P,oZ9 touching a leg of each 
cauftick at 3^ and 3^1 and the olgedtP^ will now appear under the 

-Art. 154. vifualangle3^o3j*. 

Now while the eye is moving fideways Jn the arch mnoj one of the 
joints of contad 2p will move continually in the fame leg from 2^ to 
2p; but the other point 2q will move firft from 2 y to j in the fame leg, 
and then will return along the other leg of the fame cauftick from its 
cufp q to the point 3 q. And fo the vifual rays 3^0, 3 qo will now come 
to the eye at «, from thofe legs of the two caufticks that lye both on the 
fame lides of their axes Ep^ Eq. 

Let any circle defcribed upon the center E, ciit the two laft mentioned 
■legs 3//", 3jy, in the points v and;-, and their refpeftive axes Ep,Eq 
in c and </; and iince the two caufticks, upon account of the equal dift- 
Bnces£P,£^, refulting from the roundncfs ofthe objcflP^ aree- 
-qual to each other, it is eafy to underftand that the arch ^ v is equal to d^^ 
and confcquently that the arch vy between thefe two legs, will be equal 
to the correfponding arch cd between their axes. And the like property 
being true in every circle defcribed about the fame center £, it appears 
^hat thefe legs approach towards each other in approaching towards the 
■center E. 

Tig- 1+9*250. Therefore when the objeft appears inverted to the eye any where in 
• Ah. 103. -the arch m«o*, it will appear biggeft when the eye is between the axes Ep, 

-•-Art. 138- Eq^ and gradually fmaller, and confcquently remoter*, while the eye is 
moving fideways, becaufe the vifual angle decreafcs. And it is not difficult 
to underftand by confidering the 251ft, 252d, and Z53d figures, that the 
/Contrary may happen when the objedl appears upright. 

It is eafy to apprehend that there will be a like variety of appearances, 
-when the cyeAands ftillandthe objed is moved fideways in a circle P^ 
-whofe center is E; and alfo when the center E of the fphere or fpeculum> 
is moved fideways in a circle whofe center isattheobjeft, 

•^aniTlel lines 156, Parallel liucs feen obliquelyj as ABC^ DEF^ appear to converge 
feen obliquely more and more as they are farther extended from the eye. Becaufe the ap- 
vc^' " ""'.parent magnitudes of their perpendicular intervals jiD, BE, CF, &c. are 

jiF.jg. 266. ■jwrpetually diminifhed. And for the fame reafon they appear to converge 
■towards an imaginary line OG drawn from the eye parallel to them. 

This is the reafon that the remoter parts of a walk or a floor appear 
40 .aiceod gradually! and the cielln^ to defcend cowards the horizontal 

line 
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line OG : and that the (urfice of the Tea, Teen from an eminence, ap- 
pear* to afcend gradually in going from the fhore ; and that the upper 
parts of very high buildings feem to lean forward over the eye below ; 
faecaule they fecm to approach towards a vertical line OG. 

157. The apparent magnitude of a given line, AB, Icen very ob-HowAeap- 
liquely at a given diAance, O^, increafes and dccrcafcs in proportion to {^^"f'^^b^ 
the increafe and decreafe of, OP, the "perpendicular diftance of the eye lique objea 
from the line ^B produced j provided the diftance AO be very large ^""jg^ 

in comparifon to AB. For let the ray BO cut a line AC perpendicular * 
to AB in C} and while the eye is railed or depreiled in the perpendicu- 
lar OP, the line ^^C will increafe and decreafe as OP does, and fo will 
the angle AO C fubtended by AC\ and this angle meafures the apparent a ah. 59. 
magnitude of AB ^ b An. 9S. 

Hence the apparent magnitudes of equal parts AB, a 6 of a line PAa, 
fecn very obliquely at great dillanccs from the eye, arc reciprocally in a 
duplicate proponion of thofe diftances. For example let Oj8 be double 
of OS, and the angle OBP will be double of O^P', and accordingly c Art 6b. 
fince A By *0 are equal, the perpendicular AC will be double of ay 
and bemg feen twice as near as ay, will appear four times bisgcr than 
«y. Again if O^ be trd)le of OB, the line AC will be treble of ay, and 
being feen three times nearer than ay, will appear nine times bigger than 
«>; andfo on. 

Hence the apparent intervals between a row of columns are diminiihed 
in a greater proportion than their apparent heights. 

158. This quick diminution of the apparent magnitudes of the rcmo- WiyuneqnJ 
ter parts of long lines or diftances, is the caufe of great difficulty and peJ^J^uT 
uncertainty in our cftimate of their quantities. For be the diiferences of 

feveral diibnces or heights never fo great in themfclves, they will be- 
come invi£ble at laft by reafon of the fmalnefs of the angles they fub- 
tmd at the eye, occafioned by their obliquity : and then thofe unequal 
heights and diibances will appear equal. 

159. Diftances from the eye feen upon a rough, uneven furface ap- And rome- ■ 
pear fiiorter, than if it -was perfedHy plane. For the inequalities of the fom'^mM*' 
fur^ice, fuch as hills and holes and rivers that lye low and out of fight, longer, 
cither do not appear or hinder the parts from appearing that lye behind 

them; and fo the whole apparent diftance is diminifhcd by the parts 
that do not appear in it. It is a common obfervation that the banks of a 
river appear contiguous to a diftant eye when the river is low and is not 
feen : uulbmuch t£it travellers in a ftrange place are frjequently uncer- 
tain where the river runs, and whether die objefls they fee before them 
arc OD this fide or on that fide of it. And when a flag or weather-cock ap- 
pears above any high building, the fight alone at a moderate diftance 
caimot diftioguiifa whether ic belongs to that building or to fonne other 
H 2 behind 
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behind it. Id like manner the fun, moon, and clouds, and the tops of 
mountains, and all objects in the horizon, when fcen in the fame (urcc- 
tion appear all at the fame diflance. 

F»i1iciM in i6o. The four laft articles afford a folution of feveral fallacies in vi- 

fion, fome of which I have here colledled. Since oblique dillanccs ap- 
pear longer in proportion as the eye is raifed higher, to view them more 
fully i it follows that being placed at a diftance from a gentle afcent, 
like the Aage at a play-houfe, or a riiing mount at the end of a walk, 
we ftiall judge thofe afcents much longer than if they were level; efpe- 
clally if they be artfully contraftcd in the remoter parts. For by not ob- 
ferving, or attending to, the reality of thefc afcents, we form the fame idea 
of them, as is ufually fuggefted to the mind by a longer level walk with 
parallel fides. Now fince the rifmg of the ground together with a gra- 
dual diminution of its breadth, when not obferved, do make it feem 
longer and confequently lefs diminished in breadth than if the fame ex- 
tent was level, with parallel fides j it fhould follow that a gentle afcent 
alone, whofc fides are parallel, fhould ilill widen the appearance of their 
remoter parts, fo as to make the parallel fides appear parallel or even 
diverging ; which is contrary to the common appearance of parallel fides. 
A deception of this kind may be feen in a Vifw of parallel rows of trees» 
when viewed ac the front of the Honourable Mr. North's houfe at 
Rougbam in Norfolk ; as I am informed by a neighbour of his> my wor- 
thy friend Martin Folkes Efq; whofe great kno^edge and curioficy lets 
nothing efcape him. Being afiiired by Mr. North that the trees were pa- 
rallel, which feemed to diverge, he was much furprized at this uncom- 
mon appearance ^ till after a little confideration, he perceived that the 
caufe of the deception was a gentle rifing of the ground where the trees 
were planted, and a gentle decent for half a mile from the houfe to the 
beginning of the plantation. 

He has alfo told me, that upon coming Into a ftreet, in a dark night, 
where there was but one row of lamps, he has often miftaken the fide 

fig. 268. of the ftreet they were in j which he accounts for in this manner. Let O 
be the fpedlator. A, B, C, D, the lamps on his right hand; AaO, BiO^ 
CcOy DdO the rays that come to his eye. Now if he happens to ima- 
gine the neareft lamp y^ to be the remotei^ fuppofe at tf ; he will con- 
sequently imagine all the reft to be at 0, ^, c, 1/ in a contrary fituation of 
a line extended on his left hand. 

The oblique fituation of an object feen alone is fuggefted to the mind 
by a greater apparent magnitude or a diftindter perception of the nearer 
than of the remoter parts. And confequently if^thc objeft be fo remote 
or fo uniform that we are not afteSsd with a fenfible difterence in thofe 

Fig. 368. perceptions, we are fubjeS; to miftake its pofition. For an ot^edl may ap- 
pear under the iame angle AOD'm two oblique pofitioos AD m^ad. 

Hence 
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Hence we foinetimcs miftake the portion of a weather-cot:k of a flag ; 
and by taking the nearefl end of che fail of a wind-mill for the remot^, 
we fometimes miftake the courfe of its circular motion. For if a fpec- ^Jft ^Sj^ 
tator at O, (ituated nearly in the plane of the fails produced, imagines 
the fartheft end uiofa. fail j4E to dc the neareft, and the real motion of 
the fails be in the m-der of the letters ABCDE; when vtf is moved to 5 
and the line BO is drawn, cutting the circle ^BCDEinD; fince he 
firft imagined the end ^ to be ac E, he will not now conceive it at B but 
at Z> } ami fo will im^^ne the courfe of the motion to be from Eto Di 
which is contrary to the real motion from A to B. The uncertain^ 
we ibmetlmes find in the courfe of the motion of a branch or hoop of 
lighted candles, turned round at a diiUnce> is owing to the fame caufe : 
and alfo that we miftake a convex for a concave fur^ce fometimes with 
the naked eye, but more frequently in viewing feals and impreffions 
with a convex glafs or a double microfcope ; and hills and valleys in the 
moon with telefcopes, efpecially if they invert the objcft : being 1^ in- 
to the miftake by an impcrfedt judgment of the diftances of the parts of 
the obje<Et, and confirmed in it by a contrary pofition of the ftiadows caft 
by a fide light. 

We are frequently deceived in our eftimates of diftance by any extra- 
ordinary magnitudes of obie<^ feen at the end of it: as in travelling to- 
wards a large city or a caftle or a cathedral church or a mountain lar- 
ger than ordinary, we think they are much nearer than we find them 
to be upon trial. For fince by experience the ideas of certain quantities 
of knovra diftances are ufually annexed to the apparent magnitudes of 
known objeds of a common fize i and fince the apparent magnitudes of 
thofe larger objects at a greater diftance are the fame as of the fmaller 
at a fmaller diftance, it is no wonder they fuggeft the ufual idea of fmal- 
ler diftance annext to more common obje<^ This is farther evident, 
becauie we are ignorant of the nature of the country ; and of the inequa- 
lities in the ground interpofed. 

Anitnals and all fmall obje£is feen in valleys, contiguous to laig^ 
mountains, appear extraordinary fmall ; becaufe we think the mountain 
is nearer to us than if it was fmaller ; and we ihould not be furprized ac 
the fmalneis of the neighbouring animals if we thought them firther 
off. In like manner when they are placed upon the top of the moimtain 
or upon a large building and are viewed from below,, we think they are 
extraordinary fmall for the &me reafon, and alfo becaufe we judge the 
mountain or the building to be lower in proportion than if it was fmal- 
ler ; both becaufe of its extraordinary magnitude and greater obliquity 
of its higher parts to the vjfual rays. Decbales tells us that while he 
ftood at the bottom of a mountain, he once obferv?d a parcel of crows 
going to fly over it, which at firft he thought were higher dian the 

moun- 



d by Google 



tZ CDNt:EllVINO OUR IDEAS BOOK. I. 

mountain ; becaufe, I fuppofe, they appeared fo very fmall in compa- 
rifon to it} but he found they fpcnt half an hour in afcending before 
they f ot to the top of it ' . The part of the Monument extant above the 
tops of the adjoining houfes, I ani told, is 5 times longer than the height 
.of the houfes, and yet from below that part appears but two or three 
ximes longer at moft ; becaufc of its unufual magnitude and obliquity to 
jiic fight. 

jiguilonius mentions a fallacy in diftancc which he had frequently ob- 
ferved and admired. In a warm fummers morning when fogs arc exha- 
led from moift ground , we frequently fee them very near us in fome 
known place j but fo foon as they arc feparated from the ground and are 
eoiflg to afcend they appear fo remote, that, fays he, .1 could never have 
believed they hung over that place, had I not feen them there but the 
moment before '. The reafon is they then appear in the manner and di- 
re<Sion of other remote clouds in the horizon j whofc difference in dif- 
tance cannot be difcerned, for want of fome vifible furfacc extended be- 
tween them} like the furfacc of the ground when the riling cloud lay 
upon it. 

It is faid to be a common obfcrvation made by travellers in the night 
or the dusk of the evening, that near objedts, as trees and houfes arc of- 
ten taken to be very large and remote. The reafon may be, that being 
unable to difcern the quantity of ground interpofed, they refer them to 
the brighter iky in the horizon, and fo think they are remoter and con- 
iequently larger: as I remember a red coat of arms, upon the top of an 
iron gate at die end of a walk, was taken for a brick houfe in the fields 
beyond it. 
The peateft 1 6 1 . If the fufface of the earth was perfeftly plane, the diftancc of 
TMrat^f- ^^ vifible horizon from the eye would foarce exceed 5000 times the 
^ncc dewr- height of the eye above the ground, or the diftance of 5 miles fuppofing 
^«<l- jhe height of the eye between 5 and fix foot : and all objects placed bc- 
'*• i*?* yo;id this diftance would appear in the vifible horizon. For let O P be 
tl^ height of the eye above the line PA drawn upon the ground ; and 
if an obfeft AB^ equal in height to PO, be removed to a diftance PA 
equal to 5000 times that height, it will hardly be vifible by reafon of 
• ■Art-W- the fmaJncfs of the angle ^0£'. Confequently any dilUnce ^C, how 
^reatfoever, beyond-*^ will be invifiblc. For fince ^C and BO arc pa- 
rallel, tlw ray CO will always cut AB in fome point D between ^ and 
Bi and tJvrcfore the angle AOC or AOD will always be lefs than 
AOBj and therefore AI> or AC-w\\\ be invifiblc. Confequently all ob- 
jefte'and clouds, as C£ and f 6, placed at all diftaoces h^ond ^ if 

t DwA«^jCiirr<»Mit&. Tost. 3.,p■435• 
9 ji^kmi Optica p. 115. 
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they be high enough to be vifible orto Aibtend a biggerai^le at the eye 
Haan AOB^ will appear at the horizon ABi becauie the dmance AC !»■ 
iDvifible. , 

162. Hence if we fuppofe a vaft long row of objefts, or a vaft, long AppireBroMi 
wall, ABZr, built upon this vaft plane, and its perpendicular diftance, ^"^^IJ^ 
0^ from the eye at O, to be equal to, or greater than, the diftance Oa f^. a?!, 
of the vifiblc horizon, it will not appear uraight but circular, as if it 
was built upon the circumference of the horizon acegy: and if the 
wall be continued to an immcnfe diftance, its extream parts TZ will apr 
pear in the horizon at yz where it is cut by a line Oy parallel to the 
wall. Forfuppofing a ray TO^ the angle TOy will become infeniibly 
fmall. Imagine this infinite plane OATy, with the wall upon it, to he 
turned about the horizontal line Oy, like the lid of a box, till it becomes 
perpendicular to the other half of the horizontal plane LMy^ and the 
wall parallel to it, like a vaft ceiling over head j and then the wall will 
appear like the concave figure cf the clouds over head. But though the 
wall in the horizon appeared in the fliape of a femicircle, yet the ceil- 
ing will not, but much flatter. Becaufe the horizontal plane was a vifi- 
ble furface, which fuggefted the idea of the fame diftances quite round 
the eye, but in the vertical plane extended between the eye and the ceil-- 
ing, mere is nothing that afteds the fenfe with an idea of its parts but 
the common line O^y, confequently the apparent diftances of the higher 
Mrts of the ceiling will be gradually diminiihed in afcending from that 
line. Now when the fky is quite overcaft with clouds of equal gravi- 
ties, they will all float in the air at equal heights above the earth, and 
conlequently will compofe a fur^e, refembling a large ceiling, as flat 
as the vifible furface of the earth. Its concavity therefore is not real but 
apparent : and when the heights of the clouds are unequal, finra their 
real ihapes and magnitudes are all unknown, the eye can feldom diftin- 
guilh the unequal diftances of thofe clouds that appear in the fame 
dire^ons, tmlefs when they are very near us, or are driven by contrary 
currents of the air. So that the vifible ftiape of the whole furfoce re- 
mains alike in both cafes. And when the iky is either partly overcaft or 
perfe£By free from clouds, it is matter of faft we retam much the fame- 
idea of itsconcavity as whenitwasquite overcaft. But if any one thinks 
that the reflexion of light from the pure air, is alone fufiiclent to fiiggeft 
that idea, I will not difputc it. 

163. The concavity of the heavens appears to the eye, which is the- Apparent con- 
only judge of an apparent figure, to be a lefs portion of a fpherical fur- ? "X^.'** 
fiice than a hemifphere : I mean that the center of the concavity is Jas^. . 
much below the eye, and by taking a medium among feveral obfer- 
vations, I find the apparent diftance of its parts at the horiztm is general- 
ly between three and four times greater than the apparent diftance of its 
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:Fig- *7i. parts Overhead. For let the arch ^BCD-Teprefent the apparent ccmca- 
vity of thefky, O the place of the eye, O^and OCthe horizontal and 
vertical apparent diftances, whofc proportion is required. Firft obferve 
When the uin or the moon or any cloud or liar is in fuch a pofition at 
B, that the apparent arches B-^, BC, extended on each fide of this ob- 
jeft towards the horizon and zenith, feem equal to the eye; then taking 
the altitude of the objcdt B with a quadrant, or a crofs-ftaff, or finding 
■it by aftronomy from the given time of obfcrvation , the angle ^OB 
■is known. Drawmg therefore the line OB in the pofition thus deter- 
mined, and taking in it any point B at pleafure, in the vertical line CO 
produced downwards feek the center £ of a circle jiBC^ whofe arches 
BA, BCy intercepted between B and the legs of the right angle ^OC, 
ifhall be equal to each other ; then will this arch ABCD repreient the 
apparent "figure of the flcy. For by the eye \i'e eftimate the diftance be- 
tween any two objefts in the heavens by the quantity of iky that appears to 
lye between them ; as upon earth we eftinute it by the quantity of ground 
that lyes between them. The center E vnxy be found geometrically by 
conftruifling a cubick equation, or as quick and fufficiently exaft by try- 
ing whether the chords BA, BC, of the arch ABC Arzvfn by conjedur^ 
-are equal ; and by altering its radius BE till they are fb. Now in mak- 
ing feveral dbfervations upon the fun and fome others upon the moon 
^nd ftars, they feemed to me to bifedt the vertical arch AB C at B, when 
their apparent altitudes or the angle ^05 was about 23 degrees; which 
gives the proportion of OC to OA as 3 to 10 or as i to 3i. nearly. When 
■the fun was but 30 degrees high, the upper arch feemed always lefs than 
the under, and I think always greater when the fun was about 18 or 
20 degrees high. 
flffkyttefun 164. I have been the moTc particular in ctmfidering the apparent fi- 
and moon »p- -gure of the flty, becaufe I do not find it has ever yet been determined ; 
Sm^ th^i^ri- although it be abfolutely neceflary to a fatisfadlory folution of ieveral no- 
■aonthaihi^iled appearances in the heavens. For inftance, fuppof- 
"^ttp- ingthe arch-^BCto reprefent that apparent conca- 

vity, I find the diamet-er of the fun or moon will 
feem to be greater in the horizon than at any propo- 
fed altitude, meafured by the angle AOB, in the 
.proportion of its apparent diftances OA^ OB. The 
numbers that expreis thefe proportions are fet down 
in this tabltf, over againft the correfponding altitudes 
of the fun or moon, and are alfo exaftly reprefented 
to the-cyein the 273d figure, in which the moons 
placed in the quadrantal arch PG, dcfcribed about 
the center O, are all equal to each other, and repre- 
Xeuc the body of the moon at the heights there noted i 

and 
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and the unequal moons in the concavity ^BC are cermmated by the vi- 
sual rays that come from the circumference of the real moon, at thofe 
heights, to the eye at O. The diameters of thefe unequal moons at ^and 
B do- therefore bear the fame proportion to each other as their apparent 
diftances O^, OB*; and they mu ft appear in the very fame propor-^'^"' ^?- 
tion that they really have in this concave , becaufe we judge all ob- 
jofts in the lieavens to be in this very furface'*: and lb the appearance >^An. 161, 
to -the eye is exactly the fame as if feveral moons were painted upon a '^^ 
real furface ABC in the proportions here aifignedj ixi which cafe we 
fliould certainly judge the real magnitudes of the larger paintings of the 
lower moons to be really larger; though the vifibic magnitudes of them 
tdi, anfwering to their equal images upon the retina, were exadly equal. 
And let any one confider when he looks at the mowi, whether it does 
not feeai to be a real, tangible fubflance, as well as all other objeds wc 
look at. 

165. For the fame reafon all other obje^i and diflances of ftars in This foiutioft 
the Iwavens, as well as the fun and moon, muft feem to be greater in ^^'^^ 
the horizcHi than in higher Situations ; and it is well known they do fo. oflUn. 
Hence I deduce another experimental proof, that thefe proportions of 
the moon's apparent magnitudes are cxadly afligned. In a clear ftar- 
light night take notice of the dillance of any two ftars that lye very near 
each other, and as high as poflible ; and at the fame time pick out two 
odwr ftars fituated as low as poilible, whofe diftance from each other 
feems equal to that of the two higher iWs. Then by a globe, map, or 
hj calculation, find the real diftances of each pair of ftars in d^rees and 
minutes and alfo the altitudes of the middle points of thofe diftances a- 
bove the horizon j and talcc the arches Fr, Fs equal to them } and fet pj_ „. 
<tfthc arches r/f and rl each eqxial to half the diftance of the higher 
-ftars, and likewife iXandiZ< each equal to half the diftance of the lowerv 
Then from O to the points H^ I, K, L draw lines cutting the concave 
ABC^ already determined by the method of bifedion', in the points cArt. iSj. 
j&, /', jt, /. Thefe points, if eadi couple of flats were in a vertical circle, 
would be their apparent places -, and if their fimation be not vertical, 
yet the perpendicular fubtenfes Am, kn (of the angles bOi, kOl) which 
in ftars very near together are the meafures of their apparent diftances , 
are not altered by their oblique fituation. Now by feveral obfervations 
duid conftrudions I have found thefe fubtenfes bm, kn to be nearly equal 
CO one another ; and lince they appear^ fo in the heavois, it Oiews that 
the concave AB C was determined right. Therefore if HI and KL were 
tlie real diameters of two unequal moons, they would appear equal at b 
and iy a^ confequently if the lower moon at KL be increafed till it e- 
quals the h^her at £f /, then the angles jt On, bOm being now equal, the 
I fubtenfe 
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fubtenfe kn will be greater thanhm in the ratio of their apparent dif- 
t Art. 57- tancesO^ to 0A% which is the thing we afferted of the real mooa. 
Figursof the i66. Hence we- have another method for finding the apparent figure 
mined Inothcr °^ ^^^ heavens by the foregoing obfervations of the ilars. AlTume one 
wav. of the dlftances from the eye, as Oi, of any length you pleafc, aad take 

the other Ob in proportion to Ok as KL to HTy and joining hk bifed it 
in /, and draw a line tE perpendicular to it till it meets CO, produced, 
in £; this will be the center of the 'apparent concave; which I need 
not ftay to demonftrate. In the diftances HI, KL, efpecially in the lat- 
ter, if the two ilars be in a vertical circle or near it> allowance ihould 
be made for the refradtion of the air. 
The like ap- 167. This apparent coHcave, being lefs than a hemjfirfiere, is alio the 
v"un^the'° ca^^^ that the breadths of the colours in the inward and outward rain-p 
Min-bow and bows, and the interval between the bows, appear leaft at the top and 
h^ios. greateft at the bottom, and in defcending from top to_ bottom are gra- 

dually increafed, though the angles fubtended at the eye by all thofe 
breadths are the fame in every part of the bows : and by an eftimate of 
the apparent breadths of the inward rain-bow at two different heights^ 
made by a friend, I determined the apparent concavity of the iky to he. 
much the fame as by the former methods. And I take it to be owing 
to the fame caufe that a halo about the fun or moon docs not appear 
circular and concentrick to the fun or moon but oval and excentrick^ 
with its longeil diameter perpendicular to the horizon, and extended, 
from the moon further downwards than upwards, as Sir Jfaac Newton 
has defcribed one in his opticks, page 290. For it appears by Hugen's 
theory of halos, explained hereafter, that the rays which cauie their vj- 
iible appearance compofe the furfeceof a cone, whofe feftion made by 
a plane perpendicular to the ray that comes t& the eye from the fun or 
moon, is circular and concentrick to the fun or moon ; and therefore an 
oblique fedtion of it made^ as it were, by the apparent concavity of the 
jflcy, which is the fame as the perfpeiaive projeftion of it upon that con- 
cave , muil be fuch an oval figure as Sir IJ'aac Newton has defcribed. 
This oval figure is alfo taken notice of in a halo obferved by Mr. Chif- 
fon ' ^ and its excentricity has been obferved by Dr. Halley * : and I 
have lately obferved the fame things my felf even when th^ moon was 
very high > . Now iince the angle which the diameter of a halo fubcends 
at the eye is always obferved to be 45^ or 46 degrees, I redcon chat when 
f ^. 375. the bottom of the halo is near the horizon, and confequently its appa- 
rent figure is moft oval, the apparent vertical diameter ^ ^ is divided by 
the moon in the proportion of about 2 to 3, or 4, and is to the horizoa- 



I Phil. Tranf. N°. 369. p. ai, 
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tal diameter c*/, drawn through the moon, as 4 to 3, pretty nearly. 
Tbe oval in the Hgure is drawn according to thcfe proportions to be com- 
pared with the appearance of a halo when it ihall happen. 

168. What has been faidof the ovalprojeiftion of a halo, is applicable rigure of tba 
to tbe fun tH* moon, whofe prcgeflions are likewife oval, efpecially near >■" '°^ 'V''"^ 
the horizon ; bin whether they appear fo or not, is hard to Judge, becaufe "*" ^ 
this oval projedion is fo very fmall and fo remote, that we cannot well per- 
ceive a feniible difference in the diftances of its upper and under limbs from 

the eye, and confequentty canjudge of its figure by no other perception but 
that of the figure of its pidhire upon the retina. On the contrary the fun in 
the horizon has been often obferved to appear oval in a contrary pofition ' , 
and by the prefent tables of refraiftions in the air, the angle fubtendcd 
by its horizontal and vertical diameters are to each other in the ratio of 
5 to 4 refpciiivcly, or thereabouts j becaufe the loweft ray is more re- 
fczctcd than the higheft. By this means the pidure of the fun upon the 
letina becomes oval, and caufes this oval appearance. 

169. The prefent theory is alfo confirmed by the appearances of the Andtonfirm- 
tails of cometS} which, whatever be their real'figurc, magnitude and fi- ^A^^^^f 
oiation in abfoiutc fpace, do always appear to be an arch of the con- comets uib 
cave iky. Upon the whole it appears to me that the judgments we make >°d m^toa. 
of the apparent place, .m^nitude, fhape, and pofition of all remote ob- 

}t£ts in the heavens, as of the fun, moon, comets, conilellations, rain- 
bows, halos and all other meteors, are the very fame as they would be 
if we viewed their perfpcd:ive draughts traced out by the vifual rays 
upon a real furface in the place and figure of the apparent concavity of 
the flcy. In confirmation of which, I will conclude with Mr. Cotes's 
account of a remarkable meteor (feenon tlie 6thof March 177J) writ- 
ten in anfwcr to a letter which he received from Dr. Dannye then Rec- 
tor ofSpe^ertb in Yorldhire. 

170. The appearance of the meteor was very nearly the fame with us The optical 
here at Cambrtage as with you, excepting that the triangular ftreams of ^pp'^"^^^ 
light were not fo permanent as you feem to defcribe them, and the point meteor, foived 
10 which they all converged was diftant from the zenith about 20 dc- by Mr. Oaa. 
grees, its azimuth lying between the fouth and the eaft at about 10 de- 
grees from the fouth, towards which point of the compafs the wind 
tended. The pofition of this point of convergence may be more accu- 
rately determined, if there be occafion : for at a quarter after fcven when 

the appearance to us was in the grcateft perfedHon it lay nearly in the 
middle between the two bright ftars in the heads of Caftor and Pollux. 
I am told that fome ftVeams were fcen to ihoot forth immediately after 
iun fet, and that they did not pcrfeftly ceafe till about 3 or 4 m the 
sxtornii^. 

J Sec Scbtiwtr't Re&a£tiones cceleftn five Soli* EIHptici PhKnomenon. 
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It was after fevcn before I had notice of this uncommoniight. At firft 
I faw only two or three of the triangular ftreams towards the nonh and 
north welt : thefe were not of long duration but were fucceeded by o» 
tilers which appeared and vanilhed again by turns, arificg from and af- 
cending up to places in the heavens of very diflFercnt altitudes above the 
horizon. From the time I began to view them they continued to afcend 
more and more copioufly, being propj^ted ftill further and further from 
the north towards the weft and eaft and direded always to the heads of 
Gemini, till at lei^th when they feemed almoft to meet at the poipt of 
convergence, they began to afcend up towards it from the fouthern parts.. 
alio and all around it; infomuch that ac a quarter after feven wc Had a . 
perfcfl canopy of rays over us. The bottom of this canopy didncwhere 
reach down to the horizon ; for near the north, where it.dcfccnded the 
moft, its altitude was about lo or 15 degrees, and near the fouth, where 
it defcended the leaft, its altitude was about 40 degrees. It remained in 
this ftate about 2 minutes during which time we faw feveral colours 
fome fainter and more permanent^ others brighter, but quickly vanifti- 
ing. Thus in the weft I obferved the raya to be tinged for fame confi-* 
derable time with aa obfcure and heavy red : and in one of the bright- 
eft ftreams at another time, there fuddenly broke out a very vivid red 
which was inftantly and gradually fucceeded by the other prifmatick 
colours^ all vanishing in about a fecond of time. Thefe colours zffe£ted 
the fenfe fo ftrongly that I thought them to be more iatenfe than thoie 
of the brighteft rain-bow I had ever feen. A fmall time befoix the ap- 
pearance loft its perfedion,. we were furprized to obferve a ftiakuig and 
trembling of the ftreams chiefly in their upper parts, during which their 
convergence was confounded, and the whole heavens feemed to be in a' 
convulnon. At the fame time I could perceive waves of light towards 
the north which moved upwards and in their motion crofled the ftreams 
lying parallel t© the horizon. Thefe waves were different from thofe 
broad ones which you mention, and which I alfo took notice of i their 
breadth feemed to be about a degree, their length about 90 degrees j and 
I can compare them to nothing better than to thofe flender waves upon 
the furfaceofftagnant water which are madeby caftinginafmallftonc. 
f^ j^g. About feven or eight years ago, I happened to fee a meteor which it 

will be of ufe to defcribe to you. Along the horizon in the north there 
ky a white and luminous, and feemingly denfe matter in the form of a 
cloud reprcfentedby flif</j the length of it» a ^, was about 10 or 15 de- 
grees. From this there arofe direftly upwards pointed, ftreams of the like 
luminous and white matter which yet did, not appear in aay part of it to 
be fo denfe as the former ; and grew gradually more and more.rare in its 
upper parts fo as to vanifti almoft infcnfibly at the points. There was 
fome little difference in the height of thefe ftreams but they generally 

afcended 



d by Google 



OHAK 5* AccurrRED BT « ro H T. 69; 

afcendcd up to about 4 degrees above the horizon. They were vvty nu- 
merous and contiguous to each other, and fecmed to be compofed of ve-- 
ly Qender parallel filaments or rays. This was the common appearance, - 
and the only remarkable thing which I farther obferved was, that fome-- 
rimes a fire or flame would break out in the cloud, abed, and-move a— 
long it in a direction parallel to the horizon: and during this moticm a' 
pointed ftream direftly over the fire feemed to run along with it, and to' 
pafs by the other more fixed ftreams to which it always kept it felf pa- - 
ralleL- 

I am perfwaded that the late appearance was of the fame kind with'Fig. 377. 
this which I have now been defcribing. For let AB reprefent the plane 
of the horizon, C the place of the fpeiftator, EF 2l fund of vapours or " 
exhalations at a confiderable hei^t above u.s, diffufed every way .into a > 
large and fpacious plane parallel to the horizdn. This fund of mixt mat- 
ter by fermentation will emit ftxcams from it felf fuch as EG, FH, Sec.' 
which if due wind be perfeftly ftill will afcend perpendicularly upwards; - 
if it be boiflerous and irregular they will be blended and confounded to^' 
gether, but if it be very gentle and uniform as it was ac the time of our 
£q>pearance they will be inclined towards the point of the horizon which' 
is oppofite to that firom which the. wind blows. Now if ADB r^prefenty - 
the concave of the heavens, and a line CD, be drawn pararallel to the 
colunms £G, FH^ &c. it is certain by the rules of perfpei^ive, that theie 
columns will appear upon that concave to converge all around towards • 
the point D : tluas the column, EG, will feem to arife from the point e^ , 
to afcend.up tog, and to take up the fpace eg : and in like manner the 
aich/b, will be the projection of the column FH. From hence it is e-. 
vident that. the reafon why the triangular ftreams afcendedat firft on- 
ly from the northern parts of the heavens was this : the fund of matter, 
EF, was not yet arrived by its motion to the line CD. After it had paf- - 
fed that line it is plain they muft appear to afcend from all quarters. A ■ 
great number of columns being therefore difpofed to emit light at the 
&me time caufed that perfeft canopy, which I defcrlbed above. : The 
reafon why that canopy dcfcendcd lower in the north, than.in:ihe fouth 
was this: the Ihiningcolumnswhichhadnotyet pafiodthelineCI>.werc 
more numerous and more remote fi-om it than thofe which had pafied it, . 
for if the-point £, be farther diftant from CD than the point F, the arch - 
^e, muil needs be lefs than the arch Bf. An irregular gull of wind 
blowing upon and fliaking the columns (I fuppofe) was the caufe of that 
trembling wdiich appeared in the triangular itreams, and the caufe alfo 
■which deftroyed that fine, appearance of the canopy. The Ilendcr circu- 
lar waves feen at the fame time, inight alfo be explained fi-om the fame 
caufe. I need not detain you any longer, by endeavouring to make out 
ibme other parttCMlars of this unufual aj^iearance ; I fear 1 have been air 

ready 
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ready too tedious. However, I will not omit to mention a very eafy coti- 
trivance by which the thing may be tolerably well reprefented to view. 
Take ahoop^ and round about it fa^en feveral ilraight fticks parallel to 
each other but all inclined to the plane of the hoop, hold this plane pa- 
rallel to the horizon, and in chat poilure move it with its Aicks over a 
candle, [he fliadow of the iticks upon the ceiling of your room, will 
converge to a jwint, not diredly over the candle (as they would have 
ilone had the fticks been perpendicular to the plane of the hoop) but to 
the point in which a line drawn from the candle parallel to the fticks, 
iliall interfed the plane of the ceiling. 



CONCERNING THE ORIGINE AND CAUSE OF COLODRS. 

Dcfigt- ^ I 'o make this popular treatife more compleat, I have added Sir Ifaae 

I Newton's theory of colours, defcribed in his own words as near as 

pouible and proved by his own experiments. 

I, 171. In a very dark chamber at a round hole Fy about one third of an 

^xpenment.^ iuch broad, made in the (hut of a window, I placed a glafs prifm AB C 

of the"uB'» whereby the beam of the fun's light SF, which came in at that hole, 

image nude might be fefraftcd upwards, toward the oppofite wall of the chamber, 

New['oM. ^"'^ there form a coloured image of the lun, reprefented at P'T. The 

fzi. axis of the prifm, (that is the line paiTing through the middle of the 

'g- 278- prifm, from one end of it to the other end, parallel to the edge of the 
reira^ting angle) was in this and the following experiments perpendicu- 
lar to the incident rays. About this axis I turned the prifm flowly, and 
faw the refracted light on the wall, or coloured image of the fun, firil 
to defcend, and then to afcend. Betw^n the defcent and afcent when 
the image feemed ilationary, 1 ilopped the prifm and fixt it in that 
pofture. 

Then I let the refrafled light fall perpendicularly upon a flieet of 
Tvhite paper, MN, placed at the oppofite wall of the chamber, and ob- 
ferved the figure and dimenfions of the folar image, PT, formed on the 
paper by that light. This image was oblong and not oval, but ^termina- 
ted by two redilinear and parallel fides and two femicircular ends. On 
its fides it was hounded pretty dlAinfily, but on its ends very confufedly 
and indiftin£Uy, the light there decaying and vanifhing by degrees. At 
the diilance of i8f feet from the prifm the breadth of the image was a- 
fcout 2^ inches, but its length was about 10^ inches, and the length of 
its redlilinear fides about 8 inches; and ^C^S the refracting angle of the 

Jirifm, whereby fo great a length was made, was 64 degrees. With a 
efs angle the length of the image was lefs, the breadth reniaining the 
/amc>' Ic is fanher to be obferved thai the rays went on in Araighklines 

from 



d by Google 



from the prifm to the image, and therefore at their going out of the 
prifm I»d all chat inclination to one another from which the length of 
die Image proceeded. This image P'J'was coloured, and the more emi- 
nent colours lay in this order from the bottom' at T to the top at P ; red>. 
orange, yellow, green, blue, indigo, violet j together with all their ia- 
terniediate degrees in a continual fucceffion perpetually varying. 

172, Our author concludes from this experiment, and many more to Hencedie 
be mentioned hereafter, that the light of the fun confifts of a mixture ^f differeiirty"iL 
feveral forts of coloured rays, fome of which at equal incidences are fnng^. 
more refraded than others, and thereftxe are called more refrangible: 
The red at T, beioe nearefl to the place 3^ where the rays of the fun 
would go diredly ifthe {M'ifm was taken away* is the leaft refracted of 
all the rays; and the orange^ yellow, green, blue, indigo and violet are< 
continually more and more refracted, as they are more and more divert- 
ed from the courfe of the direft light. For by mathematical reafoning 
he has proved, that when the prifm is fixt in the pofture above mentioit^ 
ed, fo that the place of the image iball be the loweft polliU^, or at the 
limit between its defcenc and afcent, the figure of tbe image ought then- 
to be round like the fpot at T\ if all the rays that tended to it were c- 
qually refrafted. Therefore feeing by experience it is found that this 
image is not round, but about 5 times longer than broad, it follows that 
all the rays are not equally refracted. And this coacluiion is farther coor- 
firmed by the following experiments. 

In the fun beam 5F which was propagated into the room through the II- 
hole in the window-lhut EG, at the thllance of fome feet from the hole, ^^^*' 
I held the prifm jiBC in fuch a pofrure, that its axis might be perpen- p. ^7. 
dicular to that beam : then I looked through the prifm upon the hole '^^ '7> 
F, and mrning the prifm to and fro about its axis to make the image 
ptf of the hole afcend and deicend, when between its two contrary mo- 
tions it feemed Aationary, I flopped the prifm ; in this fituation of the 
prifm viewing through, i^ the iald hole P^ I obferved the length of its 
refradted image />/ to be many times greater than its breadth i and that 
the moft refracted part thereof appeared violet at p ; the leaft refraded. 
red, at/i and the middle parts indigo, blue, green, yellow and orange 
in order. The fame thing happened when I removed the prifm out of 
the fun's lightand leaked through it upon the hole ihining by the light 
of the clouds beyond it. And yet if the refraftions of all the rays were e- 
qual according to one certain proportion of the lines of incidence and 
refraction, as is vulgarly fuppofed, the refra^ed image ought to have 
appeared round, ^y the mamematical demonftration above mentioned. 
So then by thcfe two experiments it appears that in equal incidffices [heie 
k a confiderable inequality of refractions. 

For 
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For the difcovcry of this fiindamental property of light, which has 
opened the whole myftery of colours, wc fee our author was not only 
■beholden to the experiments themfelves, which many others had madebc- 
ibre him, but alfo to his flciil in geometry ; which was abfolutely necef- 
fary to determine what theiigure of the refra(Sed image ought to be up- 
on the old principle of an equal refraflion of all the rays: but having 
thus made the difcovery he contrived the following experiment to prove 
it at fight, 
iir. In the middle of two thin boards, DE, et-i, I made a round hole io 

ExpenEnent. each, at G and g, a third part of an inch in diameter ; and in the window- 
, „. ^y' ^ ' (hut a much larger hole being made, at F, to let into my darkened cham- 
*f ig. i8o. bcr a large beam of the fun's light, I placed a prifm, ABC, behind the 
•ihut in tbatbeam, to refra£l it towards the oppofite wallj and clofe 
behind this prifm I fixed oneof the boards Z)£, in fuch manner that the 
.middle of the refrafted light might pafs through the hole made in it at 
•G, and the reft be intercepted by the board. Then at the diftance of a- 
4jout i2foet fr-omthcfirft board I fixed the other board ^f, in fuch man- 
ner that the middle of the refraftcd light, which came through the hole 
in the firft board, and fell upon the oppofite wall, might pals through 
■the hole ^ in this other board Je, and the reft being intercepted by the 
board might paint upon it the coloured fpedrum of the fun. And clofe 
iwhind this board I fixed another prifm a&c torefraft the light which 
came through the hole g. Then I returned fpeedily to the firft prifm 
jiBC and by turning it flowly to and fro about its ^isj I caufed the 
image whkhfell upon the fceond board Je to move up and down upon 
that board, that all its parts might pafs fucceflively through the hole in 
that board, and fall upon.the prifm behind it. And in the mean time I 
-noted the places, M, N, on the oppofite wall, to which that light after 
its refradion in the fecond prifm did pafsi and by the difference of the 
places at Jlf and Ni I found that the lights which being moft refraiftedin 
the firft prifm ABC, did go to the blue end of the image, ^vas again 
more refrafted by the fecond prifm j^c, than the light which went to 
-die Ted «id of toax image. For when the lower part of the light which 
fell upon the fecond board de, w^s caft through the hole^, it went to a 
lower place M on the wall j and when the higher pjrt of that light w.^s 
caft through the fame hole^, it went to a higher place N on the waH ; 
and when any intermediate part of the light was caft through that hole, 
it went tofomeplaccin thewallbetveen MandAT. The unch^ged po- 
fition of the holes in the boards m^de the incidence of the rays upon the 
-fecond prifm to be the fame in all cafes. And yet in that common inci- 
dence feme -of the rays were more refrafted and others lefs : and thofe 
vv^ere more reftafted in this prlfm^ which by. a greater refra^on in the 

firft 
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firft prifm were mere twned out of their way ; and therefore for thei? 
coiiftancy of being more refraded are defervcdly called inore refrjngiblc. 
Our author flicws alfo, by experiments made with a convex glafs, 
that lights- (reflected from natural bodies) which differ in colour, differ 
alfe in d^rees of refrangibility ■ : and that they differ in the lame man- a Newt. 0{(t. 
ner as the rays of the fun do. , p. i6. 

173. Thefun's light confiilsofrays differing in reflexibility, andthofe ~V^- 
rays are more refleyft>lethan others which are more refrangible. A prifm ^JofTe 
^;fiC whofe two aisles at its ba& BC were eqxial to one another and run arediflc- 
half right one% and the third at .^^ a right one, I placed in a beam FMT^^^ reflexi- 
of the fun's light, let into a dark chamber through a hole F one third Newt.Di». 
part of an inch broad. And turning the prifm flowly about its axis until P,-. 4!- 
the4ighc which went through one of its angles ACB and was rcfradted * * 
by it to G and H, began to be r-eiledsd into the line MN by its bafe 
BC^ at which till then it went out of the glafs ; I obferved that thofe 
rays as JtfH which had fulFered the greatefl refraction were fooner re^ 
fle^d than the reft. To make it -evident that the rays which vani^ed at 
ff were reflected into the beam M i^, i made this beam pafs through a- . 
■nothcr prifm FXy, and bcia^ refraded by it to fell afterwards upon a 
iheet 01 white paper ftt placed at fome^diftance behind it and there by 
xhac refradion to paint the ufual colours at fii. Then cauling the firft , 

{>rifm to be turned about its axis according to the order of the letters 
jlBCy I obferved that when thofe rays JWiJ" which in this prifm had fuf- 
^kA the -greateft refradion and appeared blue and violet, began to be 
totally refleded, the blue and violet light on the paper which was moft 
re6^£ted in the fecond prifm received a fen0ble incrcafcat p, above that 
of the red and yellow at / : and afterwards when the reft of the light, 
.^vhich was ^een yellow .and red began to be totally refledted and vanifh* 
ed at G> the light of thofe colours at / on the paper ^f received as great 
an incrcUc as the violet and blue had received before. Which puts it paft 
diipute that thofe rayfr became firft of all totally reflected at the bafe B C, 
ivluch befwe at equal incidences with the reft upon the bafe B C had fuf> 
fered the greateft refi:a<ftion. I do not here take notice of any refractions 
made in the fides AC^ AB of the firft prifm, becaufe the light enters al- 
moft po^ndicularly at the firft fide and goes out almoft perpendicular- 
ly at the lecond, and therefore fuffers none, or fo little that the angles of 
incidence at the bafe BC arc not fenfibly altered by it j efpecially if the 
angles of the prifm at the bafe BC be each about 40 degrees. For the 
rays Fjtf begin to be totally refleded when the angle CMF is about 50 
degrees \ and therefore they will then make a right angle of 90 degrees b' Ait. 1 7. 
n^ith AC. 

JjL appears alfo from this experiment that the beam of light MN^ re- 

BcCted by the bafe of the primly being augmented firft by the more re- 

K frangible 
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frangibfe rays and afterwards, t^^lels refrangible is compo&d of rays^ 

differently refrangible. 

Perinitron*. The Hght whofe rays are aH alike refrangible I call fimple homoge- 

Ntwt. Opt. j^^^\ jind fimilar,. and that whofe rays are fomc more refrangible than o- 

*' ^^ thers I call compound, heterogeneal and diffimHaEi. The former light I 

call homogeneal not becaufe I would affirm it fo in all refpefts ; but be- 

caufe the rays which agree in rcfrangibility agree aG leaft in all their other 

properties which I confider in the following difcourfe. 

The colours of homogeneal Lights I call primary, hemogeneal and 
fimple, and thofc of heterogeneal lights, heterogeneal and compound. 
For thefe are always compounded of homogeneal lights^ as will appear 
m the following difcourfe. 
jt'cwt. Opt. The homogeneal light and rays which appear red,, or rather make ob- 
f- K<^-. je^ appear fo» I call rubrifick or red-making j thoie which make obje^ 
appear yellow, green,, blue and violet,. I call yeUow-making, green- 
making, blue-making, violet-making} and fo the reft. And if at any 
time I fpeak of light and rays as Ci^uced or endued with colours, 1 
would be underftood to fpeak not philofojAically and properly but grofly,. 
and according to fuch conceptions as vulgar people in feeing all thefe ex- 
periments would be apt to frame. For the rays to' fpeak properly are not 
coloured. In them there is nothing elfe than a certain power and dift)o- 
fition to ftir up a fenfetion of this or that colour. For as found in a belt 
or mulical ftring of otheE founding body, is nothing but a trembling mo- 
tion, and IB. the air nothing but chat motion propagated fr(»n the objcdF, 
«nd inthefenforium it is a fenfe of tlKit motion under the'form of found; 
fo colours in the ofejcft are nething but a dilpofitfon to rcftcft diis or that 
fort of rays more copioufly than the reA ; in the rays they are nothing 
but their difpofitions. to propagate this or that motion into the lenfo- 
rium; and in the fenforium th^ are ieafations of thofe motiow under 
the forms of colours.. 
jfew tic Img 174. By the mathematical propofition above mentioned • ,, it is ccr- 
WttT fciV ks *^'^ ^^^^ ^^^ ^^y^ which arc equally refrangible do fall upon a circlfe aur 
Sf differ^ " fwering to the fun's apparent diftiue, which will alfo be proved by ex- 
fcrts of rays, perimcnt by and by. Now let AG reprefent the circle whidi all the 
Kjfr' isi^ ' ^oft refrangible rays, propagated from the whole dilque of the fun, would 
% Aifc 172. illuminate and paint upon the oppofite wall if they were alone ; EL the 
circle which all the fcaft refrangible rays would in like manner illumi- 
nate if they were alone; BH, CI, UK the cipcles which fo many ititer- 
mediate forts would paint upon the wall,, if they were fingly propagated- 
from the fun in fuccsffive order, the reft being intercepted; and con- 
ceive that there are other circles without number, which innumerable 
other intermediate forts of rays would fucceffivcly paint upon the wall» 
if the fua fbould fucccflively emit every ftMt apart* And foeing the fun 
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emits all thele forts at odcc, they muft all cc^ether illumloate and paint 
innumerable -equal circles; of all which, being according to -their de- 
igrees of refrangibility placed 'm order ia a continual ieries, that oblong 
fpe^um PT is compofed, which was defcribed in the ilr^ experiment. 

175. Now if thefc circles whilft their centers keep their dillances and HowAofc 
poHtions could be jnade lefs in diameter, their interfering one with ano- J^!]^^^^ 
(her and confequently the mixture of the heterogeneous rays would be fepamted. 
proportionaUy diminiflied. Let the circles ^G, BH, CI, &c. remain as N«"^ ^pt 
before; aad la ag, bb, ci ^ &c. be fo many lefs circles lying in a like ^ig.^g4, 
coatinual Series, b:twecf) two parallel right lines ae and^/, with the 
fame diftances between their centers/and illuminated with die fatne forts 
of ray»: that is, the circle ag with the fame fort by which the corref- 
ponding circle ..^G was illuminated; and the reft of the circles bb, cSy 
dk, e I refpeftively with the fame forts of rays by which the correibond- 
ing circles .8 ii^<C.4 DK^EL, vnere illuminaced. la d^ figure FT com- 
pofod of tbegveat circleSy thnee of thoJe circles AG, BH, CI are fo ex- 
panded into each odier, thai Ehoee forts -of ray:S, -by which thofe circles 
are UlumiDiRed, together with innumerslble other fcM-ts of intermediate 
j-ays, are isixed at ^^ in the middle of the circle BH. And the like 
mixture happens diroughout aJraoil the whole length of the figure P2*. 
But in the ngure^f, coaipofeii of the lefs circles, the three lefs circles 
tf^, ^bycit whicJa aofwer tO'thoil^ three greatju- do npt <^tend into one 
another ; nor are thet« aoy where; mingled fo nwcb as any two of the 
duree fores of rays by'whidi thof; c^x^ldsare illuminatod, and which In 
the 6^utt PTare all of them intexmin^ed an SiJC So then if we would 
diminiih the mixture of the rays we are to diminilh the diameters of the 
.<:ircle8. Now theie would be dimialQied if the fun's. diameter, to which 
they anfwer, could be made lels tfhw it is, or ( whifJi ohdcs to the fame , 
pur pof6) if without doors, . at a great dii^ice from the prifm towards 
the fun, fome opake body were placed widi a roupd bole in th^ middle of 
it to intercept all the fun's light, except fo much as coming from the 
middle of his body could pafs through that hole to the prifm. For fo the 
circles AG, BHiad the reft, would not any longer aulwer to the whole 
dilque of the fun* but only to that part of it which could be feen from 
the pfifm through that hole; that is to the apparent magnitude of that 
hole viewed from the prifm. But that thefe circles may anfwer more di- 
ftinftly to that bole, a lens is to be placed by the prifm to oift the image 
of the hole, (that is everyone of the circles ;/fG, 5H, &c.) diitin&ly 
upon the paper at P T; after fuch a manner as by a lens placed at a win- 
dow the pi£hires of objcds abroad are caft diftindly upon a paper with- 
in the room. If th^ be done it will not be nece0ary to place that hole very 
hr (^, no not beyond the window. And therefore inftead of that hole I 
u&d (he hole in the wmdow-lhut a^ follows. 

K 2 In 



d by Google 



y6 CONClK-MrNe. TKE ORIS: IKE BOOK F. 

7- In thfrfun*8 light let inta my dkrkned. chamber through a fmall round 

N^^'om! ^°1^ '" Py windew-ftiut, ae about ten (M~ftw«lve feet from the window, 
p. 57- I placed a ItnsM^AT, by which the image o£ tBe hole i^, might be diftiinft- 

Fig. 285, ly caft upon a flicet gf white paper placed a: /, Then immediately after 
the lens I placedaprifm-^BC', by which the traje£ted!ight might be re- 
frained either upwards or fidcways, and thereby the round imag& which. 
the lens alone did caft upon the paper at /, might be drawnouc Jino a. 
long one with parallel fides as reprefcnted aipf. This oblong image I let 
fall upon another paper at about the fame diftance from the prifm as- the 
image at /, moving the paper either towards the prifm or from it, un- 
till I found the juft diftance where the redilinear fides of the image /r 
\ became moA diftinit. For in this cafe the circular images of the holci 

which compole that iaj^e„ aftc? the manner that the circles ag^6b, ci, 
&c. do the figure//, were terminated moft diftin£tly, and therefore 
extended into one another the leaft that they could, and by confequence 
Ac mbtture of the heterogeneous rays was now the leaft of all. The cir- 
cles,. i^,_hb,ci^ &c,. which compofe the image //, are eaeh ct^sal to 
the cipcle-ac /,, and therefore, by diminilhing the hole For by removing 
the lens farthec from it,, may be dimitiifhed at pleafure, whilft their cen- 
ters keep the fame diftarajcsfrom each other. Thus by dimmiftiing the 
breadth of the image pt: tiie circles of heterogeneal rays that compofe 
it, may be feparated from each other as much as you pldfe. Yetinitead 
of the circular hole F, lE is better to fubfticute an oblong hole fhaped lifce a 
jfarallelogram with its length parallel to the length of the prifm. For 16 
^s hole be an inch or two long and but a teach or twentieth part of aa 
inch broad V or narrower,, the light of the image/^ will be as fimple a* 
before or fiimf^er; and the image being much broader is thtrefoK fitter to 
-have experiments tried in ios light- thau^before. 
yt 176. Homogeneal light isjefrafted regularly without any (fiUtttioa 

^^^^i fplittingor fhactermg ofthe rays, and the eonfufed vifionof objeftsfoen 
fciicitrc&aa' through refraftiBg bodies^ fey heterogeneal lights arifcs from the different 
wlicgutiriy refrangibility of icveral forts of rays. This wilt appear by the expcri- 
Newt. Opt. ments whkh follow; In the middle of a black paper I- made a round hol4 
J. 6t, about 2, fifth or a fixth pan of an inch- i» diameter. Upon this paper I 

caufed the fpeflrum of homogeneal light defcribed in the former article. 
So to fall that fome jKirt of the li^t might pafs through the hc^ in the 
paper. This tranfmitted papcof the light I^refra£ted with a prifm placed 
behind thepaper^ and letcing-^is refracted, light ^1 pcrpendiculany up- 
on a white papet two or three feet diftanc iram-che prifm, I found max 
the fpedtrum formed CMi:tho paper l^ this- li^c- was Jiot oblong, . as when 
it is made, in the fij-ft experiment^ by reirad:ingthe^un*scpmpoundiUghtv 
but waa ( fa far as \ could' judge by my eye ) perfciUy circular^ the 
Ijeogth being ao where greater tmn the breadth ; which Ihews-tbax tlus 

light 
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light is refra^hxl Kgukrly without anf dilatation of tlie rajrst Md is aii' 
ocular demonftration of the mathematical [H-opoficion mentioiu0ia die^ 
i72da?ticle. 

In the homogencal light I placed a paper circle of a quarter of aninclp vn.- 
ii> diameter; and in the fun's unrefrafted, heterogencal, white light I N^Opt!* 
placed another paper circle of the fame bigneft; and.going fromthefep. 63. 
papers to the diftance of fome feet \ viewed both circles through a prifm. 
The circle illuminated by the fun's heterogeneal light appeared very ob- 
long as in the 2d experiment, the length being many times greater than 
the breadth. But the other circle illuminated with homogeneal light ap- 
peared circular and diAin^ly defined, as when it is viewed by the naked 
^e } which proves the whole propofitton mentioned at die beginnir^ of 
this article. 

In the homogeneah light I placed flies and fuch like minute objefls,- vin: 
and viewing them through a prifm I faw their pares as diftindtly defined ii,iS!'^"^ 
as if I had viewed them, with the naked, eye. The fame obje£t& placed in 
the fun's unrefrafted hettrc^eneal light which was white, I viewedalfo 
tbrough a prifm, and iaw them moft confufedly defined,, fo that I could 
not diftinguifli their fmaller parts from one another. I placed alfo the let- 
ters of a finall print (Hie while in the homogeneal light and then in the 
heterogeneal,. and viewing them through a prifm they appeared in the 
latter cafe fo confufed and indiftin(^ that I could not read chem ; but in 
the former th^ appeared fo difUniEl that I could read readily, and thought 
1 law them as diilinft as when I viewed them with my nakedeye; in both 
cafes I viewed the fame objeOs through the lame prifm at the fame, dif- 
tance from me and in the fame fituation. There was no difi^ence but in 
the lights by which the objects were illuminated and which in one cafe 
was fimple in the other compound \ and therefore the diilin£t vifion in. 
dK former cafe and confufed in the latter could arife from nothing elle 
than from that di^ence in the lights. Which proves the whole pro^ 
pofition. 

177. In thefe three experiments it is farther; very remarkable that the The colour of 
colour of homogeneal light wasnever changed by the refradion : and as ijg™t°|^t 
thefe colours were not changed by refradionsi fo neither were they by be changed by 
ceflexions. For all white, grey, red, yellow, green, blue, violet bodies, ^^°,1J^' 
as-papeis afhes, red lead, orpiment, indigo,, bife, gold, filver, copper, i^on. opt. ' 
grafsi blue flowers, violets, bubbles of water tinged-with various colours, p- 107. 
peacocks feathers, the tinfture of lignum ntpbriticum and fuch like, in 
red. homogeneal light appeared totally red,, m blue light totally blue, in 
green light totally green, and fo of"^ other colours. In the homogeneal 
light of any colour they all appeared totally of that fame colour, with 
cms only d^erence, that fome of them refleded chat light more Arongly, 

others 
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otbc*"^ motp-faintly. I never yet found any body wliich by refleding ho- 
mo{^c»^l l^ht could fenfihly chaise its colour. 

From all which it is manifeft, that if the fun's light confifted of but 
' one fort of rays, there Would be but onecokAir in the world. Nor would 
it be poflibte to produce any new colour by reflexions and refradions : 
and by confequcnce that the variety of colours depends upon the compo- 
fition of light. 
Aiihn-nog. 178. The folar image pt formed by the feparated rays in the 5th ex- 

properMiour Pf '"^"^"t, did in the progrefs from its end p, on which the moil refran- 
onrweri'ig to gible rays fell, unto its end t, on which the 4eaft refrangible rays fell, 
mdegreeof jq>pear tinged with this feries of colours ; violet, indigo, blue, grcMi^ 
tiievv^Op't^ yellow, orange, red, together with all their intermediate degrees in a 
P 106. continual fucceflion perpetually varying : fo that there appeared as many 

degrees of colours as there were forts of rays differing in rcfrangibility. 
And fince thcfe colours could not be changed by refradions nor by re- 
flexions, it follows that all homogeneal li^t has its proper colour an- 
fwering to its degree of refrangibility. 
-Thefineofm- j^^_ Every homogcneal ray confidcTed spact is rofra^cd according to 
% hotnoK.*ny o"^ ^""^ the fame ruTe ', fo that its fine of incidence is to its fow of re- 
ii to its hne of fradtion in a given ratio : that is, every di&rent coloured ray has a dif- 
gi^f^o" ' ferent ratio Iwlonging to it. This our author has proved by 'experiment. 
Newt. Opt. and by other experiments has determined by wlmt numbers thofc given 
:E.^4- ratios are expttued. For inftance, if an heterogeneal wlute ray of the 

» Art* 13- ^"" emerges out of glafs into air, or which is the fame thing, if rays rf 
.all colours be fuppofed to fuccoed one another in the fame line AC^ and 
AD their common fine of incidence in glafs be divided into 50 equal 
parts, then EFand GHthe fines of refraflion into air, of the Icafl: and 
moft refrangible rays will be yj and 78 fuch parts Fofpodively. And 
fince every colour has feveral degrees, the fines of refradion of all the 
degrees of red will have all intermediate degrees of magnitude from 77 
to yy^ , of all the degrees of wange from yj\ to yy^^ of yellow from 
1, Newt. Opt V2 '■''7^^^ ***" S"^«" from 77i to 77 X, of blue from yj^ to yyt, of 
p. 109. Widigo from 77« to 77-i, and ofviolet from 77^10 78 ^ 

TieiffCTM" j8o. Colours may be produced by compofiuon which fhall be like to 
Sm^^**^ the colours of homogeneal light, as to the appearance of colour, but not 
compound as to the immutability ofcolour and conjditution of light. And thojlb co- 
N '"""b ^o"rs, by how much they are more^ compounded, by fo much are they 
P-Tis- ^ Icfs full and intenfe ; and by too much compofition they may be diluted 
.and weakened till they ceafe, and the mixture becomes white or grey. 
There may be alfo colours produced by compofition, which are not fully 
like any of the colours of homogeneal light. For a mixture of h<»noge- 
,neal red and yellow compounds an orange, like in appearance of colour 
itp that orange which in the feries of unmixed prifmatick colours lyes 

between 
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between them. But the light of one orange is homogeneal as-torefran- 
gibilitft that of the other is heterogeneal ^ and the colour of thtf one, if 
viewed through a priiin remains unchanj>ed^that of the other is changeti 
and refoWed into its component colours red and yellow; And after the 
iamc manner other neighbouring homogeneal colours may compound' 
new colours, Hke the intermediate homogeneal ones: as yellow and green, 
the colour between th«n both ; and afterwards if Uue be added there 
will be made a green, the ouddle colour of the three which enter th& 
cranpofiticMi. For the yellow and blue on either hand, if they are equal 
in quantity^ draw the intermediate green equally towards themfslves,. 
andfo keep it as it were in sequilibrio^ that it verge not more to the yel- 
low on one hand, than to the blue on the other,, but by their mixed ac- 
tions remain ftill a middle colour. To this mixed green there may be 
£trther added fome red and violet, and yet the ^reen will not prelently 
ceafc but only grow lefs full and vivid ; and by increafing the red and vio- 
let, it will grow more and more cUlute, untill by the prevalence of the 
added colours it be overcome and turned into whitenefs or ibmc other 
colour. So if to the colour of any hom<^eneal light, the fun'& white 
I^t composed (^ all forts of rays be added, that colour will not vanifh 
«r change its fpecies, but be diluted, and by adding more and more white 
it will be diluted more and more perpetually. LaAly if red and violet be 
mmgled there will be generated acctx-ding to their various proportions 
various purples : fuch as are not like in appearance to the colour of any 
homogeneal light ; and of tbefe purples mixed with yellow and blue may 
be m^ other new colours. 

1 8 1. Whitenefe and all grey colours between white and black,^ may be ix. 
compounded of colours; and the whitenefs of the fun's light is com- ^^™'' 
ponnded of all the primary colours mixed in a due proportion. m^y be com- 

For let the folar image PThH upon a lens MN above four inches ^^^^^'^ 
broadand about fix feet difbntfrom the prifm ABC^ and fo figured that Ne^"bpt. 
it may caufe the coloured light which divergeth from the prifm to con- p^'f?- 
▼ei^e and meet again at its focus G about 6 or 8 feet diftant from the *'*■ '^S- 
lens, and there to fall perpendicular upon a white paper DE. And if 
you move this paper to and iiOy you will perceive that near the lens, as 
at de^ the whole folar image, fuppofe at^/, will appear upon it intenfe- 
ly coloured' after the manner above explained : and that by receding from 
the lens thofe colours will perpetually come towards one another, and 
by mixing more and more dilute one another continually, untill atlength 
the paper comes to the focus G, where by a perfeft mixture they will 
•wholly vaniih and be converted into whitenefs, the whole light appear- 
ing now upon the paper like a little white circle. And afterwards by re- 
ceding farther from the lens, the' rays which before converged will now 
crofe one another in- the focus G, and diverge from thence and thereby 
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make the colours to appear again, but yet in a contrary order, fuppofe at 
it,, .where the red t is now above which before was below, and the vio- 
let p is below which before was above. 

Let us now ftop the paper ac the focus G where the light appears to- 
tally white and circular, and let us confider its whitenefs. I fay that this 
is compofcd of all the converging colours. For if any of thofe colours be 
intercepted .at the lens, the whitenefe will ceafe, and degenerate into 
that colour which arifeth from the compofition of the other colour* 
which are not intercepted. And then if the intercepted colours belet pafs 
and fall .upon that compound colour, they mix with it and by their mix-, 
ture reftore^he whitenefs. So if the violet, blue and green be intercept- 
ed, the remaining yellow, orange and red wll compound upon the pa- 
per an orange, and then if the intercqited colours be let pafs, they will 
fall upon this compound orange and together with it decompound a 
white. So alfo if the red and violet be intercepted the remaining yellow, • 
green and blue will compound a green upon the paper, and the red and 
violet being let pafs will fall upon this green, and together with it will de- 
compound^a white. And that in this compofition of white, the feveral 
rays do not fuffer any change in their colorifick qualities by ading upon 
one another, but are only mixed, and by a mixture of their colours pro- 
duce white, . may farther appear by thefc arguments. 

If the paper be placed beyond the focus G, fuppofe at ^t, and then the ' 
led colour at the lens be alternately intercepted and let pafs ^ain, the vio- 
let colour on the paper will not fuflfer any change thereby, as it ought to 
do if the feveral forts of rays adted upon one another in thefocus G, where 
they.crofs. Neither wiU the red upon the paper be changed by any alter- 
nate ilopping and letting pafs the violet whiai croffes it. 

And if the paper be placed at the focus G and the white round image 
at G be viewed .through the prifm HIK, and by the refradion of that 
prilin be tranflat«l to the place rv and there appear tinged with various 
.colours ; jiamely the violet at v and red at r, and others between i and 
then the red colour at the lens be often iloppol and let pais by turns, the 
red. at r will accordingly difeppear and return as often ; but the violet 
at v,will.not thereby fuffer any change. And lb by flopping and letting 
pals alternately the blue at the lens, the blue at v will accordingly dii- 
appear and return without any change made in the red at r. The red 
therefore depends on one fort of rays and the blue on another fort, which 
in the focus G where they were commixed do not a£t on one another. 
And there is the feme reafon of the other colours. 

X confidered farther that when the moft refrangible raj« Pp and the 
leaft refrangible T't are by converging inclined to one another, the paper 
if held very oblique to thofe rays in the focus G, might refleft one fort of 
diem xnore copipu^y than the other lbrt> and by that means the reflect* 

cd 
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ed light would be tinged in that focus with the colour of tire predomi- 
nant rays, provided thofe rays feveraHy retained their colours or colorific 
qualities in rhe compofition of white. But if they did not retain them 
m that white, huthecame all of them feverally endued there with a dif- 
|)ofition to ftrike the fenfe with the perception of white, then they could 
never lofc their whitenefs by fuch reflexions. I inclined therefore the 
paper to the rays very obliquely, as reprefented in the poiture 2-^; 2.-, 
■that the moft refrangible rays Pp, falling more diredly and confeqiient- 
3y more denfely upon it than the reft, might be more copioufly reP^'ifled 
than the reft, and the whitenefs at lenLth changed fuccclfively into blue, 
mdigo and violet. Then I indined it the contrary way as reprefented in 
the pofture 2 D, 2E, that the leaft refrangible rays Tt might fall more 
diretily upon it, and confequently be more copious in the reflefted light 
tlian the reft, and the whitenefs turned fucceflively to yellow, orange 
and red. 

Laftly I made an inftrument X^in faftiion of a comb whofc teeth be- 
ing in number t6 were about an inch and a half broad, and the interval! 
of the teeth about 2 inches wide. Then by interpofing fuccefliTcIy the 
teeth of this inftrument near the lens, I intercepted part of the cO' 
lours by the interpofed tooth , whilft the reft of them went on througli 
the interval of the teeth to the paper DE, and there painted a round lo- 
lar image. But the paper 1 had placed fo that tlie image mighr appear 
white as often as the comb was taken away ; and then the comb being 
interpofed as was faid, that whitenefs, by reafon of the intercepted part 
of the colours at the lens, did always change into the colour compound- 
ed of thofe colours which were not intercepted; and that colour was by 
the motion of the comb perpetually varied fo, that in the pafling of c* 
very tooth over the lens all thefe colours red, yellow, blue, green, pur- 
ple did always fuccecd one another. I caufed therefore all the teeth to 
pafs fucceflively over the lens, and when the motion was flow, there ap- 
peared a perpetual fucceffion of the colours upon the paper, but if I fo 
accelerated the motion that the colours by reafon of their qujcknefs, 
could not be diftinguiflied from one another, the appearance of the An- 
gle colours ceafed. There was no red, no yellow, no green, no blue, nor 
purple to be feen any longer, but from a confufion of them all there 
aroie one uniform white colour. Of the light which noft'^ by the mixture 
of all the colours appeared white, there was no part really white. One 
part was red another yellow, a third green, a fourth blue, a fifth pur- 

frle, and every part retains its proper colour till it ftrikes the fenforium, 
fthe imprcflions follow one another flowly, fo that they may be feve- 
rally perceived, there is made a diftind fcnfation of all the colours one 
after another in a continual fucceifion. But if the imprefllons follow one 
another fo quick that they cannot be feverally perceived, there arifeth 
L out 
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out of them all one common fenfation, which is neither of this coloar 
alone, nor of that alone^ but hath it felf indifferently to them all, and 
this is a fenfation of whitenefs. By the quicknefs of the fucceffions the 
imprelBons of the feveral colours are confounded in the fenforium, and 
cut of that confufion arifeth a mixt fenfation. If a burning coal be nim- 
bly moved round in a circle with gyrations continually repeated, the 
who'e circle wi:i appear hke fire. The reafon of which is,^ that the fen- 
fuion of the coal in the feveral places of that circle remains imprcffed on 
the f^nforium till tlic coal returns again to the fame place. And fo in a 
quicK confecution of colours the imprellion of every colour remains in 
tiie fcnforium, until a revolution of all the colours be compleatcd and 
that fivii colour returns again. The imprefiions therefore of all the co- 
lours are at once in the fenforium and jointly ftir up a fenfation of them 
all : and fo ic is manifeft from this experiment that the commixed im- 
preflions of all the colours do. ftir up and beget a fenlation of white, that 
IS, that whitenefs is compounded of all the colours.. 
X. Hitherto I have jwoduced whitenefs by mixing the prifmatick colours: 

\*7ro'"^ If now the colours of natural bodies are to be mingled, let a little water 
('^1 n, " thickened with foap be agitated to raife a froth, and after that froth has 
flood a little, there will appear to one that ftiall view k intently various 
colours every where in the furface of the feveral bubbles, but to one that 
fhall go fo far off that he cannot diftinguifli the colours from cue ano- 
ther, the whole froth will grow white with a perfedt whitenefs. 
XT. Laftly in attempting to compound a white by mixing the coloured 

f T'-evLincnt. powders which painters ufe^ I confidered that all coloured powders do 
ibpprcfs and ftop in them a very confiderablc part of the light by which 
they are illuminated. For they become coloured by reflcdting the light 
of their own colour more copioufly, and that of all other colours more 
fparinclyj and yet they do not reflect the light of their own colours fa 
copioufly as white bodies do. If red lead, for inftance, and a- white pa- 
per be placed ia the red tight of the coloured fpedrum made in the dark 
cliamber by the refradlion of a prifm, as is defcribed in the 5th experi- 
ment, the paper will appear more lucid than the red lead, and therefore 
refie(fts the red-making rays more copioufly than red lead doth. And if 
they be held in the light of any other colour, the light reflcifted by the 
paper will exceed the light refle^d by the red lead in a much greater 
proportion. And the like happens in powders of other ccdours. And 
therefore by mixing fuch powckra we arc not to expeft a llrong and full 
white, fuch as is that of paper, but fome dulky obibure one, fuch, as 
might arife from a-mixture of light and darknefs, or from white and 
black, that is a grey or dun, or rullet brown, fuch as are the ct^ours of 
a man's nails, of a moufe, of aflies, of ordinary ftones, of mortar, of 
duil and dire in the high-ways^ and the like j and fuch a white I have of- 
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■ ten produced^by mixing coloured powders. For thus one part of red lead, 
and five parts oSviride arts compofed a dun colour like that of a moufe. 
For thefe two colours were feverally fo compounded of others, that in 
both together were a mixture of all colours ; and there was lefs red lead 
than mride eeris becaufe of the fulnefs of its colour. Again, one part of 
red lead and four parts of blue bife, compofed a dun colour verging a lit- 
tle to purple, and by adding to this a certain mixture of orpiment and 
•airide arts in due proportion, the mixture loll its purple tinfture and 
^became perfedly dun. But the experiment fucceeded better without mi- 
jiium, thus. To orpimenti added by little and little a certain full bright 
purple, which painters ufe, until the orpiment ceafed to be yellow, and 
became a pale red. Then I diluted that red by adding a little viride ant 
and a little more blue bife than viride aris, until it became of fuch a 
grey or pale white as verged to no one of the colours more than another: 
for thus it became of a colour equal in whitenefs to that of afhes or of 
wood newly cut or of a man's Ikin. The orpiment reflected more light 
than did any other of the powders, and therefore conduced more to the 
whitenefs of the compound colour than they. To aflign the proportions 
accurately may be difficult by reafon of the different goodnefs of pow- 
ders of the lame kind. According as the colour of any powder is more 
■or lefs full or luminous, it ought to be ufed in a lels or greater pro- 
portion. 

Now confidcring that thefe grey and dun colours may be alfo produced 
hy mixing whites and blacks, and by confequence differ from perfc^ 
whites, not in fpecies of colours but only in degrees of luminoufncfs, it 
is manifeft there is nothing more requifite to make them perfeft whites 
than to increafe their light fufficiently: and on the contrary if by in- 
creafing their light they can be brought to pcrfcil whitenefs, it will 
thence alfo follow that they are of the lame fpecies of colour with the 
bell whites, and differ from them only in quantity of light, and this I 
tryed as follows. I took the third of the above mentioned grey mixtures 
(that which was compounded of orpiment, purple, hiCe and viride arts) 
and rubbed it thickly upon the floor of my chamber, where the fun (hont 
upon it through the open cafement ; and by it, in the (hadow, I placed 
a piece of white paper of the famebignefs. Then going from them to the 
dillance of 1 2 or 1 8 feet, fo that I could not difcern the unevennels of the 
furfaceofthe powder; nor the little ihadows let fall from the gritty par- 
ticles thereof; the powder appeared intenfely white fo as to tranfcend 
«vcn the paper it felf in whitenefs, efpecially if the paper were a Httic 
ihaded from the light of the clouds ; and then the paper compared with 
the powder appeared of fuch a grey colour as the powder had done bc- 
■forc. But by faying the paper where the fun Ihines through the giaft 
vrjndow, or by Ihutting ms cafement, that the fun might ihine through 
L 2 t^ 
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glafs upon the powder, and by ufing fuch other 6t means of increafing 
or decreafin<; the lights wherewith the powder and paper were illumi- 
nstcd, the light wherewith the powder is illuminated may be made 
(Irongcr, in fuch a due proportion^ than the light wherewith uie paper U- 
illuminated, that they fliall both appear exaiftly alike in whiteneis. Now: 
if you confider that this white of the powder in the fun-fliine was com- 
Jioiinded of the colours which the component powders have in the fun- 
fliine, you muft acknowledge by this experiment as well as by the for- 
mer that perfeft whitencfs may be compounded of colour* 
Ti^tr^'i^'- 182. The colours of natural bodies arife from hence, that fomc of 
ncnt '^■-"»'" them refleift fome forts of rays, others other forts more copioufly than 
dle'stxpWned. the reft. Minlum refledls the leaft refrangible or red-making rays molt 
copioufly and thence appears red. Violets refleft the moft refrangible 
moft copioufly, and thence have their colour: and fo of other bodies. 
Every body reflects tlie rays of its own colour more copioufly than the 
refti and uom their excefs and pi^dominance in the refleded light has it& 
colour,, 
XiT- For ifin the homogeneal lights obtained by the 5th experiment, you 

K^ « t' 0*1'^ place bodies of feveral colours^ you will find as I have done, that every 
p. 1^;. body looks more fplendid and luminous in the light of its owbcoIouc* 
Cinnaber in the homogeneal red i&moft refplendent,. in the green light ic 
is manifeftly lefs refplendent, in the bltie light flill lefs. Indigo in the, 
tiolet blue light is moft refplendent, and its fplendor is gradually dimi- 
Bifhed as it is removed thence by degrees through the green and yellow 
tight to the red. By a leek the green light, and next that the blue and 
yellow which compound green^ are more ftrongly reflefted than the other 
colours red and violet, and fo of the reft. But tO' make thefe experiment 
the more manifeft, fuch bodies ought to be chofen as have me fulled 
and moft vivid colours,, and two of thofe bodies are to be compared to- 
gether. Thus for inftance, if cinnaber and ultra-marine blue, or fome 
other full blue be held together in the red homt^eneal light, they will 
both appear red ; but the ciimaber will appear of ftrongly luminous and 
refplendent red^ and the ultra-marine blue of a faint obfcure and dark red. 
And if they be held together in the blue homogeneal light, they will 
both appear blue i, but the ultra-marine will appear of a urong^Iy lumi- 
nous and refplem blue,^ and the cinnaber of a faint and dark blue. Whid> 
puts it out of difpute that the cinnaber refleds die red light much mor« 
copioufly than the ultra-marine doth,, and the ultra-marine reflet the 
blue light much more cofHoufly than the cinnaber doth. The fame expe- 
riment may be tried fucceflively with* red and indigo or with any other 
two coloured bodies, if due allowance be made for the diffcrcM ftreng^ 
«r weaknefs of their colour and lighi:. 

Ana 
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And that this is not only a true reafon. of their colours, buteven die on- 
ly reafon, may appear fardier from this- confideration j that the colour 
of houK^eneal light cannot be changed t^ the refledion of natural bo-^ 
dies. For if bodies by refleftion cannot in the leaft change the colour of 
any one fort of rajre, they cannot appear coloured by any other means^ 
than by reflecting thofe which cither are of their own colour^ of by mix-r 
ture mull produce if. 

In tranfparent coloured liquors it is obfervable that their colour nfes- 
to vary with their thicknefs. Thus for inftance, a red liquor in a conical 
glafs held between the light and the eye, looks of a pale and dilute yel- 
low at the bottom where ic is thin ; and a little higher, where it is thicker 
grows orange j and where it is ftill thicker becomes red j and where it is 
thickeft the red is deepefl anddarkefl. For it is to be conceived that fuch 
a liquor flops the indigo-makings and violet making rays moil eafily, 
the blue-making rays more difficultly, the green-making ray& ftill more 
difficultly, and the red-making moft difficultly: and that if the thick- 
nefs of the liquor be only fuch as fuffices to ftop a competent number of 
the violet-making and indigo-making rays, without diminishing much 
the number of the reft, the reft muft compound a pale yellow i the co- 
lour in the folar image that lyes in the middle of them, as may be tryed 
by ftopping the violet and indigo at the lens in the 9th experiment, and- 
letting the reft pafs on to be mixed together at the focus. But if the li- 
quor be of fuch a thicknefs as to ilop alfo a great number of the blue- 
making rays and fome of the green-making, the reft muft compound an 
orange. And where it is fo thick as to ftop alfo a great number of the 
green-making and a conlidcrable number of the yellow-making, the reft 
muft begin to compound a red ; and this red muft grow deeper and dark- 
er as tlw yellow-making and orange-making rays are more and more- 
ftopped by increaiing the thicknefs of the liquor,, fo that few raysbefides- 
the red-makii^ can get through. 

If there be two liquors of full colours fuppoie a red and a Uue, and 
both of them fo thick, as- fuffices to make their colours fufHciently full j 
though either liquor be fuffidently tranfparent apart, yet will yownot 
be able to fee through both tc^ether. For if only the red-making rays 
pais through one liquor, and only the blue-making through the other, 
no rays can pafs through both. This Mr. Hook tri^ cafually with ^af$ 
wedges filled with red and blue liquors, and was furprized at the uneX" 
pc£ted event, the reafon of it being then unknown * . 

Now whilft bodies become coloured by refle<5ting or tranfmiuing this 
or that fort of rays more coptoufly than the reft, it is to be conceived 
that they ftop and ftifle in thcm&lves the rays which they do not refled 
or tranfmit. For if gold be foliated and held between your eye and the 

J fiatSt Mkn^iphy p. 75. 
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light, theliglit looks of a grecnifli blue; and therefore mafly gold lets 
into its body the-blue-mak.Hig rays to be refleftcd to and fro within it til! 
theybcftoppcdandftifled} whim it reflefts the yellow-making outwards 
and thereby looks yellow. And much after the fame manner that leaf 
gold is yellow by reflected and blue by tranfmitted light, there arc feme 
forts of liquors, as the tinfture of lignum nepbriticum, and fome forts of 
glafs, which tranfmit one fort of lirht moft copioufl'y and refletfl another 
fort, and thereby look of feveral colours according to the pofition of the 
eye to the light. A tranfparent body which looks of any colour by tranf- 
mitted light, ■ may alfo look of the fame colour by reflefted light, the 
a Art. 17. ijgjjj q£ j^j colour being refle<2£d by the farther furface of the body '. 

CHAP. VII. 

CONCERNING THE CAtTSE OF REFRACTION, REFLECTION, 
INFLECTION AND EMISSION OF LIGHT. 

183. ' I ^ HAT the caufe of refleiftion is not the impinging of light on 
iReiicxionnot J_ the folid or impervious parts of bodies, as is commonly be- 

r"'^n mcof ^'^^^> will appear by the following Gonfidcrations. Firft that in the paf- 
jight upon the fage of light out of glafs into air there is a reflection as ftrong as in its paf- 
medium. fage out of atr into glafs, or rather a little ftronger, and by many degrees 
v^^yj. ^^ ftronger than in its paflage-out'of glafs into water. And it fcems not pro- 
bable that air (hould have more reftcfting parts than water or glafs. But 
if that fliould poffibly be fuppofed, yet it will avail nothing ; for the re- 
flexion is as ftrong or ftronger when the air is drawn away from the glafs, 
by an air-pump, as when it is adjacent to it. Secondly, if light m its 
paffage out of glafs into air be incident more obliquely than an angle of 
40 or 41 degrees, it is wholly reflefted, if lefs obliquely it is in a great 
me&fure tranfmitted ^ Now it is not to be imagined that light at one 
;bExp.4. Art. degree of obliquity (hould meet with pores enough in the air to tranfmit 
'^^* thegrcateft part of it, and at another degree of obliquity fliould meet 

with nothing but parts to reflect it wholly : eljiccially confidcrlti"; that in 
its paflageout df air into glafs, how oblique focvcr be its incidence, k 
finds pores enough in the glafs to tranfmit a great part of it. If any man 
:fuppofcs that it is not rcfleded by the air, but by the outmoft fuperfi- 
-cialparts of the glafs, there is ftill the fame difficulty : befides that fuch 
^a fuppoiition is unintelligible and will dppeaf to be falfc by applying wa- 
.ter bdiind fome part of the glafs inftcad of air. For fo in a convenient 
.obliquity of the rays fuppofe of 45 or 46 degrees, at which they arc all 
.reflefted where air is adjacent to the glafs, they fhall be in a great mea- 
fure tranfmitted where water is adjacent to it. Which argues that rfieir 
:refleftion or tranfmifiion depends on the conftitution of air and water be- 
Jiind the glafs and not on theftriking of the rays on thepatts of die glafs. 

Thirdly, 
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Thirdly, if the colours made by a prifm, placed at the entrance of l 
beam of light into a darkned room, be fucccffively caft on a fecond prifm 
placed at a great diftance from the former, in fuch manner that they are 
all alike incident tipon it, (as they will be when tranfmitted through the- 
holes in the two boards made ufe of in the 3d experiment,^ the fecond v'lg. 28a. 
prifm may be fo inclined to the inqident rays, that thofe wnich are of a 
blue colour Hull be all reiledled by it, and yet thofe of a red pretty copi-r 
ouAy tranfmitted. Now if reflection be caufed by the parts of air or glafs 
I would aflc why at the fanw obliquity of incidence, the blue ihould 
wholly impin^^ on thofe parts, fo as to be all refie£ted and yet the red 
find pores enough to be In a great meafure tranfmitted. Laftly were the 
rays of light rencdted by imputing on the folid parts of bodies^ their re- 
flexions from polilhed bodies could not be fo regular as they are. For 
in polifhing glafs with fand, putty or tripoli, it cannot be imagined that 
thofe fubllances can by grating and fretting the glais bring all its leaft 
particles to an accurate poli/h; fo tliat all their furfaces fhall be truly 
plane or truly fpberical, and look all the fame way, fo as together to 
ccHnpole one even furface. This manner of poliihing with powders can 
do no more than bring the roughnefs of the glafs to a very fine grain, fo 
that the fcratches and frettings of the furface become too fmall to be vi- 
fible. And therefore if light were reflected by impinging upon the folid 
parts of the glafs, it would be fcattered as much by the moft poliihcd 
glafs as by the rougheft. So then it remains a problem how glafs poliflicd 
by fretting fubftances can refledi light fo regularly as it does. 

184. And this problem is fcarce otherwife to be folved than by faying 
that thcreflcdlion of a ray iseffedednotbyafinglepointofthe reflefting But by an ac- 
body, but by fome power of the body which is evenly diffiifcd all over J^'J^^^'fu" 
itsfur&ce and by which it afts upon a ray w^iihout immediate contact, furfice. 
For that the parts of bodies do zSt upon light at a diilance, will appear by 
the fbtlowiogexperiments. 

i8j. The fun fhining into my chamber through a hole a quarter of 
an inch broad, I placed at the diftance of two or three feet from the hole e;j^";„( 
a flicct of paftboard, which was blacked all over on both fides, and in Th» power' 
the middle of it had a hole about three quarters of an inch fquare for the "^ ^"J'^**' 
light to pafs through. And behind the hole I faftened to Ae padttioard by*,ttnaing 
with pitch the blade of a fiiarp knife, to intercept fome part of the light and repdiing 
which pailbd through the hole. The planes of the paftboard and of the ^- ^^^ °P'- 
Juiife were parallel to one another and pcrpendiculur ro the rays. And 
when they were fo placed chat none oftlic fun's li^ht fell upon the paft- 
board, but all ofitpafled through the hole to the knife, and there part of 
it fell upon the blade of the knife, and part of it palfed by its edge; I let 
this part of the light, which paflTed by, fall on a white paper two or three 
feet b^ond the J^ife, and there faw two Hreams of faint light ihoot out 

both 
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both vrsys trom^chaan oi light inco the ihadow» like the tails of co- 
mets. But becaufe the fun's diredl light by its brightnefs upon the paper 
obfcured thefe faint ftrcams fo that I coutd fcarce fee them, I made a lit- 
tle hole in the midft of the paper for that light to pafs through, and fall 
upon a black doth behind it, and then 1 faw the two ftreams plainly. 
They were like one another ajid pretty nearly equal in length and breadth, 
and quantity of light. Their light at that end next the fun's diredl light 
was pretty llrong for the fpace of about a quarter of an inch or half an 
inch, and in all its progrefs From that direft light decreafed gradually till 
it became infenfible. The whole length of cither of thcfe ftreams mea- 
. iiired upon the paper, at the diftance of three feet from the knife, was 
about fix or eight inches; fo that it fubtended an angle at the edge of the 
knife of lo or la, or at moil 14 degrees. 

1 placed anodier knife by this, fo that their edges might be parallel 
^^- and took towards one another, and that the beam of light might fall up- 

^xpcriment. ^^ \^xh luiives and fome part of it pafi between their cidges. And when 
the diftance oftheir edges was about the 400th part of an inch, theftream 
parted in the middle and left aihadow between the two parts. This flia- 
dow was fo black and dark that all the light which pafled between the 
two knives feemed to be bent and to be turned afide to the one hand and 
to the other. And as the knives ftill approached one another the ihadow 
^rcw broader , and the ftrcams Shorter at their inward ends next the 
fliadow, until upon the contadt of the knives the whole light vaniih- 
ed and left its place to the Ihadow. And hence I gather that the light 
which isleaft bent, and goes to the inward endsof the ftreams, paffes by 
the edges of the knives at the greateft diftance, and this diftance when the 
{hadow begins to appear between the ftreams is about the Sooth part of 
an inch. And the light which patTes by the edges of the knives at diftan- 
■cesftilUefs andlefsis more and more bent, and goes to thofe pans of the 
ilreams which are farther and farther from the diredl light. Becaufe when 
the knives approach one another till they touch, thofe parts of the ftreams 
vanifli laft "which are fartheft from the direct light. 

Our author has made it appear from thefe and fome other experiments, 
that bodies afl upon light in fome circumftances by an attraflive and in 
others by a repulfive power. For he found that the fliadows of hairs, 
threds, pins, ftraws, and fuch like flendcrfubftances, placed in a flender 
beam of light let into a dark room, were confiderably broader than they 
ought to be, if the rays of light paffed on by thefe bodies in right lines. 
Particularly he found that the fliadow of a hair of a man's head, at the dif- 

a Newt. opt. tancc of lo feet from the hair, was 35 times broader than the hair it fclf *. 

P- 293- And of thefe attraftive and repulfive powers he declares his fentiments 

.KIbid. p. J70. more fully in thefe words ''. Since metals diflblved in acids attraft but a 
jfinall quantity of the acid, their attraftive force tan reach but to a ftnall 

diftance 
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■djftance irom diein. And as in algebra vhere affirmative quantities va- ^ 
'OifliandceaTe there negative ones begin, ib in mcchanicks where attrac- 
tion cca&s there a repullive virtue ought to Aiccecd. And that there is 
iiich a virtue ieems to follow from the reflections and infletflions of the 
says of Ught. For the rays are repeUcd by bodies in both thefe cafeswith- 
■out the immediate contad-of the reflecting or inflei^ing body '. It ap- i EiperiraoK 
pears alfo from the cmiflion of light: the ray fo fpon as it is fhaken off '3- '^• 
from a ihining body, by the vibrating motion of the parts of the body, 
and gets beyond die reach of attra&ion, being driven away with exceed- 
ing great velocity. For that force which is Sufficient to turn it back in 
reflexion, may be fufficient to emit it. It feems alfo to follow from the 
produdion of air and vsq^rours. The particles when they are ihaken off 
from bodies by heat or fermentation, fo foori as- they are beyond the 
reach of the attraction of the body, receding from it and alfo from one 
another with great ffa-engcb) and keeping at a diilance lb as fometimes to 
take up a million of times more fpace than they did before in the form 
of a denfe body. AVhichvait contrai^ion and expanfion fcems unintelli- 
gible by feigning the particles of air to be fpringy and ramcus, or rolled 
up like hoops or by any other means than by a repulfive power- From 
this fOvncT it feems to be that flies walk upon water without wetting 
their feet, and that the objeCt-glafles of long telefcopcs lye upon one 
another without touching; and that two polilhed tnarbles which by 
immediate contaA iUck tc^ther, are difficultly brought fo cloie together 
as to flick. 

i86. That this power which ads upon light is infinitely ftronga- than And ii inS- 
«he power of graviw will appear by the foUowii^ argument. Sir IJiiac "^In^h^wMM* 
Newton has demonflrated that all bodies actraCt one another by the force -oTgrAviQr. 
of grav^, and that the attractive forces c^ two homogeneal fpheres, up- 
on panicles of matter placed very near their furfaces, are to each otlur 
in proportion as the diameters of the fpheres '. That is to fay, if a re- 
fraining medium be fpherical and of the fame denfity as the earth, the 
earths force of attraction near its furface, will exceed the mediums force 
near its furface, as much as the diameter of the earth exceeds the diame- 
ter of the medium ; or almofl infinitely with refpcCt to human concep- 
tions. Yet we obferve that a cannon-ball, juft fhoc from the mouth of the 
cannon, is fcarce fenflbly defleded towards the earth by its attraction ; and 
the leafl particle of the ball, if it was fcparate from the reft, would be 
no more deflected than the whole; becaufe gravity makes bodies of all 
forts and fizes defcend with the fame fwifmefs, by affeCting them alike 
whether joined or feparated. Therefore a particle of light which move^ 
I may fay, infinitely quicker than a cannon-^ball \ would be infinitely 

f Princip. lib. i. prop, 7+. cor. 2. i lib. 3. prop. 8. 
z-Scc velod^oflishtiatbelodeioftliubook. 
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. kfebent than the particle of the ballby the flttradion of thei^ole nrdi^ 

snd (iiW infinitely lefs, than this laft butding, by the attra^on of the 

ipherical mediam, which was Oicwn to be infinitely wesker than that 

oftheearib. But infill "We find it is very fenfibly bent or fcfraaedj and 

therefore it muft be aflfefted by fomc other power of the mediuln, which- 

■ near its Xurface is infinitely ftronger than the power of gravity. 

^'"'i^'^i^Ur ^^7* ■^'" difficuktodetermme the exaft law of this rcftafiive power, 

"""^ ' *^""^ "■ or the degrees of its force at given diftances from dierefraAing furfecc.. 

However fioce we find that -the effedts of gravity,, which decrcafc as the 

fquares of the diftances from the. center iccrcafc»- arc very fenfible at great 

diftanccSv we may conclude that the rcfraftive power of a medium, 

which at its furfece we find is infinitely ftrongec than gravity, and yet 

m Art, iBy. Tanifhcs at a very iinaU diilance from it ', decreafes much quicker or in 

a greater proportion than gravity does. 
"^^^ "brthre- '^**' ^^ '^ Fcafonable to conclude that bodies- reflet and rcfraft light. 
Sa«r»nd re- by one and the fiune power variouUy exerdfcd in various -circumftances}, 
fleftj light, becaufe when light goes out of glafs into air as obliquely as it can poffibly. 
^'^v'^^ do, if its incidence be made ftiil more oblique^ it becomes totally refleifl- 
b An. 173. cd*": (for the power of the glafs after it has refieftcd the light as oblique- 
ly as is pofilble, if the incidence be ftiU made nnre oblique bec<»nes too 
ftrong to let any of its rays go through andbyconiequeoce cauies total. 
refiedUons :) And fcH- this other reafon,.that thefe furfaces of Tranfparent. 
bodies which have the greateft refraAing power, refied-xbe greaisft quan- 
tity of light,, as will be ihcwo in the next chapter. 
JirSmb^ . ^^9- From the different ratios of the fines of incidence and rcfradion 
Saire it in a great many dilfcrent bodies, our author has alfo collected that the 
'il^i'r^i '^"'''!'* forces of bodies to refleft and refrad: light are vety nearly prt^rtionablo 
New'.' Opt to their denfities, excepting that unAuoas and futriiuivous bixlies refraft 
F; HS- more than others of the fame denfity. Whence, be i^s, it feems natio- 

nal to. attribute the refraftive power of all bodies chidiy, if not wholly 
to the fulf^rouG, oily particles with which they abowid. For it is pro>> 
bable that all bodus abound more or lefs with fulphurs. /And as-light Jcon-. 
gregated by a burning glafs afis meft upon futphureous bodies to -tiun. 
them. into fire and Aame, fa fince all a&ion is mutual, fult^urs ought to 
a£l moft upon light. For that the a^tUin between light ana bodies ismu- 
tual, may appear from this confideration ; that the denfoft bodies- which 
refraft and rofledt light moft itrongly grow hotteft in die ibnuner Tiin, , 
Sr whit ^^ ^^^ a<^'on of the refra<;ted or refleacd light. If bodies be conceived to 
^■"^ have certain denfities exaifUy proportionable to their rcfraftive powers, 
Uicfemay be called their refraaive-denfities. 
aaiin°i^i ^9°- The direaion. of the refradive -force of a medium, ailkig upon. 
jwrpendicuiir mrticlcs of light, is cvcry where perpendicular to the refrading furfiicc. 
^g fJrff"^" ^^ whether this force be a real attraOion, or whether it be m impuUc 

upoa 
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Upon light, caufed by the fpriag or elailick power of a fubtil fluid 
which pervades the medium, and being gradually denfer without than 
within it, may imp^ the light towards the medium by its greater elafti- 
city without than within*; be this as you pleafe, yet if the medium be »Newt Oi»t. 
unUqrai in all its parts, its immediate power upon the light it felf, or ^' '^'' 
upon the Tubtil fluid which adts upon it, will be equally ftrong in every 
.point of a plane drawn parallci to the reira£Ung furfac^ ; though its 
ilrehgth may be difi^erent m the next parallel plane, and llitl different iu 
the next, and fo on as far as that power is extended on each fide of the fur- 
face of die mediimi. The extent of this power will therefore be termi- Sr»ce of aOj- 
■nated by two planes, parallel to one another and to the refraSing furface ; ' '>' "*"'" 
and the fpace between them may be called the ^ce of adtivicy, whether 
the power attracts or repels. This being f reroifcd, I fay the force of the 
mcmum will a& upon light, either m attradtlng or repelling it, tn lines 
perpendicular to its furface. For let/ be a particle of light adcd upon by Pig. 286,187. 
.any uniform power in the line 4f parallel to the refra<^ing furface j4B, 
pc a lin« perpendicular to chofe parallel^ cuttii^ de\ii.c\ it is evident 
char the force of the power at c will move the particle^ in the line pc \ 
4uid taking any two points d, e at ^jual 'diftuiccs on each fide of £', the 
-powers at d and t being equal and a&ing at equal diiitances, pdy pe^ equal- 
ly inclined to /f, cannot move /in any diredion but that of pc -, and 
what has been faid of the equal powers in ^e line de is applicable to the 
powers in every line drawn parallel to ^B^ that is go the whole power 
■of the refrafting medium. 

192. Now when a ray of light &llsperpeDdiculariy upon the fpace of The -minner 
-adivity, its particles will be accelerated or retardedin the fame perpen- "^'"j^^n, 
dicular dire^on, according as the power of the medium a£ts with or KfnaioL ani 
againft the courfe of their motion ; and when the particles-arc got through nReOiom. 
that fpace they will proceed with an uniform vdocity. But ifa ray op 01 sr ^'8- * 
falls obliquely upon the fpace of a(&iv.ity^/ffl A, the force of the jnedium 
npw acfting tideways or obliquely upon the particles, will bend their 
couifeiotQacurviB/^x, during their pafliige through that ipace. For as 
light, h^s this, property in common with all other bodies, of moving 
%aighf:, forwards, while it& motioa is not diihirbed by wy cA>lique force, 
-fowhen itiisdiflurbed, we may reafonably conclude, it will follow thofe 
■other laws of motim, to which all other bodies are equally fubjedl. The 
ifKce, gf the medium ading fldeways upon its oblique courle, will there- 
4?re diAV it perpetually, out of one direi^ion into another. But having . 1 
.m&d.thrpu^;thcfpaccofa(Aivlty, it will then proceed Araight forwards; 
^>r. betogr attra^:?! or impelled every way alike, or elfe not at all if it be 
in cmp^ fpace, it; will have the farne freedom of motion in both cafes: 
juft as an i^niinal fuirounded with air, though violently prefled on every 
firffj :^%.DQ cwfttftint, but basan equal facility of moving In any di- 
M 2 rcdioa. 
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r^^ion. ThtM we fee that the refraAioR o£ light is per-formed in the &me 
manner as il" a ftohe was thrown in the diredion op, and its courft was 
btnt into a ciirve/yr by its gravity ; er being thrown the contrary wa^ 
in the dircd:ion .rr, it was bent into the curve ro^ in afcending: and 
ruppofing the attraiftian e£ the earth to reach no highep than' the Tine H 
-='«■ -*?■ the ftonc would from, thence proceed-in a ftraight- hne / •* Now thegra- 
vity of tile flone may be fo grea^ or the force of projedion fo weak, or- 
the diredion of the motion fo oblique tothe horizontal line Ai, that it . 
cannot afcend fo high as this line. In this caie the ftone will defcend fronv 
the higbcfl point of its courfe by the fame degrees of curvity with whicli 
it afccnded>^^ andjf its gravity be fuppofed to ceafe in all plaoss below the 
tine mn, the Aone will go on in ^e direction of the lall particle of the 
curve produEed. This is a paraUeh cafe to that of rcfledions from the 
iiirthcr. furface of denfe- mediums, when the incident ray is fo much in- 
clined to^that furface as to be pulled back into the fame medium. Hi- 
dierto Ihave foppofed the rtfrafting medium to be contiguous to empt^ 
fpace i but the manner of reflexion and refradlion is the fame at the com- 
mon.furface of any two mediums. For fines the feparate forces of the 
»^*a!t-i(fo. mediums aft in. the fame lines, perpendicular to their common furfecc%, 
and in contrary dlredions ; the l^t will be affected- with the difierenco 
of thc^ forces In the lame manner- as before. And if Uie mediums have 
equal-forces they will ballance each other, without caufing any reflection 
or refradion at alL It has been obferVed already tliat the perpendicular 
breadth of the fpace of aflivity is exceeding fmalt> and confequently ia 
- phyfical exper-iment&the incui;vatioa ofthe ray ma^ ftillbe cmilidernl as 

■ ' performed in a i^yfical point. 
Anaincaufing i^^. Accordmgto this theory nocMngmore 16 fcquifite for pToducin^ 
KfrngibLUcV *^^ ^^ variety of colours and.degrees of refrangibility, than that the rays 
of nys. of light be bodies of different lizes; the leaft of which may make violet,- 
Newt. Opt. tjie weakeft. and,darkeft of the colourSy and be more eafily diverted by re- 
f^-^*7-- framing furfaces from its r^ht courfe; -and. the refl, as- they are bigg«F 
and bigger, may make the f&pnger and more lucid colours, blue, green; 
?jg. 1^. yellow and red j. and be more and more difficultly diverted. For particles- - 
of different fizes,. that fall upon the ipace o£ a&ivity klmn in the li^ 
o/i having different forces, may defcribe diffi*enLcurves, Aspa, ph^ pe^ 
and conieqnently will emerge fpom that fpace in different angles.- ' 
AnimttuTmg 1^3. Tli^ifi may heterogeneai particles diverge from one ^Uiother hy 
rtfldSwn to refra«aion, . though not by refkftion. For if the-line of their incidence 
be the fame 0/ bc foobUqut to the fpace of attra^fUon^/wHi-thatall the particles are 
i»»i!romof pulled back, into the fame medium, they will return in parallel lines rs, 
1-^. 190. ^^> *.y> ^c. inclined to that fpace in the fame angles as the- line 'of inci- 
dence op is inclined to it. Juft as- feveral balls of different lizes, (hot widi, 
differcw. forces, cau of a, cannon c^ in any fixt pofition, will defcribc difr- 

fercQC 
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ferenc curves, ^pdt^pttyPfXt &c. yetin returning to the grmind they 
will all ftrike upon it in cqusu angles at r, t, Jr, &c. eveiy one being equ^ 
to the angle of elevation at p. Now fince the ftiacc of attraftion is exi 
(Ceding thin, rfic parallel lines r j,, f i;, &c. will be fo clofe together thac 
the fenfe cannot perceive a diftin£fc fenfation of the feparated particles^ 
and confequently the reflected and incident light will appear of the lame ' 
colour. And when the incident li^t confiUs of feveral rays, though the 
particles in each ray may be a little feparated after rcBedion, and proceed^ 
m di^rent lines, yet thofe feveral lines will be mixt together, and con- 
fequently the reflected I iglit will appear white or (^the ume colour as the 
incident lig^t. 

194. By what F have quoted from Sir IJaav Nekton in die iS'jth ari Andinarf^ 
Hcle, his notion of the-caiiie and manner of reflexion from opake bxlies^ ^^^• 
and from the firft furface of tranfparent bodies, ieems tobe this chat fol- bodio and ' 
fows. Let the attractive power of the denfe medium ABCD end^at th&J?^ the fidf 
Hne k /, and there let the repulfive power begin, and let it end at the pa- (Lrmt wmT 
rallcMinei&/; and when a ray 0^ falls from air upon the fpacecff repuP-fig- 291. 
Gon bik/f it will' be- perpetually diverted fromone direftion into another- 

by the oppofition of the repulfive force, and fo will defcribe a curve/yr, 
tUl it emerges from- that fpacti in the fame angle at r with which it im- 
mersed at/, and then^it will proceed in a right line rs. This will be the 
courie of the ray if its progremve force be but weak, or the repulfive force 
be fo ilrong as to hinder it from entering the fpace of attra^lon kimn: 
For if it enters this fpace, inilead of being reflefted, it will be refraacd 
into the denfe medium. And in reality fome part of the mcident Kght is 
always reftedted and fome refracted at all tranfparent furiaces ; the:caufer 
of which our author has alfo confidered". » Newt. Opt- 

Hence it feems ta follow Thatthe repulfive power of a denfe medium P* *S3- 
is lefs extended or elfe weaker than the attraftive. For if the bending of a 
ray by the repulfive power, was not lefs than the contrary bending made 
by the attradive, the- refra<ftion into a denfe medium could not always 
be made towards the perpendicular, as it always is-. We may alib-obfervc 
that a refraded ray, in its pafl"age through the furface of a tranfparent me- 
dium^ is bent backward and forward with a motion like that of an eel; 
and our author takes notice of the fame fort of motion iiiits paflage by 
the edges and fides of bodies. It fdlows-alfo ^at the tcpalfive power- 
does not extend-:to a fenfible diftance from themedium; for if it did, it 
would be difeovered by a fenfible incurvation of the ray throughout that 
extent; contrary ts experience. 

195. Thus fays our author will nature be very conformable « herfelfi'Thediflin- 
in performing all the great motions of- the heavenly bodies by the attrac- ^^^jj^f g^*' 
tion of gravity, which intercedes thofe bodies, and almoft alt the fmaH ifiuuNnorm'a:. 
ones of their particles by fome other attraitive. and repelling powers,' pi^^ofoi^y^ 

which- 
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.t'ttmt. Opt. which iflterccde the particles'. Since bodies at reft, or put in motion, can- 
'^■^''*' .not alter their ftatc of reft, or the direflion of their motion j it follows 
that bodies which move in curves, as the planets do, are continually 
-drawn or impelled out of one direction into another by fomc power a»5l- 
ing conftantly upon them: juft as bodies projeaed in the air are drawn, 
into curves by the power or gravity. Without affuming any other prin- 
-ciples, our author hasiliewn by the ftri<3:eft reafoning, what efteds thi«. 
rpower muft produce among comets, planets and fatellits once put idr 
to motion; as what would be the Ihapes and poiitions of their wbitsi 
with what velocities they would move in diiferent places; what propor- 
tions there would be between the times of their periods about a central 
body, with refpeift to their diftances from it ; whac diibubances they 
would caufe in each others motions, and in the flux and reflux of the fett, 
and the like. In a word he has exai^y defcrlbed all the particulars of a 
planetary fyftem. Then by comparing this fyftem with a^is and obier' 
v^tiops, made upon the real motions, periods and diftances of the planets 
and comets, he has ftiewn fo exad an agreement between them, not in 
grofs but quantity for quantity, in a thoufand particulars, diat whatever 
differences ^peared at iirft, are always found to be lefs and lefs by more 
accurate oblervations. Now as foexada confbnnity of realbn and expe- 
rience is the greateft evidence we can poflibly have, that this expticatic»i 
-of the mechaniim of the world is a true explication } and as it is the di- 
ftinguiihing chara^ler of his fyftem, whioi all the philofophers that li- 
ved before him could never give of any of theirs, for want of fufficient 
^ill in geometry i fo likewife he has given us the fame evidence for the 
.truth ofhistheoryof light. For inftancc, havingihewn by experiments 
that light and bodies aScGt one another ata diftance, bv fome power that 
intercedes them ; -whatever be the law of this power, he has proved ma- 
themaucftlly, by twodifterent methods,, tha^ in all refractions the fine of 
incidence muft be to the fine o£ refraction in a given ratio, and in rcfleo 
hOft. p.6i. XiQm that the angles and fine&arc equal*"* I have tqadc dus comparifon 
Princip.Ub.i, jjuj^ ^j^jjj-gg (o rectify an Opinion ^1 current, even. amppg(t men «f 
"^^^ ^" Icaxiniog J who obferving that various iyftems of philofophy in fucceffive 
. afCfi have r4fen and funk in. the opinions qf men, \ijfe ip|)de« 9fid %ft>ionSj 
aadaot coiifidcring in what refpeCt our author'^ fyft^a is pjaialy- diftin- 
, guifhed from that of all (}ther^, are apt to think that ^ aXfa in time, will 
'^ff^ the f^me fatfj. But. It, muft be allqwetl, {9 Ipqg 4& there i^ ;i cob- 
ftftncy in.the nature of things, and a mutual agreeaienfoffeafoi) 41^. «^ 
perience, that a fyftem founded entirely upofi this ai;pneaii^.i}fS|iif|[clfe, 
• can never, be changed^ nor he leff QtemM uigin the v^vld im4 tnuh. it. tplf. 
■ I will conclude this book with, our author.'s difcpverj^. ce^ccoiting the 
f^iculfiF cQnfticutions gf bodies ; wH^, ^PP^^ ivi^ 9^. t|u«il traaiiM- 
iKOf, .Q^«qpaJf:Fajid.qoio,ur«l 
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CHAP, villi 

COHCtXiilVa TkAKSPARENCy, OPACITY AVJJ COLOVRS J» 
BODIES, 

J96.'T^H0'SE fuperficies of tranfparcnt bodies rcflea the peatcits&imgffrsiid^ 
X. quatitity of light which have the greateft rcfraftivc power > 15, jJ^J^. 
that Is -which intercede nredmnis that differ moft in their refraiaive den- fed. 
fities": and in the cortfines of equally refradling mediums there is no re- Nwt^Opt 
fte^on. The analogy between rcfraftion and refleftion wiU appear by J An. 189, 
contideriog, that when light pa&s obliquely out of one medium into a- 
notber which refirafts from tne perpendicular, the greater is the diffe- 
rence of their refraftivedenfities, the hfs obliquity of incidence isrequi- 
fite to caufe a total refleftion K Thofe ftiperficies therefore which rcfraft b Art. »7»- 
moft, do fooneft rcfleift all the light which is incident upon them, and fo 
muft be allowed moft ftrtmgly reflective. But the truth of this propofi- 
tion will farther appear by obfervjng, that in the fuperficies interceding 
two tranfparent mediums (fuch as arc air» water» oil, common glais,. 
cryftal, metalline glafs, ifland glaffes, white tranfparent arfenick, dia- 
monds, 8cc^ the rcflcdtion is ftronger or weaker accordingly as the fu- ■ 
perficies hatfl a greater or Icfs refraaive power. For in the confine of air 
and fal-gem it is ftronger than in the confine of air and TS^ter, and ftill '■ 
fbonger in the confine of air and common glafs or cryftal, and ftronger " 
in the confine of air and a diamond. If any of thefe and fuch like tran- 
sparent foljds, be immerged in water, its- reflexion becomes much weak-- 
«r than before, and ftill weaker if they be immerged in the ttiOTe Wrong- 
ly refrading liquors of well rcftiiied oil of vitriol or fpicit of turpentine. . 
If water be diftingoiJlicd into two pans by an imaginary furface, the re- 
Bcdion in the confine of thefe two parts is- none at alii in the confine of 
water and ice it is very little ; and in that of water and oil it is fomc- 
diing greater; in that of water and fal-gem ftill greater, and int^tof: 
water and glafs or cryftal or other denfer. fobftances ftill greater, accord- 
mgly as thcffc ancdroms dtfier more or lefs in their r^^ding powers. - 
Hence in the confine of common g'lafs and cryftal there ought to be a . 
weakTcfleAion, and a iftronger rcfleiftian in the confine of coimnon and i 
iBctaliinc g^afe, tbough I have notyet tried this. But in the confine of 
two glafles dfxqaA denfities, as of two ohjcft-glaffcs of long; tele&opes ■ 
preffed gently together,thcre is not any fenfiblerdleftioij. For objeds may 
be feen -by rays obliqudy tranfmiKcd through a round black ^t where - 
tfcc gaffes toudi one another, tot not through other places wtere the. 
light is TefleSed at the interval between the glafles. And the fame may 
be ufideiftood of the ifirpcrficies hiterccding two. cr> ftals, or two liquors,. , 
in Wlucfa no TefteOion is caufed. So then the reafon why uiuforsn pelhi- ■ 

cid: 
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cfd mediums, fuch as water, glafs, or cryftal, have no fenfible refledknit 
hut in their external fuperficies, where they are adjacent to other medi- 
ums of a different denfity, is becaufe all their contiguous parts have one 
andthc fame degree of denfity: or this uniform denfity of their conti- 
guous parts is a neceffary condition of the tranfparcncy of the whole. 
"Opacity caii- J9.7. The leaft parts of almoft all natiiral bodies arc in fomc meafure 
tiwdeofiJiKr. tr-aniparent: and the opacity of thofe bodies arifeth from the multitude 
nairefleflioM. of rcflcftions caufcd ID their internal parts. Thit this is fo hath beenob- 
Newt.Opt. ferved by othcrsj and will eafily be granted by them that have been con- 
p- "i- -verfant with microfcopes. And it may alfbbe tried by implying any fub- 
ftance to a hole, through which £bme light is immltted into a dark room. 
For how opake foever that fubftance may feera in the open air, it will by 
that means appear very manifeftly tranQ)aFcnt, if it be of a fufficient 
.thinnefs. Only white metalline bodies mull be excepted, which by rea- 
fon of tfieir exceffive denfity feem to refleft almoll all the iight incident 
on their firft fuperiicies ^ tuileis by Iblution in menilruums mey be redu- 
ced into very fmall particles, and then they become tranfparent. 
Theconftim- 198. Sctween the parts of opake and coloured bodies are many fpacef^ 
^''d ""loS^ cither empty or replenifhed with mediums of other denfities j as water 
bodies what, between the tinging corpufcles wherewith a liquor is impregnated j air 
jiewt. Opt. between the aqueous globules that conftitute clouds or mifts; and for the 
:P--"3. moftjjartfpaces void of both air and vra.ter, but yet perhaps not wholly 

void of all fubftance, between the parts of hard bodies. The truth of 
tliis is evident by the two preceding articles. For by the latter article 
there are many refleftions made by the internal parts of bodies, which 
by the former article would not happen if the parts of thefe bodies were 
continued, without any fuch interftices between them : becaufe reflec- 
tions are caufed oply in fuperficies which intercede mediums of a different 
■denfity hy article 196. 

BOt farther, that this difcontlnuity -of parts is the principal cauie of 
•the opacity of bodies, will appear by conlidering, that opake fubftances 
become tranfparent by filling their pores with any fubftance of equal or 
almoft equal denfities with their parts. Thus paper dipped in water or 
oil, the *f«/ttj w«»(// ftone fteeped in water, linen cloth oiled or varniih- 
ed, sndmany other fubftances foaked in fuch liquors as will intimately 
pervade their little pores, or feparating parts, become by that means more 
tranfparent than otherwife. So on the contrary, the moft tranfparent 
fubftances may by evacuating their pores, or feparating parts, be render- 
,cd fufticiently opake ; as falts or wet paper or the oculus mundi ftone by 
hcing dried ; horn by being fcraped ; glafs by being reduced to powder 
pr otherwife flawed j turpentine by being ftirred about with water till 
ihey mix imperfedly j and water by being formed into many finall bub- 
ibles, either alone in the fopn of froth, or by fluking it together with 

oil 
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9il of turpentine or oil of olive or with feme other convenient liquor, 
with which it will not perfeflly incorporate. 

199. The parts of bodies and their interilices muft not be lefs than of The c 
fome definite bi^nefs, to render them opake and coloured. For the opa- ^"^w^***" 
Iceft bodies; if their parts be fubtlly divided, (as metals by being dtflbl- what. ' 
ved in acid menftruums 6cc.) become perfc<fUy tranfparent; and at the NewtOt*. 
fuperficies of the obje<5t-glaires, mentioned in the 196th article, where ^' **'' 
they were very near to one another though they did not abfolutely touch, 
ihcre was no fenfible reflecflion. And likewifc if a bubble be blown with 
water iirft made tenacious by diffolving a little foap in it, and be cover* 
ed with a clear glafs, to defend it from being agitated by the external 
air, and be fuifered to reft a while, till by the continual fubfiding of the 
water it becomes very thin ; at the top where it is thinneft, there will 
grow a round, black, fpot ( like that between the objed:-glafl*es ) which 
will continually dilate it felf more and more till the bubble breaks ; now 
this fpot appears black and tranfparent for want of a fenfible refledtion^ 
whereas the fides of the bubble which are thicker than the top appear 
coloured and t^ake by .a ftrong refleiEtion. 

On -theie grounds I perceive it is that water,' ialt, glafs, ftones and fuch 
like fubftances are tranfparent. For upon diverfe confiderations they feem 
to be as full of pores or interftices between their parts as other bodies are, 
but yet their parts and interilices to be too iinaU to caufe refledions ia 
their common furfaces. 

aoo. The black fpjts at the top of the water-bubble, and iniiie mid-S^npoFeft- 
dleof theobjea-glafles comprefled together, are always furrounded by a^"i^4^ 
multitude of concentrick rings of all forts of colours: and as the colour upLuned. 
in every ring is the fame quite round its circumference, and different in ^^V°^ 



different ring);, fo it is manifeil (from the fpherical figure both of the 
(^e£t-glaffes and of the bubble of water^ and from the uniform gravity 
of the particles of the water fubfiding gradually on all fides from the top 
to the bottom) tliat the thickneffes, both of the plate of air between the glal- 
fes and of the water-bubble, are alfo the fame in every part of the fame 
ring, and different in different rings. Which Ihews that the jjarticular 
colour of any ring depends upon a particular thiqkncfs of the plate of air' 
or ihell of water, where the incident light of the open air is refledled to 
the eye. Rings of colours do alfo appear by light tranfmitted through 
the water-bubble, and through the objed-glafles, held between the eye and 
the light, but their colours are different from thoie that appear in the 
£unc places, by reflefted light. 

Thefe are the general appearances of the rings ia the open air; biu 

"VBhen homogeneal light is caft by a prifm upon the objedt-glaffes in a 

dark room, the colour of all the rings, feen by light reflected from the 

glafles, is die &ine as of the light thrown upon them ; and in the inter- 

N ' r$h 
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vals between the coloured rines other dark rings appear like the fpot in 
the middle; through all which the incident light is tranfmittcd, and forim. 
other Intermediate rings of the fame colour upon a white paper held be- 
fig- «94' hind the glaffes, as reprefented in the figure. It is alfo to be obferved that 
the diameters, breadths and intervals of rings of homogeneal lights, of 
different colours, are all different j thofc made by homogeneal red being 
the largeft, and by homogeneal violet the leaft; and thofe of the inter- 
mediate prifmatick colours are of intermediate fizes. Ahd from hence 
the origin ofthedifferent coloured rings in theopenairismanifefl:; name- 
ly, that the air between ihe glailes, according to its various thicknefs, is 
difpofed in fome places to refleft and in others to tranfmic the light of any 
one colour j and in the fame place to refleft that of one colour where it 
tranfmits that of another. The appearances are the fame when water is 
betvreen the objeft-glaffes, only the rings arefmaller. 
Theeonftim- 201. The tranfparent parts of bodies according to their fcvcral fizes. 
SwiMftr' fcfleft rays of one colour and tranfmit thofe of another; on the iame 
thercEpiained. grounds that chin plates or bubbles do re^dt or tranfmit thofe rays. And 
^^*^ Siis I take to be the ground of all their colours. For if a thinned or pla- 
ted body, which being of ah even thicknefs appears all over of one uni- 
form colour^ ihould be flit into threads or broken into fragments, I &e 
no reafon why every thread or fragment (hould not keep Its colour; and 
by confequcncc why a heap of thofe threads or fragments fhould not con- 
flitute a mafs or powder of the fame colour which the^late exhibited bo* 
fore it was broken. And the parts of all natural bodies being fike (o oWLny 
fraginentS of a plate mull: on the fame grounds exhibit the iame colour. 

Now that they do fo will appear by the affinity of their properties*. 
The iinefl; coloured feathers of fome birds^ and particularly thofe of pea- 
cocks tails, do in the very fame part of the feather appear of feveral co- 
lours in feveral pofitions of the eye; after the feme manner as the rings 
do in the water-bubble and between the obje£t-glafles ; and therefore their 
colours arile from the thinnefs of the trani^arent parts of the feathers %. 
that is from the flendernefs of the very fine hairs, or capillamenta^ ^rhich 
£row out of the fides of the grofler lateral branches or fibres of thofe fea- 
thers. Andtothe famepurpofe it is thatthe^nebsoffomefpidere, by be- 
ing fpun very fine, have appeared coloured, as fome have obferved; aniJ 
that the coloured fibres of fome filksby varying the pofition of the eye do 
vary their colours. Alfo the colours of filks, clodis and other fubflances^ 
which water or oil can intimately penetrate, become more faint and ob- 
fcure by being immersed in thofe liquors j and recover their vigour a- 
gain by being dried ; much after the fame manner as the cdiours of thia 
plates of m^fcovy glafa become more feint and languid by wetting diedi, 
and aifo thofe of the rings by letting water creep m between the obje<a- 
glaffes. Leaf gold and fame fons of painted glais» and the iofuiion of 
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iignum nepbrltieumy reflet one cofour and tranfmit anotJicr, as the 
rings in the water-bubbles and between the obje^-glallds do in the ver/ 
fame places, andfomcof thofecoloiircd powders which paintcrsufc, may 
iiave their colours a little changed by being very elaborately and finely 
ground. Where I fee not what can be juftly pretended for thofe changes^ 
befides the breaking of dieir pzrt6 into lefs parts by that contrition, after 
the fame maimer that the colour of a thin plate is changed by varying 
its chicknefs. For which reafon it is that the coloured flowers of plants 
aod vegetables by being bruifed ufually become more tranTparent than be» 
fore, or at leaft in fome degree or other change their colours. Nor is it 
much lefe to my purpofe, that by mixing divers liquors very odd and re- 
markable productions and changes of colours may b£ effected ' ; of which 
Qo.atofe can be more obvious and rational than that the falin6 corpufctot 
;^one liquor, do varioufly afi upon or unite with the tinging corpufcles 
of another ; fo as to make tlicm fwell, or ihrlnk, (whorby not only their 
bulk but their denfity may alfo be changed }) or to divide them into falal- 
Icr corpufcles^ ( whereby a coloured liquor may become tranfparent ' ; ) a Ait 199. 
or CO make many of them aflbciace into one clufter, whereby two tran- 
sparent liquors may compofe a coloured (»ie ^ For we fee how apt thofo b Art lySt 1 
uline menftruums are to penetrate and diifolve fubftances to which they 
are applied, and fome of them to precipiute what others dilTolve. In like 
manaer, if we confider the various phsencHnena of the atmofphere, we 
may obierve, that when vapours arc nrft raifed, they hinder not the trait- 
f|>arency of the air, being divided into parts too fmall to caufe any rdleo 
tiOQ in their fuperficie&S But when in order to compofe drops of rain r Ait. t^ 
they begin to coalefce and conftitate globules of all mtennediaie fizcs, 
tbde globules when they become of a convenient lizeto reflet fome forts 
fif rays and tranfmit otliers, may conftitute clouds of varioos colours tu> 
corduig to their fizes. Aiid I iee not what can be rationally, conceived, ii^ 
fo tranfparent a fubftance as water, for the produdion of thefc colours be- 
ides the various fizes of its fluid and globular parens, 

1 See Btjft upon coloon, expenm. 20. p> 245. 
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Chapter I. 

?o fiid tS0fitui of raj!s reJleSted from a^ given Jiirf ace. 

FsarotirioH L 
'*■•»!' 208.^ %r KC&be a refUHihg plant, and<ijl'' focus of tbtincl-^ 
B- dentrays,andCX^aperpendiculartotbatplane; andiftbis 

I ptrpendicularbfproductdio t{Jb tbat qC be equal to Qp,, 

* *' the point <\Jhall be tbefocurofthe refeSted rays. 
For let ^j^be any incidfcnt ray ; &tvfr-qA arid produce it towards O, 
and C^ towarite ^. 'Then bccaufc Cy is made equal to C:^ the triangles 
»«ikAi.KKl. g^^^ Cyi^will be cquat'. And conftquently the angle BAO, which 
is equal to the oppofite za^^CAq, is alfe equal to the angle Cti^Therer 
' **■ '■ fore AO is the refleSed ra)r'. %fi.D. 

20?. CvK)/. Hence aU the-rays that flaw towards tf, willflow to^af- 
•^■- terreSeaion-. ^ 

Lemma. 
204. ^antities ani'tbeir pT'opcrtions^ which Jo approach' to a Jiate of e- 
quality as to become equal at laft^. may.ie taken Jor equM in a ftate imme- 
diately preceding the lafi \ andalfoin a Jiatefomevobat remote from the lajt- 
without fenfi^le error in pk^fical fubjeSs.:^ and the fame may befaid off— 
gures which Continually approach to a Jiate offimilitudei, ejpecially iftbefc 
errors, when, computed^ are found inconfideniSle. 

The meaning of the lenuna will appear vei^ plaia when applied to the 
following propoiitions. 

Proposition IL 
jt» 39^197* 20c. IVben parallel rays asDA, EC fall almofi perpendicularly upon.a: 
Jphmcalfurface A C B, the focus^ T, of the refieSed rays will btfeS that 
femidiameter EC, wbicb is parallel to Jbe ineidentrays^- 

Fot 
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For drawing £^, it will be perpendicular to the fpherical furface at 
At and fince ECis in the fame plane as the angle of incidence DAEf 
ihe reflected ity Aq (produced backwards b fig. 297.) will meet£C 
fbmewhere in y » i fo that th« angle of refledion EAq may be equal *■ to ^ ^ 1 
the angle of incidence EAD or to the alternate angle AEq. The swo fides 
^^yJS^ofthe triangle ^^£ ase therefore equal to each other'; andcon-cE)ic.1. 6. 
fequently each of mem gceaKr than half the third fide EA^ or than ET 
by confirudlion. But as the point of incidence at A approaches towards C- 
^e lines Eq^ El" continuaUy approach towards equality, and become 
equal when the triangle AEq is vanifhing: and fo the focus of rays^- 
ling almoft perpendicularly on the fur&ce, or the nearefi: to the point Cy 
is to be reckoned at T'd. ^E.D: * An. 304. 

206. Corel. Hence if T be the focus of the incident cays, the-refte^ed- 

«nes wilt goparallel to the line T^.^. «Art.ii.- 

PROPOSITIOM lit 

207. Let ACB h a refe£iiHg furface of any fpbere wbofe eeTtter is E'. Pig. agS.*??*'' 
Bifed any radius thereof y. fuppafe E C> in T j and. if in this radius^ on the 

fame fide of the point T, you take the points Qjiad q, fo that T Qj T E and 
T q « cotttinual proportionals ; and tbepoint Qj&# the focus, of the incident 
tttfSy tbepoint <^Jhallbe the focus of ihe refieSted ones. 

hex. ^Ji zndAq be an incident and rcfleded ray (produced), making e- 
qual angles with the perpendicular AE ; and. the refledlcd ray Ag (pro^ 
ouced) will cut ^^ (produced), fomewhere in q^ as being in the plane of 
incidence EA^. Draw £G parallel to Aq, and let it meet ^^in G; and f Art. 7.- 
alfo £^ paralleito .^^meeting Aq ing: thenbecaufe the angles £^6» 
EAg are equal t, it follows that the triangles EAG, EAg are equiangu- 8 *«• 3. 
brat their common bafe ^iS**, and therefore equictural^i andalfo equal l'^-^--*?*- 
toeach other; and confequently each fide of the equilateral figure AGEg, 
in its vanifhing ilate when A comes to-C, will be equal to l^lf its diago- 
nal ^JEi'^ or by conftruaion to B-T. Now becaufe the triangles GfjB, kArt.w.4. 
f£;areequiaiigulari, it will be as G^to Gfi, fo-gEto gq'^i that is; 1 Enc. i. 29.' 
when the point A is coinciding with Q and confequently the points.G»^ " ^^- ^^♦* - 
withr, aar^o-T'fifoT'EtoT'y. ^E.D. nAn.204. 

208. OfTff/. X. If^bethcfocusof incident rays, ^willbetheibeusof 

'■ the refleaedones". oAn. u. 

209. Gwff/. 2. The rays that belong to ^jnay be reckoned parallel when 
die diitance 7'^is infinite, and then by this propofition its i;eciprocal T^ 
becomes nothing ; which is the iecond propofition. 

210. Cpro/. 3. Hence alfa we may deduce the firft propofition^ for fup^ F'E- »99* 
pofing ^ihe focus of incident rays upon the convex furfece^B; fince 

Ti^ TC, Tq are continual proportionals, it is well known that their dif- 
fereaccsC^ Comuft becomeequal when the lines tbemielyes are infinite- 
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ly great ; that is when the furfacc becomes a plane by removing its center 
toan infinite diilance. 

The figiffes fcrve tor the cafes of a convex furface fuppofing the inci-^ 
dent rays to go backwards in the fame lines produoed through the furface. 

211. By the demojiHraiions of tlie two lall propofitions, It appears 
thai the focus of retle.^.ed rays there determined, is nothing elfc in iiri£t- 
nefs of geomecry, but the interferon pf the axis of the furface, that k of 
the ray palling through its center, and of the cieareft rays to it : and alfo 
that other rays interfe^l the axis in diiterent points farther and farther 
from that focus, as they fall farther and iarther from the vertex of the 
furface. So that a fpherical furfacc cannot pofiibly refledt all the incident 
rays to a fingle point. Neverthelefs when thefe aberrations of the remoter 
rays from, the geometrical focus ftiall be confidered, it will appear here- 
after, that the denfity of their inttrfetiUons, near that focus, is immcnfe-. 
ly greater than their denfity at any confiderable diflance from it. So that 
in phyfical things, the focus of all the rays, that fall almoft perpendicu- 
lar upon a fpherical furface, may be confidered as a phyfical point. And 
ihe fame is to be undcrftood of the focus of refrafted rays, as will appear 
by the like fort of demortftrations. 

212. Hence it appears that the focus of rays refle<fled from any curved 
furfacc whatever, mull be reckoned the fame as if they were refle^ed from 
a fpherical furface of an equal curvity to that fur&ce about the points of 

fi$- 300. incidence. As if CD be any curve whatever, C the point of incidence^ 
C£^perpendicular to. the curve, or to its tangent at C, C£ the radius of 
A circle ACB of the lame degree of curvity at C\ the rays coming paral- 
lel to CJE, will be reflcfted to the fame focus T from cither of die furfa- 
ces J and alfo the rays that flow from any point ^ will be refledted by 
either furfiice to the fame focus q. Becaufe we confider die focus of thoie 
rays only, that&U upon the common points of both curves about C, all 
the reft being difperfedmuch thinner into other places. 

213. In ul thefe propofitions when the focufes ^ f lye on the fame 
fide of the refieding furface, if the incident rays flow from ^dic reBeA- 
ed ones will flow towards ^ ; and if the incident rays flow towards ^ the 
rcfle^ed ones will flow from q\ and the contrary happens when ^ and q 
are on contrary fides of the furnce. Becaufe the incident and tt&o&tA rays 
go contrary ways. 
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To determine the piacey magnitude and fitumion of images 
formed by refleSied rays. 

Proposition L 

214. TwAOEs formed by refieStiom from a plane furfaee are Jimilar aftd 
I' equal to the objeks i and their parts have the fame Jituation with 
ref^eBto the backfide of the plane as the parts of the objeSt have with refpeff 
tottsforefdeJ 

From any number of points P, ^ K of anobjeft in any Htuation, draw Fig. 301, 30*. 
the perpendiculars PA, ^y RB to the plane ACB, and produce Aem 
through it to tHe points p^ q, r, each as ^r behind the plane asP,^R 
are before it. The points p, g, r being the rcfpcflive focufes of the rays- 
that belonged to /*, ^, R; and being evidently in the fame order, toge- a Art. 4qit 
thcr with infinite others, will conftitute an image of the objefi, equal to 
it in the whole and in every corrcfponding part, and alike fituated: as^ 
will appear by conceiving the furfaee of the objc^, and of its image, di- 
vided into corrcfponding lines, fuch as P^R, pgr, by planes fuch aft 
PprR perpendicular to the reflefling plane ; and by folding up or dou- 
bling each plane in its line of interfe^ion, jiB^ with the refle<f^ing plane. 
For the parts of each plane on each fide of AB will exadly cover each, o- 
thcr, as appears by the conilrudion. ^ E. D. 

Proposition II. 

21^. Jf anarch of a circle VQKy coneentrick to a concave or cotrvex ^-^^^^^ 
fphencal furfaee K&t be confdered as an objeSi^ its image pqr vnllalfobea 306, 
Jimilar concentrtck arch, tebofe length will be to the length of the objeSl, in 
the ratio of their dijiances from the common center E ; and ttsftuation wttt 
be ereSl or inverted^ according as it is on the fame or the oppojite fide of the- 
center to the objeB, 

For as the focus ^was found by making T^ 'TE, 'Tq continual pro- 
portionals in the line ^E drawn through die center''; fo the focus p^ of b Ait. 207. 
rays that belong to any other point /*, is found by drawing PEA, and 
bifefting £^in S, and by making 5P, SE, Sp continual proportionals. 
The two ikft terms of one proportion are fevcrally equal to the two firft; 
of the other; and confequcntly the third terms Tq, Sp are equal; and 
thence Ep and Eq are equal. The fame being true of every point of the 
circular obje<a P^jR, fliws thatits image^jr isa concentrickarch, fi- 
iTiilar to it, both being terminated by the fame lines EPp, £Rr; and 
coafn^ueDtly their lengths arc ia the fame ratio as their femidiameters. 
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Jl^, £y. Laftly according as the correfpbnding extremities P and ^, of 
the objeft and image, are on the fame or oppoiite fides of the center E, 
they are alfo onihe fame or oppofue fides of their middle points ^ y, 
that is the image is accordingly erciSt or invened. ^E. D. 

216. CoroL The fmaller the circular objeifl is with refpedl to its radius 
or dillance from the center, the nearer it approaches in fiiape to a ftraight 
line, and fo does its firailar image. Confequently a fmall ftraight ob- 
je<ft, placed at a good diflance from the center of the glafs, may be reck- 
oned to have a Araight image very nearly : though in ilri(anefs of geo- 
metry it is an arch of a conick feftion, whofe determination may be feen 
in the remarks. 

217. The images of all forts of objeds maybe determined, by finding 
the images of their out-lines, by the foregoing propofitions. For inftanccj 
if the plane of the (v^uvcb P-E R, ^ Er be turned round their common dia- 
meter i^£y, the circular furface generated by pqr will be the image of 
xhe circular objedl generated by P^R: and if the fame figures PER^ 
/jEr be moved a little about an axisEi^ fituated in their own plane, and 
perpendicular to the diameter ^iDy, the curvilinear figure generated by 
xhis motion of /^r, will be the image of a fimilar figure generated by 
P^R. Becaufe the refleifting arch ^CB generates the rcfleding fpherical 
iurface at the fame time. 

218. But if the whole figure P£i?r^ be moved parallel toit'felf ma 
dirciSion£JP, now perpendicular-to its own plane, fo that the arch -<fCS 
may generate a portion of a cylindrical furface, the figure defcribed by 
this motion oi pqr, will ftill be the image of that defcribed by P,^J2; 
but will not be fimilar to it, except when they are placed at equal diflan- 
ces on each fide the center £, and confequently are equal to each other : 
and their diflimilitudc will be fo much the greater as the difproportion be- 
-tween Eq and £^ or between their lengths /»r, Pi?, is greater; their 
.breadths, defcribed by the motion aforefaM, being always equal to each 
other. 

Chapter III. 

'To find the focus of rays falling altnofi perpendicularly upon 
any ^ef railing furface, fphere or lens. 

Definition. 

^ig.nr^HE fineofan angle .(^fiC, or of an arch -^Cthat measures 

\ that angle, is a line AD drawn from the extremity of one of 

Jig-307»3o8thefcmidiamcters, ^5, 5C, perpendicular to the other, produced if the 

angle be obtufe. And therefqre an angle .^SC and its complement ARE^ 

to.two right angles, Jhaw each the fame fine y^Dj and when the fincs-of 

fcvcral 
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Several anglee are oompared together, they are always underftt»d to be- - 
long to the fame or to equal circles. 

220. The fines of very finall angles, and of their complements, be- 
come at lafi: infenfibly di^enc from the arches that meafure them i and 
confequently are proportionable to the angles themfelves. 

Lemma. 

22 1. "ibefinei of the angles of any triangle are proportionable to the op~_ F'S »'^ 
fofitt Jidei'. as in the triangle ABC, the fine of the angle ABC /j t» the 

Jine of the angle B C A, *h C A /a A B. 

For the perpendiculars CDj BE upon thofe fides -t^S, reproduced, 
are the fines ot the angles ^BC, BC^or 5C£ with refpedl to circles 
whdfe radius \%BC*. And fince the triangles CAT)^ BAE are eqvnan- » An. ng. 
gula^^ we have CD tff B fiasco to v^B. ^£.7>. co^",^; ' '^ 

222. Carol ^xudl angles, as BAC,BCE, fubtcnded by the fame per- 
pendicular BE, are reciprocally as their legs BA, BC or EA, EC. For 
the angle BAG is to B CE, when very fmall, as the ikic of BACxa the 

fine ofBCE «, -or as 5Cto BA'i or as £C to EA^. c Art. 220. 

_ T ■ ' ' dArt. azi, 

F R O P O S I T I O N 1. e Art. zo^ 

- 223. Let ACB *tf arefraSfing plane, and ^he focus vfthe incident rays. Fig. 3 ro » 
. mnd QC a perpendicular to that pla^e i aadif qC he taken in this perpen~i'i- 
^iicularj on the fame fide of the plane as QC, and in proportion to QC, •«* 
the fine of incidence to tbefine-ofrefraSiion^ the point qfiall-be tbefscus of 
the refraSled rays. 

For let the lines ^ji and Aq^ ^oduced as in the figures, reprefent an 
incident and a refraftcd ray, cutting ^C in any point q whatever^ and 
fince a perpendicular to the plane at A is parallel to ^C, the angle A^ 
will be equal to the angle 01 incidence, and AqC to the angle of refrac- 
tion. Therefore fince cqiial angles have equal fines, the fine of incidence 
is CO the fine of refradlion (as the fine of the angle A^, to the fine of 
Aq C, or as Aq to A^, that is when the ray ^i is almoft perpendicular f Art. «i, 
to the plane AB) as Cq to C^e. ^E.D. z a«. 20^ 

Proposition II. 

224. Let ACB reprefent a refraStingfphericalfurf ace whofe center is Fig. 314, w 
E, and let the incident rays asDA come parallel to anyfemidiameterC E, in 3 '7- 
vbich produced forward or hac&ward, according as the denfer medium is 
convex or concave, take CT to CE as the fine of incidence to the Sfference 
of the fines, . and T will he the focus of the refraSied rays. 

For 4et the refra<fted ray ^^'.{produced) cut the femidiameter CB pro- 
duced, in any point 7* whatever j and fince the femidiameter fi^ Is per- 
pendicular to the rcfradting furface ax Ay the angle of incidence will be 
equal to the angle .^£C, and the angle ofrefmdion, or its complement 
O ts 
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to two right cQcs, willbeJEJ^Tt ccnfeqcently the Hnc of incidence isio 

the fine of refradion, (as the fine of the angle ^£C, to the fine of £viT, 

lAn-izr. oTZS^l'to^E^y that IS, when ^ comes neareft to C, and fo the inci- 

feArt. W4. dent rays are almoft perpendicular to the furface,) asCTto 'tE''; snd 

«EucV. 17 disjoimly* thefificof incidence is to the difference of the fines as CT'to 

CE. ^E.D. 

225. Carol, t, Cft'is to TE as the fine of incidcBCc to the fine of rc- 
fradlion. 

■26. Corolz. IfthispoinfT'bethefocusofiDcidentrays, the rcfraft- 
d Am II. ed rays will go parallel to TE^, 

Pkoposition in. 
Pi£-3<8,3ig. 227. Whea psrallel rays fall Upon a jpbere, either denfer or rarer than 
the ambient medium^ in the diameter C D produced^: which is parallel to 
the incident rays^ as QA, let T Be their focus after their firji refra^ion at 
AC i and the point F •which hifeSs T V>fiall be their focut after their fe- 
cond refra6iion atY>G. 

For let the incident and emergent rays^ ^v^» FG prodaeed, meet in 
H, and fince the refrailions at A and G are equal, as appears by fuppe- 
fing a ray to 10 both ways along the chord AGy the trtan"le AMG is e- 
cliuc. I. 6. quiangular at its bafe AGy and therefore cquicrural ' j and fo is the fi«ii- 
lar triangle GF% the lines AH^ FT being parallel. Thciefore when A 
approaches toward C till G is coinciding with D and the triangle G FT » 
vaniftiing, the leg GF will become equal to half the bafe GTi that ii 
fArt.7Q4. DF will become equal to half DT"*". ^i^--^^- 

Lemma. 
fig- 3 10 to 228. There is a certain point E •within every double convex or double con' 
3=3- cave lens J through which every ray that pajfes, will have its incident and 

emergent parts QA, aq parallel to each other : but in a planoconvex or 
plano-concave lens that point E is removed to the vertex of the concave or 
convex furface i and in a menifcus and in that other concavo-convex lenSy 
it is removed a little way out ofthefBt and lyes next to the furface tvbicb 
has tbegreatejl curvity. 

For let RErhc the axis of the lensjoioing the centers fi, r of itsfurfa- 
ces A, a. Draw any two of their femidiameters RA^ ra parallel to each o* 
iher, and join the points ^t>y and the line -/tfa will cut the axis in the point 
£ above defcribed. For the triangles REA^ rEa being equiangular, i?fi 
will be to Er in the given ratio of the femidiameters RA, ra-, and con- 
fequently the point E is invariable in the fame lens. Now fuppofing a 
f:ay to pafs bom ways along the line Aa^ it being equally inclined to the 
perpendiculars to the furfaces> will be equally bent and contrary ways in 
going out of the lens; fo that its emergent parts A^ aq will be pa- 
lallcL Now any of tlwfe leofca will become plaao-couvcz or plano-conr 

cave, 
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cavc, by conceiving one of theicmidiametefs/t^, rj to become infinite 
and confcquoidy to become |)arallel to tbe^Js of the lens, and then the 
other femidiameter will coincide with the axis ; and fo the points ^ £ or 
rf, E will coincide. ^KD. 

229. Corvl. Hence when a pencil of ra3rs falls almoft perpendicularly 
vpon any lens, whofe thicknefs is inconlider^ile, the courie of the ray 
which pa0e8 through £, above defcribcd, may be taken for a Uraight line 
f>aflii^ through the center of the lens, without Icnfible error in finfiblc 
things. For it is manifeft from the length of Aa and from the quantity 
•of dte refradions at its extremities, that the perpendicular diilance of 
ji^ aq whoi produced, will be diminiihed both as the thicknefs of the 
lens and the obliquity of the ray is diminilbed. 

Proposition IV. 

230. To Jind the ficus of parallel rays falling almoft perpendicuUrly up- 
on any gtveB leas. 

Let £1 be the center of the lens, X andrthe centers of its furfaces, i?r Fig. 3z4'm 
itsaxis,^£Ga line parallel to the incident rays upon thefurfaceB, whofe ^^^' 
center is i^ Pardlelxo^£drawafemidianieter ^BitE, in which produced 
let ybe the focus of the rays after their firft refraftion at the uirface B, 
and joining Vr let it cut gE produced in G, and G will be the focus of 
the rays that emerge from the lens. 

For Itnce ^ is alfo the focus of the rays incident upon the fecond fur- 
face Aj the emergent rays muft have their focus in fome point of that 
ray which pafles ftraight through this furface; that is in the line Fr, '• 

drawn through its center r : andiioce the whole courfe of another ray is 
I'eckoned a ftraight line^£G*, its interfe(3ion G with Fr determines the » Art. 129. 
focus of them all. ^E.D. 

23 1. Carol. I. When the incident rays are parallel to the axis rR, the 
focal diftance £i^ is equal to BG. For let the incident rays that were pa- 
rallel to gE be gradually more inclined to the axis till diey become pa- 
rallel to itj and their firil and fecond focufcs F and G will defcribe cir- 
cular arches VTand GFwhofe centers arc R and E. For the line RF'is 
invariable ; being in proportion to 22 B in a given ratio of the leflcr of the 

fines of incidence and refradlion to their difference'' ; confequently the b Art. «h- 
line £G is alfo invariable, being in proportion to the given line i?/^ in thd 
given ratio of rJE to rRy becaufe the triangles EGr, RFr are equian- 
gular. 

232. Corol. 2. The laft proportion gives the following rule for finding 
the focal diftance of any thin lens. As Rr^ the interval between the cen- 
ters of the furfaces, istorE, the femidiameter of the fecond furface, Co 
is RFqt RTj the continuation of the firft femidiameter to the firft focus* 
to EG or EFf the focal diftance of the lens. Which according as the lens 

O 2 is 
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is thicker on tfaiaHer in ^ inUdie-than at its ed§est muA lye on the fame 
iide as the emergent rays or thff •ppoCte iide. 

233. Carol. 2. Hence wbea says fall parallel on. both fades of any lenfr^ 
the focal diftanccs £/*, Ef are equal. For letr^ be the continuation of, 
the femidiamecer Er to the firft focus / of rays falling parallel upon the 
furfece ^i and the fame rule that gave rR to r£ as R'TtQ EF,. gives 
alfo rR to RRas ri to Ef. Whence Ef and EF are equal, beeaufe ;he 
redangles under r£, ifv and alfo under i2£, r^^ase equal. Forr£)Sto 

»Art 214. f~f 2,^ alfo i?£ toKTin the ^me given ratio'. 

334. Carol. ^. Hence in particular in a double^convoc or double-con- 
cave kns made of glafs, it is as the fum of their femidiameters (or in a 
menifcus as their diiference) to either of them, fo.is double the.other, to 
the focal diftance of the glafs. For the continuations iJT", rt arc feverally 
double their. femidiameters : becaufe m glafs £ 7'is to TR and alfo Et to 

fcArt ji,-. /ras3.to2^ 

'3- 235, Coral. 5- Hence if the femidiameters of the furfaces of the glafs be 

equal, its fbcal diftance is equal to one of them ; and is equal toche focal 
diftance of a plano-convex or plano-concave glafs vhofe femidiametef is 
as ftiort again. For confidering the plane furiace as having an infinite f«» 
midiamcter, the firft ratio of the laft mentioned proportion may be reckon- 
ed a ratio of equaHty. 

Propositi oir V. 

Fig. 33oft> . 236. "The focus (f incident rays uponaJinglefurfacey.Jpbere or lens hetng 

3S>- given, it is required to find the focus of the emergent rays. 

Let any point ^ be the focus of incident rays upon a fpherical furfacc, 
lens, or fphere, whofc center is £ ; and let other rays come .parallel to the 
line ^jEj the contrary way to the given rays, and after refraflion let 
them belong taa focus £i then uking£y. equal to ££, iayas^jPto i^E 
{oEftoftf, and fdacing /"j the contrary way from /"to that of F^ from 
£, the point q will be the focus of the refraded rays, without fenfible error j 
provided the point ^be not fo remote from the axis, nor the furfacesfo 
broadas tocaufeanyoftheraystofalltooobliquelyuponthem. 

For with the center £ and feraidiameter £jPor Ef defcribe two arch- 
es £G,y^ cutting anyray^fatf inGand^, anddraw £Gand£^. Then 
fuppofing G to be a focus <» incident rays, (as G./^) the emergent rays 

c Art. 316. (Asagq) will be parallel to G£ = j andon the other mndfuppofing^ ano- 
ther focus of incident rays (as^*,) the emergent rays (as-^G^) will be 
parallel to^ £. Therefore the triangles ^GE, Egq are equiangular, and 
confequently ^G is to GE as Eg log a j that is^, when the ray ^j^a gr is 

iArt.ao4. theneareft to ^£j, ^jFisto ££as £/"to/^^. Nowwhen ^accedes 
to Fand coincides with it, the emergent rays become parallel, that is 7 

recedes 
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recedes to an infihrtc diftance; and confequently when i^pafles R>^the-«v- 
thcr fide of i*", the focus q willalfo pafs through an infinitefpace from one 
fide of /to the other fide of it. ^E,-D. 

237. Cora/. 1. In refraftions at afpherical furface ^C, the focus jmay 
alfobefoundby this rule, as;^te PC fo C/'to/^'j becaufci^Cand^/" 

and alfo FE and C/"arc equal '. « Ak. 125. 

238. CoroL 2. It may alio bc-found; by this rule,- as^/'to^jEfo^to 
^t ' P^^*"S ^ ^° *^' *U t'^* ^o""" diftances from ^may lye on one fide 
of It, or elfe two on each. For the triangles ^GJS, ^^j being equiangu- 
lar we have ^G to ^JS as ^ to ^. 

229- CoroL X. Inafphereorlens the focus a may be found by this rule, 
as ^Z" to ^E fo ^E to ^, to be placedthe fiime way from ^as ^F lyes 
from ^ Fbr Ifet the.incident and emergent ray ^A, qa be produced^' 
till they meet in e ; and'the triangles ^G£, ^a being equiangular, we- 
have ^Gto^fias^to^; and when ther angles of thefe triangles arc 
vanifliing,, the point e will coincide with £ ; becaufe in the fphere the 
triangle Jiea is equiangular at the bafe Aa^ and confequently Ae and ae^ 
will at laft become femidiameters of the fphere. In a lens the thicknefs 
Aa is inconfiderable. 

240. CoroL 4.. In all cafes the diftance fq varies reciprocal^ as F^ 
does J and they lye contrary ways from /"and F; becaufe the reftangle or 
the fquare under EF and Ef^. the midcUe terms in the foregoing propor- 
tions, is invariable. 

2^1. CaroL 5; Convex lenfes of difffcrent ihapcsthathaveequal focal di- 
ftances, when put inta each others places, have equal powers upon any 
pencil of rays to refraft them to the fame focus. Becaufe the rules a- 
bovemencioncd- depend only upon-the focal diftance of the lens, andjior 
upon the proportion of the femidiameters of its furfaces. 

242. CoroL 6. The rule that was given for a fphere of an uniform den- 
iity, will ferve alfo for finding the focus of a pencil of rays reirafted 
through any number of concentrick furfaces, which intercede uniform 
mediums 01 any different dcnfities. For when rays come parallel to any 
line drawn through the common center of thefe mediums, and are refraft- 
cd through them all, the diftance of dieir focus from that center is inva- 
riable, as in an uniform fphere. 

243 . CoroL 7. VVhen the focufes ^ q lye on the lame ffde of the re-* 
framing furfaces, if the inddent rays now from ^ the refi-aaed rays 
will alio flow from q ; and if the incident rays fltJw towards ^ the re- 
fnufted will alfo flow towards ? : and the contrary will happen when ^ 
and ^ are on contrary fides of the refrading furfaceg. Becaufe the rays'arc 
contmually going forvrards. 

The 211th andzizth articles are applicable to reiradrons as weH as 
rcftcftions. 

Chaf»- 
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»C H A P T E R IV. 

7h determine theflace^ magnitude and Jituation of images 
formed by refraSied rays. 

Proposition I. 

^44. Tmages formed by refraEiiom at plane Jurf aces are ^milar to the 
J_ objeStit and are al-wayi ereBt or in afimilar Jituation to the ob^ 
je^Sf and on the fame Jide of the planes, 

jFig.5j6,337. Let P^ be an objeft radiating upon a refra^tin^ plane ^C5j to 
which draw the perpendiculars PA, ^, RR, &c. and in thcfej>erpcndi- 
culars take Ap to AP, Cq to C^ Br to BR in the given ratio of the 

jArt.^jS. fine of incidence to the fine of refradion''; and the focufes ^ y, r, &c 
will cooftitute a fimilar image in a iimilar fituation to the obje£t 1 the 
parts pq, qr being in the fame ratio as P-^, ^/2. This is fclf-evident 
when the object is parallel to the refracting ^ane ; and when it is inclin- 
ed, produce it till it cuts the plane in Z); and the produced inu^e will 
alfo cut it in the feme point D. For fuppofing the perpendicular BrR 
«o move towards Z>, the lines £ J?, Br being in a given ratio will vaniih 
both together : and becaufc the triangle pD P is cut by parallel lines q ^ 

fijlut VI. I. rRj it will be as />y toP^(fooDEO ^/)) fo yr to ^R"; andaltematc- 
]^pq to qr as P^to ^. In like manner if the rays that belong to tbc' 
iocufes /, y, r be refraflcd again by another plane, either parallel or in- 
clined to AB, their fecond focufes will conilitute a &cond image^ Umi- 
lar to the fir^ ima^e and confequently fimilar to the objedj and io on* 

Pkoposition n. 

Kg. 33« -» *45' ^fon srch of a circle P QR defcribed upon the center E, ofafphe- 
W- ricalJurJaceffl>hereor lenSj be coajidered as an objeS, its im^e ^<\\ ivitt 

be a^mtlar concentrick arch j wbofe lenph will be to the length of the olh- 
feB in the ratio of their diftancesfrom the common center E \ and the image 
will be ereB or inverted, with reJpeB to the objeB, according as they lye on 
ihe fame fide of the center or on contrary fides. 

The propofition 15 evident by infpeftion of the 338th figure in all ca- 
fes of refraftions made by concentrick furfacesj becaufe the parts of 
xhefe furfacec are alike expofed to the parts of the concentrick obje&. 
And in a lens the focufes of all the pencils of parallel rays lye alfo in. a 
concentrick arch GFH; whence Pp and ^y being thkd proportionals to 
*Art. «39- two pair of equal diftances PG and PE, ^ and ^£ ', arc alfo equal '; 
And ib the image p^r is alio a concentrick arch. Now fince the axes of 

thiQ 
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the pencils are reckoned ftraight lines faffing through E*, the angles "A^ »«?• 

fEr^ PER are equal; and therefore the ratio of the image to the objca,. 

IS the fame as of their diibuices from the center E And according as their 

correfponding extremities P,/ are on the fame or on contrary fides of E^ 

they lye ©n the fame or rantrary fides of their middle poipts ^, q ; that 

» the image is accordingly ered or iicrerccd^ ^ E. D. 

i^6. Carol. The fiiialler the circular object is with refpe& to its radius or 
diftancc from the center £, the nearer it approaches in ihape to a flraighc 
line,, and fo does its fimilar image. Confequently a fmall flriCightobjeftpla- 
ced at a good diilance ftom thecenterof the glafa may be reckoned to have 
a ftraight image very nearly t" : though in.ftri<ftnefs of geometry it is an arch ^ A«-««4^ 
of a conick fe^ion dctcnnined in the Remarks. And by thefe propoliciona 
the images of all objeias- may be determined, by finding the images of 
their out-lines. Here I conclude the elementary pro^fitions^ which ai«^ 
aUb demonftrated algebraically in the Remarks. 

C»APT£tt V. 

to determine the apparent difia^ey magnitude^ fituatiofty de^ 
gree of difiinSin^s and brightmfsy the greatefi angle ofvl- 
Jion and visible area^ of an objeSi Jeen by rays Jucce£hely 
reJUEfed from any number of plane or fphericalfurf aces 'y or 
fucceffpoely refroBed through any number of lenfes of anf 
Jorty or through any number of different mediums whofe fur- 
faces are plane or fpherical. With an application to lekjr 
copes and Microfcop;?. 

Proposition I. 
247. T Taving fbe focat dijiances atrd apertures of any number of len* 
I \ fes ofanyjort, placed at any given dtftances from one another' 
and jrhm the eye and ohJeB, it is required to find the apparent diftancff. 
magnitude, fituation, degree ofdiJiinStnefs and hrightnefs of the objeBfeen 
through all the lenfes; together xvitb thegreateji angle of vifion andvyible 
area of the obje0j and the particular aperture which limits them both. 

248. Let FL be an objefl: viewed by the eye at O through any num- Ap. aifta&r. 
bcr of lenfes placedat^,B^C, whofe focal diftances are the lines a, i^c,*'* 3*'* 
and whofe common axis is the line OABCP. The diftance 0-P may be 
conlidered as divided by the glaflcs at ^, B, C, into two fuch parts as 
O^, ^P; OB, BPi OC, CPi or into three fuch pans as OJ, ABy. 

BP'r OJ, ACyCPi or into four fuch parts as OJ,AB, BC, CF} and 
... — j.^ 
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fo on as far anlie number of glafles permits. All the fcvcral produib of 
fuch correfponding parts, applyed refpedtively to the focal dlftance, or 
-lo the produfS of the focal diftances of the glafles, which are placed at 
the pointer points of divifion, will give fo many feveral lines; which 
muft be looked upon as jiegative, if there be an odd nuniber of convex 
glaffesat the points of divifion, otherwife as affirmative. LetOnbethe 
ium of O P and of thofe feveral lines according to their iigns, and k will 
be the apparent diftance of the objeft. 
. 249. And its apparent magnitude will be to its true ' magnitude, as 

OP to On. 

25a And if the value of On be affirmative, the-objoa will appear up- 
right, otherwife inverted. Or to exprefs the fame tlungs in other words, 
the objedt will appear through all the glafles at the fame diftance, of the 
fame magnitude, and in the fame fituation, as it would appear to the na- 
ked eye viewing it from the diHance On, fuppoiing it placed upright at 
n when On is affirmative, and inverted when OO is negative. 

251. When On is affirmative place it before the eye, otherwife be- 
hind it; then let the eye be removed from O to ^, that its diftance from 
the next glafs may vaniih ; and here let J!v be the apparent diftance of 
the objea PL, to be found and placed by the fame rules as O n was. 
Then let ^p be to j^w as AO to the difference of O FI and Aw, if they 
lye the fame way from O and ^ otherwife to their fum; andlet theor- 
der of the points ^, ^, or be the fame as the order of the points O, ^, n ; 
and from the iituation of this pointy, ajudgmentmay be formed of the 
degree of dillincSnefs with which the objeift will appear. Becaufe the rays 
flowing from P, by paffing through the glafles, will be difpofed to fall 
upon the eye, in the fame manner as if the glaflTes being removed, they 
tended from the pointy, when it falls before tne eye, or towards the point 
ft, when it falls behind the eye. 

252. Let the lines AR, B S, CT be the femidiaraetprs of the given a- 
perturcs of the glafles A, B,C\ and let OjS be the apparent diftance of 
thcline^.^, feen through the glals >^ ; and 7 the apparent diftance of 
the line CT feen through the glafles A and S ; to be found as above. E- 
Tcft the perpendiculars $a equal to BS, and yr equal to CT*, and then 
the leaft of the angles, which ajiy one of the perpendiculars AR, j8<r, y t, 
iubtends atO, will be half the greateft angle of vifion. 

253. Let this angle be ^Off, andletOff, produced, cut a perpendicu- 
lar to the axis at n in A ; then PL taken equal to n A will be the femi- 
diaraeter of the greateft area of the pbjeft PL, that can be feen ar one 
view from O, through the given apertures of all the glafles: and there- 
fore PL or n A, the femidiameter of the vifible area, will he to S « or 
BS, the femidiameter of the aperture which limits it, as On the appa« 
Xf Dt diftance of the area, to )3 the apparent diftance of that apenurc. 

254. 
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- 254. AndbythefuppofitionthatfiOff is the leaft of all the angles fub- where n- 
tended at O by any of the given lines AR^ goi yr, it wiH follow that °""^" 
the aperture which limits the vifual angle and vifible area, belongs to the 
glafs B. 

; 355. Since the magnitude of the pupil is fubjed to be varied by vari-, Ap. brigh*- 
ous degrees of light, let NO be its femidiameter when the objeA PL is '"^■*' 
viewed by the naked eye from the diflance OP ; and upon a plane that 
toudiesThc eye at O let OKhc the femidiameter of the greateft area, vi- 
fible through all the glaffes to another eye at P, to be found as PL was; 
or which is the fame thing let OJIl be the femidiameter of the great- 
eft area inlightencd by a pencil of rays flowing from P through all tho 
glaHes ; and when this area is not lefs than the area of the pupil^ the 
point P will appear juft as bright through all the glaffes, as it would do 
if they were removed : but if the inlightened area be lefs than the area of 
the pupil, the point P will appear lefs bright thfough the glaffes, than 
if they were removed, in the fame proportion as the inligh.tened area is, 
lefs than the pupil. And thefc proportions of apparent brigh^efs would 
be accurate, if all the incident rays were tranfmitted through the glaffes 
to the eye, or if only an infenfible part of them were ilopt. 

Demohstration.' 

456. For let any ray OrstL^ of a pencil fuppofcdto flow from the, ad. cGftanct. 
^e to the objeft, belong fucceffively to the focuies /",£, j6, after its fuc- P'S- 344- 
ceffive refraftions at the glaffes Af^ Bs, Ct ; and then let it fall upon 
the objeft at L. The point L will therefore be feen by the ray Z.^jrO 
returning back along me fame lines to the eye atO'. LetLA drawrt pa- j^^ ^^ 
ralleltoOPmeet the vifual ray Or, produced, InAj and let the reftan- ' 
gle PL A n be compleatedj and On will be the apparent diflance of the 
objc€t\ Let us at firft fuppofe all the lenfes to be concaves; andfince the bAn. nf. 
triangles OAr^ On A are equiangular, we have OA to On in the fame 
ratio as Ar to nA or Pi; or in a ratio compounded of Ar to Bs, Bs 
toC/, CftoPLi OTcompoundcdof/Ato/A— h A B,gB tog B-i-BC, 

bCtohC'+CPi and confequently On^OAX.^-—^ '/.lS.^% 

T^ — * by which theorem the apparent diftance On will be given fo 
fbon zsfA,gB, i&Ccan be found. Thefe may be f ound b y Art 239 as fol- 

lows : JA =g^^ s gB = 'fj^^^, ■, *'^=iiT52T/ "'"« " " 

eafy to colleil , that if the eye at O views an obje(a at B through one , , 

glafs at A, its apparent diftance OjS = B -h ; that if the eye at O 

P " views 
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views an objeft: at C, through two,glafles at ji, B, its apparent diftance 

€)y = OC— H- — ■— +- — -—I r— ; that u the eye atOviewsanobieft 

at P through three glaffes at ^,.B, C, its apparent diftance On —OF 

OAF OBP OCP OABP OACP OBCP QJBCP 

a b e ab ac be ait 

fo on continually as the folution of the problem dircils. Now if any 
of the lenfes be convex, the focal diftances of fuch Icnfes muft be looked 
upon as negative, fince they lye the contrary way to thofe of concavt 
knfes, when the incident rays come the fame way upon both forts : there- 
fore the terms which involve any odd number of convex, lenles at the 
points of divifion,, muft be looked upon as. negative 

The determination of the apparent magnitude is evident by Art. 141.. 

And that of the appaient fituation by the btter part of Art. 13 9. 

2^7. Coropleatthe redangle LPwa and jpift^A meeting OA in./;, 
and the line fpy drawn perpendicular to the axis of the glaffes, will be 
the laft image of the objeiS: LP. Becaufe the iame point L. is feeh by a. 
ray which falls upon the eye at O in the diredtioa A O, and aJfo by a ray 
which falls upon the eye at ./^ in the direiSion xAy and therefore the 
point /where thefe direftionscrofs one another is the focus of the emer- 
gent rays.. Now fine? the triangles- .^^/, u4w\ and alfo Of I, OtlA are 
equiangular^ we have AptoAir^^ {P^^° '^'^ or FIA, or as) 0/ to Orh 
or as Op =F jip or Oji to n =^ ^or, according asp falls without oc 
within the line 0^^, and confequently according as On and Air lye the 
fame or contrary ways frQxnO&adA. And the order of the poins -d!i/,w 
is the fame as. the order of the points AJy A, or of the points O, /, A,, or 
of the points O, ^, Th 

258. Let Otr cut the perpgodiculars AR'mr, yTinfl, tlAinA,. and^ 
compleac the reftanglcs B^as, CyH, PtlAl*.; thenby the fuppofition. 
diatthe angle j80<r is the leaft of the angles, which any one of the per- 
pendiculars AR, ^ry yxfuhtends at Qyii follows that Ar is lefs than AR > 
ajidyfl lefs than 7T, or C/lefethaa C'T*. Butjoining ri, j/, ^1,, tbcfa 
lines will be defcribed by a ray paffing from O to L. Becaufe the lines' 
Cry Or 9^ Or\ OrJk are the feveral apparent diftances of the points r, j, 
t, L feen in one common diredion Or. But in the conftrudtion ^9 was, 
taken equal to BS; and fuppofing thjB vifual angle 0Oo-to be increafed 
never fo little, the equal perpcndiculars.^ff, Bs would alfobe increafed i 
and then Bs would become bigger than BSy and confequently the 
outmoft ray Lfs would be ftopt at s for want of a larger apertuKe than 

z^g- The perpendicular riA or PL would alfo be increafed by in- 
cxeafing the angle ^0^^, but this being impoSihle without Increafing B S, 
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it is plain that P L is the iemidiameter of the greateft area that can be feen 
at one view from O through all the given apertures. 

260. And fo it is manifeft that the vifion is confined by that aperture where u-" 
at 5, which appears through the intermediate gkffes, under a l^er an- ■"''"*■ 
gle iSOff, than any other a.perture would appear under, ifthe reft of the 
apermres were fufficicntly mlarged for the purpofe of feeing it. 

261. liOKhc not lefs than ON^ the area of the pupil will be totally Ap. bright- 
inlightened by the pencil that flows from P. Let P/ir2\rbearay ofthatpj^' 
pencil, cutting the ob^eA-glafs Ct mt; and fuppofing the glailes were 
removed, let an unrefradtea ray PMN" cut the line Ct in M. Then the 
quantity of refradted rays which &U upon the line NO, is to the quanti- 
ty of unrcfraScd rays which would fall u^n it, as the angle CPt to the 
angle CPM, that is as the apparent magnitude of the line NO, fccn from 

P, to the true. And therefore by turning the figure round about the axia 
OP^ the quantity of rcfra^Bd rays which fill the pupil, is to the quan- 
tity of unrcfraaed rays which would fill it (as the apparent magnitude of 
any furface at feen from P, to the true j or as the apparent magnitude 
of any furface at P feen from O to the true ■ j and confequently) as the a Art. 4t6t. 
apparent magnitude of the leaft furface or phyfical point P, to the true ; 
that is as the pidure of the point P formed upon the retina by thofe re- 
fracted rays, to its pidure formed by the unrefraded rays. Tbefe pi- 
ctures of the point P arc therefore equally bright and caufe the appear- 
ance of P to be equally bright in both caies. Now let the pupil be lar- Fig. j+b- 
ger than the greatcft area inlightcned at O by the pencil that ifowi from 
P ; and fuppofing a fmaller pupil equal to this area, we have ihewn that 
the pidlures of P upon the retina made by refrafted and unrefrad^d rays 
would be equally bright ; and confequently each of them would be lefs 
bright than when the larger pupil is filled with unrefrafted rays, in the 
fame proportion as the fmaller pupil, or area inlightened by the refract- 
ed rays, is lefs than the larger pupil, inlightened by unrefradted rays. 
Hitherto I have fuppofcd the pifture of the point P to tw diftindl upon 
the retina, or proportionable to the an^e which mcafures the apparent 
magnitude of P ; let us now fuppofe it to be confufed and the conclufion 
wall not be altered. For the conmfed picture of P diifufes an equal por- 
tion of its own light lipon every point (equidiftant from its center,)quite 
round its diftinS bounds, and receives from every point as many fuch 
portions of their lights, which came from other points of the objeift. 

262. Corel. 1, While the glaffes are fixt, ifthe eye and objeft befup- 
pofed to change places, the apparent diftance, magnitude and lituation 
of the objedt will be the fame as before. For the interval OP being the 
fame, and being divided by the fame glafiTes into the fame parts, will 

give the fame tlworcm for the apparent diftance as before ' ; namely P •> Art. !4«. 
• P z -+ 
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lig. 34^,348. 263. CoroL 2. Whea an objed PL is feen through any number of 
glaffcs, the breadth of the principal pencil where it falls on the eye at O^ 
is to its breadth at the objedt-glafs C, as the apparent diftancc of the ob- 
ject, to its real diftancc from the objed.-glafs > and confequently in Tclef- . 
copes, as the true magnitude of theobjeS,. to the apparent.} that, is OK is 
to Ct as OU to PC. For let Kx drawn parallel to the axis OP, cut Pt 
produced in x, and compleat the rcftangfe xKOSl, then PO is the appa* 
rent diftance of an objed OK feen from P through all the glafles j and : 
the triangles Piix, PCt being equiangular, we have OK ot Ox. to Ct^ 
as PQtoPC, or as O nio PC by the foregoing corollary.. 

264. Corol. 3. When the rays flowing from P through all the glafles,. 
fall perpendicularly upon a iixt plane at 0, their denflty will be uniform . 
in every pailt of the inlightened area. For fuppoflng all the incident rays 
to be tranfmitied, their quantity in the areas at C and ac O will be the 
iame ;, and this quantity being uniformly denfe in the area at C, is as this- 

^An..z6i. area, or as the area at (theratio of thefe areas-being iBvanahle*)<iaad. 
confequentLy is uniformly denfe in the area at 0. And whatever part of 
the light may not be tranifmltted to the area at i yet equal portions of ic 
will bcrefleded back from equal portionsofany of the furiacesoftheglafles 
very nearly ; (becaufe all. the rays fall almoft perpendicularly upon eve- 
ly furfacei ) and confequently equal portions of the rays,.wiU be inter- 
cepted from falling upon equal portions ofthe area at 0.. 

265. C^ol. 4. This uniform denfity of the rcfradted rays in the are*, 
at O, is to the uniform denlity of unrefraded rays, which would fall upoa. 
it, if the glafles were removed and which come from the fame point P,. 
as theapparent magnitude of the point P, or of any furface at P, to the 
true i fuppofing all the rays were tranfmiaed. This will appear from the 
firft part of the 26 lA article. 

266. Corol. £. If the quantity of incident light,, in pafling through the 
glafl'es,. be diminiihed in no greater a proportion than that of the greateft 
aperture of the pupil to the given aperture OAT, and the inlightened area., 
be not kfs than the greateft aperture j the pupil will dilate it fcif till it. 

a Ai. 164. receives the fame quantity oflight as in vifion with the naked eye ^ But 
when the inlightened area is lefs than the given aperture of the pupil, 
the natural, brightnefs of the objed will appear diminifhed in the glafles,. 
in a ratio compounded of the ratio of the aperture of the pupil, to the 

o/at. 25;. inlightened area % and of the quantity of incident light to the quantity ■ 
of emergent light. 

267. Coroi. 6. It is evident that an objed feen throu^ glafles may ap- 
pear as bright as to the naked eye ;. but never brighter^, even though all 
tbe. incident light be cranihutted through the glafles. 
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26Z. Coroi.y. The glaffesand objcil being fixt^ the apparent bright- Fig- a**-' 
nefs of the point Pr feen by refracted rays, is invariable wherever the 
eye is placed, while the pupil is filled with- rays that come from that^ 
point J but where it ie not filled, the apparent brightnefs varies direiftly- 
in a duplicate ratio of, Op, the diftance of the pupil from the laft image 
of P. For the denfity of the rays, and the apparent magnitude of the' 
point P, and confequently the magnitude of its pifture upon the retina,. 
do all vary reciprocally in. a duplicate ratio of Op '. Confequently while a Ait. jf : 
the pupil does not vary and is filled with rays, the quantity that enters it ^^* 
is as the. area of the picture of P upon the retina; whofe brightnpfs 19- 
therefoee invariable:^ but where the pupil is not filled with; lays^ the 
(Quantity that enters the pupil 15 invariable, while the a»a of the pi(3ure- 
varies reciprocally in a duplicate ratio ofOpy and confequently while its 
brightnefs varies dire^y in the duplicate ratio of Op. And this is fo vdiat- . 
ever part of the incident light be uopt by the glailes. 

26g. Corot: 8. NVhen the oBjed is lo remote-that the diftances OP,. 
APj BPt CPy niay be confidered as equal to one another, then the ap- 

parent omance On = ©Pinto i— H- 1-- H 1 --4^ k» 

OBC OJBC 

*<■' . . lie' ' . 

"'270; Cfipol. 9. Hence when anJiS are conjugate focufes of "a pencil %• 34* 
of rays refiraftcd through any number of lenfes A, B, C, the ratio of the 
angles jiOr^ Gbe^ made l^ the incident and emergent pans of any'ray 
withtheaxisof thc^bfles, is the fame as of i to i -+- 1 f- — • 

. OAB OAC OBC OJBC _ ,. , ."..',' 

— *- ^— — I- — —I- 'j^ f- — r- . For this latter ratio is die wme as* 

thejiatioof-OPtoOnby cew. 8, that js of the, araarent m^nicude ofa-' 
remote objeft feen from O, to its true magnitude feen from O otb by the .. 
nakedeyci or as the aoglb at O to the angle at A. 

271. Carol, 10. Hence if Obe the focusof incident rap, the focus of* 
the emergent rays from the kft glafs C, may be found by taking Cb ta- 

^ „^ OAC OBC OJBC OJ OB OC , 

Oy<xOQ—\ ^— ; y- — -- as I to I -H-— -— I — y — ♦* — — H-, 

■a B ao a 6 «' 

OJB OJC OBC OJBC ,, t*. ^, , > 

i-+ -+ -—' -7+ ■--— » and by placing Co-contrary^ to the courfe- 

(f^ at Ac abc 

of the rays if the fecond and diird termsof this proportion have like ^ns, . 
otherwife according to their courfe. For compkating theredangleyC/0,„ 
C^ is to Oyas theangleyPStothcaiigleC<&^'»» thatisintlw ratioabovc- bAn. foi- 
mentioncd,.by cor. 9. 

272. Corol. II. When the focal diftances of the glafTes, and die diflan- 
ceis of tl^ ght^es- from one- another and firom the objear are fuch that i ' 
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-*■ h- — 1- h—, — I— -f-j 1-— r- =»» t™ rays of any 

tf ^ c ,1^ 4C tr ate ' 

pencil will fall upon the eye in parallel lines j and then the apparent 

j-fl. ^« -11 . , > ^n ^SP ACP ABCP 

4uftance On wJl be equal to Aw = AF -+ — v 1- —, — ot 

BP CP BCP . , , . .-A L • 

7 —a into J — {- -7 — (- {- -y- ! And this apparent diftance being 

inv^ffiaUe, iIk apparentjnagnitude, fituation, and degree of diftinftncfs 
Is- .345- and brightness will alfo be invariable wherever the eye is placed. For 
the rays flowing from L will fall parallel upcai the eye when 01 and AK 
4)r A and ^A are parallel} and confequently when Oil =r^v, (»* Oil 
-'Aw = c- Now by putting OA = o in the value of On = OP -+ 

OJP OBP OCP OJBP OACP OBCP OABCP . . 

-f— -H- — ■ H- — r-^ 1-— r *■ — r— 'wehave^w 

» t M ae be ate 

^AP •+—. 1- f- —7— '» which being taken from OH, there 

- ^ ' 'jP BP CP ABP ACP BCP 

XKOamt Ow~A:rz=.i h- l--r-+ ^ — r -*• •■ "i •• 

a e t at at be 

^BCP , . , . BP CP BCP -„ ABP 

— - — =*i which gives — a into i -+ — H- — -+ -r — ^AF-^ — 7- 
ACP ABCP . ^ 

-4- h— ;— =^w = on. 

t be 

273. Cwol. 12. Hence when the object is fo remote, diat die diftan- 
cesOP, APj BP, CP may be confidn-ed as equal to one another, the 
xays which h]l parallel upon the firft glafs will emerge parallel from the 
Jaft, if theglailes be fo difpoied thati-+i -+1.-+---+ — -4--r- 

** ' a b e aB *t be 

■H--T- ^Oi and on the contrary: and then tbeapparent diftance On= 

<^w=)Oi'mto I H--J — 1- - — <- — or rr-tfXOP mto--f - -+ 

— ' And confequently in two concave lenfes A, £, the af^arent magni- 

]tudeiGtothetrue,orOPtoOnas to- i in three concave Icnfes ^ 

« i 

^iC,aa— '- to \ — i--^ — J- -— sand in four concave len&$^B,C,X>, as 

« * < be 

,11 I I Be 'SD CD BCD _, . . . „ , 

— - to--+ Ht H--r--f--rr -*•— r -+ -rT* Theumtisrgefted 

^ a 6 e d be bd td bed 

in thefe dedudtions from cor. i j. as being inconliderable in compariibn 
«o the diftance of the otyeft. 

274. Cwd. i^. Since the eye, the glafles and objeft are pliced' in a 
given order, their intervals OA, AB^ B C, Sec. muft be conlidered- as be- 

iogall affirmative, and fincccvery term in. this equation, - -4- j- -4- — 
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-+ — —f- — •~^" "p "** "iT ~ ^' for placing dircc gbffes ^, 5, C, a*- 
aboveaientioaed, is affirmative;: the fum of the^serms cannot be nothing, 
and confequentlyr the rays^ cannon; fall upon the eye in parallel lines,, un- 
lefs foooe one of the focal diftances be negative, or feme one of the glaffcs- 
be convex. Now in a Telefcope fuppofed to conlift of two concave lea- 

£:g jiyBt we have 1- -._+_= o, or AB z=~a — i; which fhewa- 

that AB the interval of the two glaffcs, mufl: be equal to the fum or dif- 
ference (^ their focal diftances^. according as both aK convex,, or one con- 

Tcx and the other c«ncave. In the firft cafe we have OP t» Ortas - ta F^. 349,n« 

— - or as i to — (I, by cor. 12, where the negative value of On fliew» thae 

the objeft will appear inverted », In- the fecond cafe we have OP t& On » Art. ajw 
as & to <J, which Ihews that the objcfl will appear upndit. 

275. Carol, 14. For placing three concave glafles- as above, we 

, , I I I jfB JC BC JBC ^ , «b 

had ^- -+ h ~ -f h-i 1- -— =o» or^H-^-f h • Art. 17$-- 

a i e ab ae bt ait c ' 



~^AB~^ «-f *, BCzzOyOr AB-[- a -+6, BC7+ e -^ AB-^a^h 
= #. Let all the glaiTcs be convex then ^S— d— *is to ./^B — tf as^to Fig. 3s>- 
BC—Ci by which proportion cither of the intervals AB, BC will be- 
givea ^rficn the other ts aflumed as moft convenient. We had OP to- 

Onas-^ toBC-^-c*; whcreif BC be affirmative or b^er than* Art. 27J.- 
i ^e the objedt will appear upright *►; Put BC — ^-c =^,. or BC=2i b An. 350.- 
_H c, and the objed will appear upright and magnified in the ratio of 
f)P to On or of ir to a, wteitever he the length of b. To determine the 
other interval ABy wc found -rfB-a — ^ to^B — rtas^ to BC—c or 
2^ by the affumption; confequcntly zAB — za—zb^AB—ay and'- 
-^B = tf-+2^. Hence if we put ^ =: <7, then .<4B = 3*7, and5C= 2* 

276. CoroL 15. But for the rays of a pencil to emerge parallel to one: 
another from any number ofglaffes,. it is only neceffary that their lafl fo- 
cus fhould coincide with the principal focus of the lafl glafs ; as is evident 
by conceiving the emergent rays to return backwards in the fame parallel 
lines. Therefore all the intervals of theglaSes but the kfl maybe affumed. 
as Ihall be found mofl convenient for other purpofes* And then if any Figi3sa,j5j: 
poim Obc the focus of incident rays their fucceflive focufes/,^, h, t, 
ice. after their refraftions at A, B, C, D, &c. may be cafily fou nd by th ef^ 

< « rA OJ.a „ /A-iAh h . , - gB^BC.t .-^ hC-tCD.J , , 

rules i7!(f=: ',eB=' '&€=:- ~ — j ;£>= r — \jcArt. «6> 

&C. 
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^c. taking due care to obfcrve the figns of/^, gB, bC, &c. and M 
iplace Qicm fbrwacds -or accoFding to the courfe of the rays when ne- 
gative, and backwards when affirmative. For example in a Telefcope 
coniifling of four convex glaffes, fuppoiing rays to come parallel upon 
jthe eye-glafs ji, the line j^O muil be made infinite and confequently 

fAi^ — <». Hence ^5 = . "'^ .j._, X — ^> which being made infinite, 
thattheraye may geparalH between the glafl*es^,B, gives —•« -+ AB 
•^Szzo or AB — a-^b. Hence whatever be the interval B C, we have 

hC^^c, and confequently t'D = _ — -i v — X — </, which being made 

'.• infinite, that the raysmay emepgc parallel, gives — c — f- CD— d=Ct or 

CD = c -+d. Now when the four glaflbs were concaves the ratio c f the 

apDarcntmaenitudetothetrue, or ofOFto Orr.was — to--+- -+ 

I SC SD CD BCD • htJ -.7; 7 ^rs * 

L_i.__f h — -+ --— I or to DC ~+a '+c^ CB ~+i 

4 ^ ic id id icd a 

-+ DC-^d,ci by alikeredudion tothatincor. i4i.Dr in four convex 
piaffes, as - — to DC-d-c, CB-b -+ DC-d, -rf; or becauft 
CD:^£ —i-df as*- —to— cc, <x as db to cai or putting ^=0, as</to 

/It whatever be the focal diflance of the equal glaiTes A, B. And the a^r- 
i)Art.iso- niativc valueof Onfliews thattheobjedwillappearupright''. 
J'ig. 3S+. 277. Carol. 16. In a m'icrofcopc compofcd of twoconvex giaffes jrfand 

*: Art. a76. By if the object PL be placed at ^ to be found as before % the rays will 

return to the eye in parallel linesj and then, by cor. 1 1. the apparent di- 

Aance On = -JxT^^y = j X 3 - 5P= -^ ^Pb, taking Bb=b. 
And fo the apparent magnitude is to the true, or OP to On, as OP to — 
- Pbf that is in a ratio com,pounded of b to a and of OP to PA : and the 

negative value of On fliews that the objcft will appear inverted. 

278. Corel. 17. Hence again when the objefl: is remote, as in a tclcf- 
icope, die apparent magnitude is to the true as b toa i beca;^ the ratio 
Qi OP to Pb becomes a ratioof equality. 

279. CoroL J 8. Since the area of an objedt-glafs Is the common bafe 
of all the pencils that flow from the feveral points of an objeft, whether 
jicar or remote j the middle ray of every pencil will pafs Itraight through 
ihe middle point of this glafs. This middle point may therefore be conii- 
-dered as the ibcus from wjience the middle rays flow upon the fubfe^enc 
glais or glaffes ; and confequently if thefe rays emerge from the laft glais 
converging to a focusj and the pupil of the eye be placed at this focus, ic 

will 
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CHAP. ^. AMY HTTMBER OP XITUSIBS. 12T 

will receive all xht middle rays though it were contratfted to(a point ; and F'g 3ss '» 
when it is more open ic wiH alfo receive as many collateral rays of every ^^^' 
jwncil as its aperture can admits and fometimes the whole pencils. The 
vifible area of the olgcd will therefore bethe greateft when the eye is at 
this focus; for in moving the pupil either way from this focus, tiil it 
comes to a place in the pencil of middle rays, where its fedion is as targe 
as the pupil, the outmoft of thefe rays will begin to he excluded from 
the pupil ; and then the vifible area of the objcdl begins to be contrafted. 
And in like manner if the middle rays ihall emerge diverging from a focus 
placed beyond the eye-glafs, the outmoft of them will be gradually exclud- 
ed from the pupil while it recedes from that focus or from the eye-glafs; 
and confequently the vifible area will be greateft in this cafe when the 
pupil is clofe to the eye-glafs. Now this focus of emergent rays, when 
xhe center of the bbjeft-glafs is the focus of the incident rays, may be 
found feveral ways. By an. 271, if £ be the focus of incident rays and 
ihe jglafs ^ be concave;, ^0 = j and if C be die focus of inci- 

dent rays and the glaifes B, Ahc concaves, AO = — -j^ — -^ — ^j^ 

and fo-on; and if any of the gla£es be convex the figns of their focal diilan- 

ces muft be changed. For example in Galileo' % telefcopc where the glafs pjg. jjj. 

uiis concave and ^£ = ^ — 17, wehave^O=tf — ^, whwe a being 

bigger than y> -^O is affirmative and confequently lyes the contrary 

way from A to the courfe of the rays ', which therefore emerge from A » *"■ *7* 
diverging from O ; and fo the vifible area will be the greateft when the 
eye is put clofe to the glafs A. In the aftronomical telefcope AO = — Fig. 356. 
tf — — , by making the line a negative upon account of the convex cje- 
glafs. Here the point lyes on the outfide of the telefcope a little far- 
ther from the eye-glafs than its principal focus, the fmall overplus ~ 

being to tf as d to h. In the telefcope confifting of two convex eye-glafles fo Fig- 357- 
placed that^5 = a -+2 i and B C = 2^ -+ c** , and confequently AC-=a -+ b An. j?;. 
4^ H- c i by fufcftituting thefe values in the rule above, we have AO = — 
a— — — "—; or wheni — tf,^0=: — 2<3— — . Here the place of the eye 

is not much farther from A than twice its focal diftanre. 

zSo.Corol. i9.Thelaftimage/>/istotheobjc<3:PL, asO^thediftance Fij^ts- 
of the image from the eye, to n, the apparent diftance of the objed. 
For the triangles^/O, n A O arc fimilar, and HA is equal to PL. 

Q Lemma 
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281. Imagine a pencil of rays after fcveral fucccflivc reflexions and; 
refraftions at fcveral furfaces, to belong to feveral fucceflive focufes, as in' 
telcfcopesi then if any part of this pencil be ftoptby an obllaclcof any 
ftiape and in any place, the other part that is not liopt will belong to the 
fame fucceflive focufes as the whole did before. Confequently when fe- 
veral fucceflive images are formed by the fucceflive focufes of feverai 
pencils, their places, fliapes and magnitudes will continue the fame, af- 
ter any parts of thofe pencils are ftopt, as they were before. Therefore:- 
to determine the focufes and images formed by fuch partial pencils, wc 
may juflily argue upon any lines of a pencil along which rays might pafs,. 
as if they really did pafs, or as if ihefe lines had the properties of rays;, 
and all the conclufions will be the iame in both cafes,, excepting thofe- 
concerning apparent brightnefs. 

P R O POS I T I O » IL 

282. Having the focal dijiances and apertures of any numSer (Ffrefle^- 
rngfurfaces^ either concceae or convex, placed at any dijlances from each 
other and from the eye and objeB \ it is required to find the apparent dijiance, 
magnitude^ Jituation^ degree of diJlinSinefs and brightnefs of the objeStfeen- 
by raysfuccejively refieBiedfrom all the furfaces j together with the greatefi 
angle of vifion and vifble area of the objeB^ and the particular furface 
whofe aperture limits them both'. 
At>^dtibnce. ^83. Ixt the objeft PL be feen by ray6» which in returning. back. 
%■ 3S9- from the eye at O to the objedlat P, are fucceflively reflcfted from thp 
Ipherical furfaces A^ B, C, whofe focal diftanccs are the lines a^ b, c and' 
tommon aiis is the lineO^CP. Take a l ine O n z^OA~+AB -+ 

nr' ^n O^JB-<-Sd-^C^ OA-^AB,BC-^CP OA-^AB->-BC,CP- 
•MC -+ CP -4. . — - -4- ^ 1- — ■ ■ • 

OAS.MC-^CP OA.JB^BCCP OJ^ZiB,BCP OJBCP . . 

■ -+- — I — ; and- let 



at ac be ate 

the terms that are applyed to the focal diftances of any odd number of 
concave furfaces be looked upon as negative, otherwife as afHrmative; 
and the line On will be the apparent difl:ance of the objeft. 

Ap. mngni- 284. And its apparent magnitude will be to the true as O P to n. And 

ta^^r^'^ if the value of Oli be affirmative the objeft will appear upright, other- 
wife inverted; v 

Ap. diiUnft- 285. When n is affirmative place it before tlic eye, otherwife behind. 

"^^' it; then let the eyebe removedfrom O to j4, that its diftance from the next 

fiirface may vaniih; and here let ./^wbe the apparent diftance of the ob- 
ject PZ* to btfound and placed as above diretitedj then let ^^^ be to -(4tr> 
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■as AO to the difference of O n and Av if they both Iyer the fame way 
from O and A^ otherwife to their fum % and let the brder of the points 
^, ^, ^ be the fame as of the poiilts O,^, n j and from the fituation of 
diis pointy a judgment may be formed of the degree of diftindtnefs with 
which the objedl will appear. For the rays flowing from the point P, 
will be difpofed, after ^ the refledlions, to fall upon the eye tending 
irom the point /k, when it ii before the eyc> or towards the point/, when 
it is behind the eye. 

286. Let the lines AR, B5, CT'be the femidiameters of the given a- Vifual »n^. 
pertures-of the Airfiices A^B^Q, and let 0/8 be the apparent diftance of ^'8- s^- 
the line B5 feen hy fcfleftion from the-glafs^, andOy the apparent di- 

ftance of the line CT'fccn by reflexions from the glaffes B and A^ to be 
found as above j ered the perpendiculars jS^eqiaal to £5, and T-requat to 
Ct\ and then the leaftof the angles which any one of the perpendicu- 
lars ^i?,j8<r, yrfubtendsat 0, wUl behalf the greateft angle of vifion. 

287. Let this vifual angle be jSOir, and let Oa produced cut a per- VifiUtaft*. 
pendicular to the axis at n in A, and FL taken equal to n A will be the 
iemidiamecer of theereateflarea of the object that can be feen at one view 

by the eye at O: and therefore n A the femidiameter of this vifible area, 
will be to)3i»or B5, the femidiameter of the aperture which limits it, 
asOntheappaKntdiftance of that area, co Ojg die apparent diflance-of 
jjhat aperture. 

288. And by the fuppofitlondiat;30ff isdie leaftofall the angles fub- where li- 
tpnded at O by the given lines -4i2, (Sir, yr, it will appear that 5. is the '°"^' 
glafs whofe aperture confines the vifion. 

289. The determination of the apparent brightnefs of the point i* is Ap-biig^ 
alfo the ^zxnz. as in the foregoing propofition, and may be defcribed in "^" 
this other manner. If another eye at P can fee the whole pupil of the eye 

at O or more by refle<!tion from the fame ^aflcs, the point P will appear 
as bright to the eye at as if the glaffes were removed; but if the eye at 
P can fee but a part of the jHjpU at 0, the point P will appear lefs bright 
to the eye at 0, than before, in the fame proportion as the viiible part of 
the pupil is lefs than the whole \ fuppoling no part of the incident rays td ' 
be intercepted or loft by the reflexions, or but an infenfible one. Now 
the vitible area of the eye at O feen from the point P may be determined 
as above. 

290. The demonAration of this propofition is juft the fame as that of Fig.36i,j6p. 
the foregoing propofition , only by changing tlw words concave lenfes 

for convex furraccs; and refraiftions for reflcftions j and by referring to 
the 207th article inffead of the 239thj and if the intervals OA, AB, BC, 
CI^, taken according to the courfe of the rays, be joined together in one 
continued line OABCP, it appears by infpedtion of the theorem for the 
apparent diilance. that its exprefiion by the parts of this continued lin« 
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will be thevery fame as that of the theorem for lenfe&j namely OU—OP 

OJP OBP OCP O^BP OjICP OilCP OABCP , 

m b c nb at bf abi •' 

corollaries in the former propofitioti concerning apparent brightnefs arc 
dfo applicable to this propolnion. 

201. Carol. I. If any of the refteding furfaces be. planes, they maybe 
cftnfidered as portions of fpherical furfaces whoie diameters and focal di- 
fiances are infinite j and then the terms in the value of the apparent di- 
fiance, which are applyed to thefe infinite focal diftanccs, will vanifli. 
Thus if the furface it be a refleiling plane, then On=:0-*4-+ AB —hBC 

„„ OJ,Ab-riiC-*CP OA-*AB->-BC.CP OJ,AB-¥hC,CP . , 

—t-CP— h -H H _: ^ . And 

if the furfaces^, B and Che all planes, On= OA-^-AB-h BC h- CP; 
which is the fum of all the lines d«fcribed by she reciprocal motion of the 
nearefl ray to ehe axis, in palling between the eye and obj^ £t. 
*%■• j^. 292- Corol. 2. When^rays in flowing from the eye, fall fcvwal times «p- 

en an objed PLMN, after feveral reledione from two furfaces A^ B, the 
objefl will appear at as many feveral diftances. As if thcfurfacn -iand^ 

be both convex, then after onetcfleition at A, On=.OA —t-^P—* * 

and after tw o reflexio ns at A and B, OFTz = OA ~+ AB -+ BP — |- 

OA,AB-^BP OA-t.AB,BP OABP , r . /i «.• ,» t> 

T* 7 1 7— i and after three refleaions at A, B 



4Ed A On J z^OA-+AB -f BA^AP-i- ^-^^ ^''-^^^-''*^ ^ 

OA-*AS-^SJ. AP OAB, bA^AP OA, Jb^TJ^ Jf' 

'■ 1- rz -^■ ~ 



OA^AB,BAP OASAP ,. « , . 1 /^ • 11.^ 

^ — 1__ ,-f — — 5 and fo on. And by the foregoing corollaty 

it appears wlwt the apparent diftances will be when one or both the re- 
Aei^ing furfaces are planes. And it is eafy to be underftood that one iide 
•f the objeia will be feen after every odd number of reflexions, and it» op- 
'pofite fi^ after every even number. 

293. Corol. 3. By this and the foregoing propofiti<Mi it is alfo evident 
that all the appearances of ap ola^X wiu be determinable by the fame ge- 
neral rules, when feen by rays which in fome places of their paflage arc 
reflefted from furfaces of any fort, and in others are refrafted through 
Jenfesofany fort. That is ifanyof the linestr, i ore bethefocaLdiilance 
•fa concave or convex len& placed at A^B or Cinffeadof a convex or con- 
cave furface, the general theorem for the apparent diftance and every thing 
•Ife will continue the fame as before y. excepting the fubfequent courfe of 
the rays. The following corollaries are evident by the demooAratiens of 
^ like-corollaries jjn the firft propoficioo*^ 294* 
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294. Coro/. 4. While the furfaces are fix: if the eye and ohjt^t be fup- 
pofctj to change places, the apparent diftance, magnitude and litiiation 
•f the objcft will be the fame as before. 

295. Carol. ^. When the diftances of the objed from the eye and the 
furfaces arc incomparably greater than their diftances fronvone another,j 

then On = OP mto- 1 -f — — H -+ ' V H 

OJ,AB-t-BC OA-fAB.BC OABC 

h : 1. 

Ar be ahe 

296. Carol. 6. When O and h are conjugate focufes* of a pencil of pays pig, j^ 
fucceffively rcfle(acd from any number of fpherical furfaces ^, B, C, the 
rario-of the angles ^0/-, Chf, which any ray makes with the commoiv 

axis of the fur&ces before the fitftand after the laft rcfleiaisn, is th e fame 

- OA OJ^AB OJ-^JB-t-BC OAB OA.AB-*BC 

as of I to r -+ 1- 1 V h --r H- — ^ 

OA~t.AB,BC OASC 

-{- J 1-— I— • 

6 c ahc 

297. Qrroi.y. Hav ingO the focus of incident rays- to find- j6 their con- 
Jugate focus after reflections from any numbe r of f pherical furfaces jfj- 

» J-. 1 i^t ^ ,«• ^n n/^ OA,AB-^BC OA-*-AB,BC 

Br C; take Cb to O^ -h AB -^ BO-v -^ — ' v 

— — , ( the apparent dlAance of die lall furface C,) as i to 1 H- (• 

OA-t-AB OA-*-AB-*-BC OAB OJ,AB-*BC oT-^aK,BC OAB'C 
i t ab ac be abe 

and obfcrving the rule in the propofition for the fign of every line, place 
Cb from C contrary to the courfe of the rays reflected from C, if the f^- 
cond and third terms of the proportion have like figns; othcrwife acconii^ 
ing to that courfe, and b will be the conjugate focus to 0. 

298. CoroI.S. Henceif the refleftingfurfaccs--(^ jB, Cbe all planes, Cifr- 
^ 0A-+ AB -+ BCj and. lyes contrary to tlie courfe of the rays rc- 
fleaed from C. 

299. Carol. Q. When the objeift and-the furfaces A^ B^C arc placed at^ 
iixch diftances from one another, that the rays in any pencil {hall fall up- 
on the eye in parallel lines, then the apparent diftance On = — tf into i 



-BC^CP- 



— — — ' — — f — ■• — . And this apparent diffancc and consequently the 
apparent magnitude, iicuation, diftinAnefs and bfightnefs of the obje^ 
•wiM be invariable wherever the eye is placed, 

300. 
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300. Corol. 10. When the rays of a pencil fall upon the eye in paral- 
lel lines, the obje^ and furfaces ^, 5, C are placed at fuch intervals that x 

jfB-t-BC-t-CP BC-yCP CP JS,BC-^CP jTTWc. CP BCP 

"+ : f- — T 1- h 7 1- H- -7- 

1 b c »b ac be 

—f — r- —"; and confequenily when the objeft is remote, the furfa- 

f J ^ , . , , I 1 I JB JB-t-BC 

jcts OK placed at fuch intervals that \--, (-— H — r-*- — '- -+ 

' a i t ma ge ■ 

BC JBC 

J. I — -rro; and on the contrary. 

^01. Carol, ij. Ina telefcopefuppofedtoconfiil ofcwoconvexfurfa- 
cis ^ and By the apparent magnitude of the objeft, is to the true, or OP 

is to Onas — ^°T> ^^ "^ ^ telefcope confiftmg of three iuch furfiices 
rftf, B,Cj OPis to Orias— 1 tot -+- — f- -;-; and in four fuch fur- 

» k I be 

ftces ^, 5, C,Z), on is to OP as-- to i -f t-+i -f h - ' t, 

a t 4 be bd 

CD BCD 

'-+-7— f-T-ri and 10 on. 

sd ted 

J'*'J'^3fi5« 302. Corol. 12. In the figures for reflc^ing telefcopes,let the points u, 
A ^ be the principal focufes-of the reifwAive given furfaces AfB,Ci and 
when the rays in any one pencil are parallel before the firA and after the 
4all refle<5Uons at A and C, the points d, c muft be conjugate focufes with 
jefped to the intermediate refle<Aion of the fame rays at the furface B. 
Therefore if the interval AB and confequently the interval ab be affumed 
as moft convenient, fay 2i% ba to bB fobB to br and the point c will be 

'* "^" determined' and confequently the point C, and alfo the interval B C. Now 
ifajl the fur£tces be concaves, the apparent magnitude is to the true, as 

• Art. 301. Z to— 7 — i — »-T— *, «: as — toBC— A— f or be the interval of 

« 6 c be a 

the focufes b and c ; that is in a ratio compounded of c to a and of i to 
die interval bci which being affirmative ihews that the objeft will ap- 
^Art. aSj. pear upright*. But ifthe furface B be convex and only ^andCbecon- 
jcaves, theapparentmagoitude willbeto thetrueas - to - — "f , 

«r ae — to c — ^— B Cor— ^c, the interval of the focufes ^ and cj that 

IS in a ratio compounded of c to a and of b to be, the interval of b and 
,c i whichbeingncgativefliewstbattheobjedt will appear invcncd. And 

if the interval ^ f:, or the ratio of — to the interval be, he aflumed at firft, 

then the places of ^and a will be determined by making be, bB^ ha ccm- 
4Dtul proportionals. 

9o 
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So far in theory, whidi is reduced to practice by malting the focal di- 
ftance and the breadth of the furface Sveryfmall, that it may not inters 
cept too many raye, in their paiTage from the obje(5t to the large concave 
C ^ and' by making a moderate hole in the middle of this concave at C for 
the rays to pafs through after refledlion from B ; and by fubftituting a* 
convex lens in the place of the concave furface at ^, fo that the fpedtator* 
may look towards the objoft For fuppofing this-lens to have the iame 
focal diftance as the concave furface at ^^ the apparent diflance, magnl- 
tude^ fituation,, diftindnefs and brightnefs of the objetft will continue tht , 
fameasbefore*. _ aArt.«9J.- 

3i>3. Corel. 13. Hence if the fpherical furface at Sbe changed into a- 
plane by increafmg its femidiameter and focal diilance dB to infinity, the - 
ratio of i £ to the interval if will become a ratio of equality; and then- 
the apparent magnitude will be to the true as r to jj by the foregoing co- 
rollary. Now when this ratio of Cf to Aa is very great, the common fo- pjg. jgg, . 
cus a can come but a very little way within the concave C/, though the 
eye-glafs were placed in the h<de at C; therefore Ba and Be being now 
equal,, or Be being half of cd muft be near half of cCj and cot^qunu-- 
ly the breadth of tlie plane Bs muft be near half thfc breadth of the con- ■ 
cave Cty io receive the whole pencil reflected from Cf; and then it 
would alfo intercept near half the incident rays that come from the ob- 
je^ But if the plane Bs be turned obliquely,, to reflcft the rays fidcways Fig.agT;. 
to the eye-glafs j4j its diftance from c and confequently its breadth may 
be diminimcd at pleafure without altering the apparent magnitude j 
which the plane neither increafes nor diminiihcs. For putting 6 infinite 
in cor, 9. CPor OP is to On as tf to— 12. 

304. Coroi. 14. When the rays that flow from a near objeft PL, go in Fig. 36?. 
parallel lines to the eye after two refleftions at the concave furfaces S and 

u^y or after one rcfle^on at B and a refradtion through a convex lens at 
^ whofe focal diftance is— a, the apparent diftance of the objea from' 

BP' a - a "Art. 199. 

the eye at any point O is <j X I — -- or-Xi — JB/'or — - Pi; which 
being negative fliews that the obje^ appears inverted -'•. Hence the appa- b An. 284. 
rent magnitude is to the true, or the true dilknce to the apparent, as OP 
to J Pi, or in a ratio compounded of i to iZ andofOPtoPi. In thefe- 
refledling microfcopes the objetft PL being very fmall can intercept but: 
very few rays in their, paflage from B to A. 

305. C^rol. 15. Hence again when theobjed is remote as in a reflefting' 
telcfcope, confifting of one large concave and a convex eye-glafsj the 
appM'ent magnitude of the object is to the true asi to <z, boiaufe the ra-- 
tio of OP to Pi- becomes a ratio of equality, and bccaufe the reflefliiig- 
plone does not alter the appareiu magnitude. 

J06. 
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306. Gjrp/. 16. The place of the eye in reflcfting telefcopes, where 
the middle rays of ^ch pencil interfed one another, jnay be found by 

a-Art. 239. making Ba^BAyBO continual proportionals") becaufe the reflecting 
furface 5 correfponds with what I have faid of the objcft-glafsof a re- 
frading telefcope, in the 279th ariicle as appears by infpe£ti<»i of ih? 
J 84th figure 

Proposition III. 

307. Having the focal dijiances and apertures of any number ofjpben- 
cal furfacesy ivbicb intercede any given mediums, ana are placed at a^ 

^fiances from each other and from the eye andobje^-, it is required to find 
,the apparent dijiance, magnitude, ftuation, degree of diJiinStnefs and brigbt- 



nefs of an objeSifeen through ali the mediums : together with the greatefi an~ 
gleof'v'" - . •■ - 



gle ofviRon andvifible area of the obJeSi, and the particular aperturetohick 
limits them both. 

Ap. diftance. 308. Let PL be an object viewed by the eye at O through any num- 
f 'g- 369.370- her of fpherical furfaces placed at ^, Bj C, whofe centers a, b, c arc all 
in the line OP, and whofe focal diftances of rays that fall parallel on 
their fides next the eyi are the lines a, b, c. At firft let us fuppofe the fe- 
jmidiameters Aa, Bb, Cc to lye all the fame way from their furfaces; and 
xo be all feparate from one another and from the eye and objeA ; and that 
the medium adjoining to the concave fide of every furfece, israrer or lefs 
refractive than the medium adjoining to its convex fide; then take a line 

«_ rt T. Oa,AP Ot.BP Oc,CP Oa,Ai,RP Oa,Jt.CP 

j9n=0P— I 1 _--H— : 1 .: 1 -+■ 

a b e ab tie . 

— ' — _i ^ ^ and It will be the apparent diuance of the 

objea. 

In all other cafes the linesOP,^P,BP,CPmuft liill remain affir- 
mative in this value of On, butanyoneof the lines Otf, Oby Oc will be ne- 
gative if 4t lyes behind the eye ; fecondly any one of the lines Aby Ac, B c, 
will be negative if it (ends towards the eye from the fur^ce that term!- 
/latesit: thirdly any one of the focal diftances will be negative, if the or- 
der of the denfities of the mediums remaining as in the firft cafe, the fe- 
jnidiameter of the furface to which it belongs be fituated on the other fide 
jof its furface ; or if, the pofition of the lemidJameter remaining as at 
lirft, the denfities of the adjoining mediums be tranfpofcd to contrary 
fides of that furface. The fign of every line involved in the foregoing va- 
JueofOnbeing thus determined, the fign of every term of it which in- 
, solves any odd number of negative lines muft be looked upon as negative, 

4)therwiie as afiirmaiivei then will On, or the fum of all the terms ac- 
fftrdinj; to their figns, be the apparent diftance of the object. 

309; 



d by Google 



OBAP. 5- ANY NUMBER OF MIIUIUM^. 12^ 

309. And the apparent magnitude of the objed will be to its true mag- '*P ""S'''- 
nitudeasOPto On. '"'^'' 

3 10. And if the value of On be affirmative the objeca will appear u^- Ap. fitMtioii. 
right, otherwife inverted. 

311. When n is affirmative place it before tlie eye* otherwife behind Ap. diiUaft- 
it. Then imagine the eye to be removed from to <?, that its diftance- °^*- 
from the center of the next furface may vanifti ; and here let ^ w be the 
apparent diftance of theobje<^ to be found and placed by the fame 

roles that On was ; thenlet ^^be toawas ^rO to the difference of On 
and a ;?, if they lye the fame way from O and ^, otherwife to their fum ^ 
and let die order of the pointsa,/, » be the fame as the order of the points 
0,p, nj and from the fituation of this point /a judgment maybe form- 
ed (rf" the degree of diftindinefs with which the objeii will appear. Bc- 
caule p is the place of the laft image of the objetft. 

312. The determinations of the vifual -angle and vifible area and of the Vi/U»l ingi« 
aperture which Kmits them, are the fame asm the jwopofitionforlcnfes'.'"^ "*■*"*• 

3 13. Since the magnitude of the pupil is fubjeft to be varied by va- i\p'b4'[fl. 
rioua dcgrecf of light, let NO be its femidiameter, when the objeiS PL n«ri. 

is viewed by the naked-eyeiirom die difiance OP; and upon a plane that 
touches the eye at 0, let OX be the femidiameter of the greateii area vi- 
fible to anotlKr CTe at P throireh all theapertures, to be found as PL was j 
or which is the fame thing, let OK be the lemidiameter of the greatcit 
area inlightened by a pencil of rays flowing from F through all the aper- 
tures} and when diis area is not lefs than the area of the pupil, theappa- 
Fent brighmefs of the point P feen by the refrajfted rays, will be* to its 
apparent brightnefs feen through as uniform medium fay nnrefrafled 
rays, in a ratio compoundedof the apparent magnitude, to the o-ue mag- 
nitude of any futjace at feeafromP, and (h the true ma^itude, to 
the apparent, of any furface at PfeenftomO: buciftheinlightenedaKa 
at O be lefs than the area of the pupil, the apparent brightnefs of P feea' 
by the refradled rays, will be to its apparent bilghtnefs feen by the unre- 
fraiSed rays, in a ratio compounded of the two former ratios, and of this 
inlightened area, to the ard of the pupil. This would be the proportion 
of die apparent brighmefs if all the rays were iranfmitted through the 
mediums, or if only an infenSble pan of them wasAopt by reflexions at 
tbe furies and by the opacity of the matter. 

Demonstration. 

3 14.. The firfl part of the demon^bution of the firft of thefe propt^-r Ap. diftvKc. 
tioBs^givesOn=O^X-^l;^X^-^^X ^^^ .By which theorem TL". A 

j]a go p\j 

on win be given fo foon »s/A,gB,iCcm be found. Tiiefe may be 
R found 
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found by rhe 238th article. For fuppofing any line AB to be the focal 

diftance of the iurface A when the rays fall parallel' on its fide next the 

, objeta, wehaveOfito OaasO-4toO/,aniidigointljrOB to jSasO^to 

fA; therefore fince we fuppofed the line dtobe theodicrfocaldiftance of 

this furface and confcquently to be equal to tf B % wc have fAz:. ~~^ — y 

gB -^±ldllt.hC=.^~l^^'. Whence it is cafy to colleft, tfeat if the 
tye at O rlews an eb]ed at B through one furiaceat A, its appaicat di- 
ftanceOjS = OB -+— — j that if the eye a^ O views an ohjed at C 

through two fur£tees at A, B, its app^ent diftance Oy=:0iC h--^ — » 

Ob, BC . Oa,JI>,BC . .. . - . L- PL n T , • 

-f — T h — -7 — i thatiftheeyeatOYicwsanobjeaPithrougb 

ihrec furfitces at -rf, JB, C, kg apparent diftance Oa=OP ~i- — j. 



The rules given for determining the figns of ereiy line in this theorem 
in all other cafes, will heevidentby obfS'rving that the points O, A,B, C, 
P are fixt in order and pqfition in all cafes.; that the ^ures of the fur£i- 
ees and the pofition of^ their centers may be changed from thofe in the 
firft cafe to luch as are propofed in any' other , by increafing their ieml- 
diametcrs Aa^. Bhy Cc till they become infinite, and then negativeif need 
be } that any of their focal diftahces will become infinite and then nega- 
tive, either whea the jfemidiameter of its furface becomes infinite and 
then negative, or. elie when the denfity of .one of the contiguous mediums. 
k gradiully^ altered till It equals j:he odier, and ftill more all h dii&rs 
^om the omer the contrary way -, and laftly that ducing thefe gradual al- 
t^^ticns any line will become negative after it has been nothing' or infiir- 
niceanyodd number of timcs^ in pafilng from ijs ftate in. the firft caie 
to the ftace pcopoicd in any other. 

The determmation of the apparent magnitude is evident by art. r4 j ; 
and that of the apparent fituacion by the ktter part of art. 139. 
A^:«flinfl- 31J. Compleai the rectangle LPw?i. and join tf\ meeting OA in /^ 
Ti^-iyx. and the line /^ drawn perpendiEular to.1heajci3.of thefurfaceswill be the 
laft image of the objedliP. Becaufe the fame point Z- is feen by a ray 
which falls upon the eye at O in the direftion AfO, and alfo by a ray 
which falls upon the eye at a in the direction x/a; and therefore the 
point' /, where die lines OA,a\ crols one another, i; ths focus cif the 
emergent rays. Now fipce the triangles apl^axt \, and olfo OfiljOn A;^c 
cquiangularjWchayetf_^tOtfiraj(^/toirAornj^) oras]0^toOn, oras 

■'. '. ' ~ Of 
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Op^^ap wOa CO Od =P<ztr, according asp fails without or within 
the line p(7, .andconfequ^itly accordingas Oil anddarlye the fame way 
or contrary ways from O and a. And the order of the points a, /, w is the 
^arae as thie order t)f the points ^/, ^- 6r of the points O, /, A or of tlie 
j)oints 0,p, TL 

3 16. FirA if OK be not tefs than ON, the area of the pupil will be Ap. brighi- 
«otally'inlightcnedby thepenQftljat flows from'P. Let FtsrNhc a ray n;:''- 
pf that pencil Cuttiflig the furfacc C^in/j and fuppofing the refrading *^'3J4''3< - 
Surfaces were all removed, let an unrefraficd ray PMNcut the line Ct 
in M. Then the quantity of refraited light which falls upisn the line NO^ 
is-to-rfiftqaMKity of:unr4ffa(ftedlightirfiieh would fell upon It, aS t!*- 
angle CPt to the angle CPM, thap is fis the tpporenc magnitude of the 
line AfO, e>ift &tie n4gfiitu<fe fecnby an"eye from P. And therefore By 
turning the figure round^iWut tbe>a^is OP, xht quantity of refradted 
light which fills the pupit> .is c& tha qjij^Dcity of unrefra&ed light which 
would fill it, a^ the ^poarenf magnitude of.an^.furfitce at O, to the true. 
Therefore ifincc the r^ brightne^ of ^y pcvtiQl» or phy&cal point of the 
retina, Isdircftiy as: the ^jvootujf of lig^.^hlchf falls uponic, and iaver^ 
ty as its own magnitude; , the apparent brighyicf^ of the point P feen by 
the refradlcd raysj is to its apparent brighmefs feen by the unreftafted 
rays in a ratio| compounded of the apparent magnitude, to the true magr 
iMtude, of dnyfurface atO feen fromP, and of the true magnitude, to 
the ajipareQt, of wiy furfece at P" ierai from Q/ Now if OX^belefsihan 
OiVj then by fuppofiag a leflerpupU whofe femidiametigr is OK, we hav^ 
ihewn that the apparent brightnefs of. P £een by refracted rays p^ng 
ritrough^isfmanerpupit, (which is die Sitae as if they palled through 
the larger,) is to its apparent brightncfs feen by unrefraaed rays pafling 
^iFough it, in tbe given ratio compounded of thofe abovementioned i 
andthis-lattCT apparent -brighmefs of Pfeen by unrefraftcd: i^ys paffing' 
dwoBg^tJKfmalkrpupH,- is to its apparent brig^tnefs feen alfo by unre- 
jratfled rays paffing through the larger, . in the ratio of the fmaller pupil 
to tfc© largor ; " whiph ratio being compounded with the former ^vies the 
ratio roquirect ' 

^ly.Gdrvii i. When theobjeOris forfemotcthatthedlftajice'sOP, j^P, 
^P» CE may. be^confidered. as equaj to- one another, then the apparent '8 3^' 37* 

diminceOn=OPmto i — < -s^ - — h i -—^ -i- 

■ m ■ b c ab ae 



3 x8. Corol. 2. Hence "when and h are cra^ugatc fiacufes of a pencil p. 
iof rays refraaied-' through any number of f uriaces ^ £,; C, the ratio of ' ' ' 

R 2 - ... the 
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the angles AOr^ Cht^ made by the incident and emergent parts of Iny 
ray with the axis of the furfaces, is the fame as ot r to i -+- — — i — . 

Oc Oa,Ab Oa,A( Oh, Be ' Oa.Jt.Sc „ !■ . - . , 

— 1~ — -H — -+- — *- — -— -^. . — ■ — . . For this latter ratio is the 

t ao ac be aoc 

feme as the ratio of OP to On, by thefjrft corol, that »« of the apparent 
magnitude of aremoteobjeftfeen from Oy to its true magnitude iecn from. 
or ;& by the naked eye^ or as the angU at to the angle at £. 

3 19. Carol. 3. Hence if O be the focus of incident rays, the focus b of 
(he emergent rays from the laft furface Q may be found by taking Cb to 

« ^^ Oa.JC Oi,£C Oa,^lJHC . Oa Oi Oe 

0> or OC—t ^~^L ^ " ' K — *^ itQi. -H- — -4—7 — K— 

Oa>Ah Oa,Ac On, he : &», A.ii Be ,,, -. :■ -j 

-H — T— *- - — : — H —7 — -+-. r — i ^* "f piacii^ CB contrary to 

the courfc of the rays if Ae fccond and third terms of this proportion have 
like iigns, otherwife according to their courfc. For compteatuig the re£t- 
aAtt. M2. angle yCt^^ Cb is ta Oy as die angle vOfl to the angle Cbi\ that is ia 
the ratio abovemeotioBed, by cor. a. ^ 

320. Cert)/. 4. WheH thediftahce&of lite Air&ces and objefi from one 

another, and their focal diftances tfj ^,f arc fuch,. that r — t -f -—- 

CP Jh, SP At, CP Bi, CP Ah,Be, cp . * <- 

-4-- J- — ; V — ^ ^ — ; 1- T — = 0, the rays &f any 

pencil will fall upon the eye in parallel lines } and then the apparent di- 
rt «« Ml t 1 r. t'b.BP ac,CP at,Bc,CP 

IhnceOn wiH Be equal te aw=aP~~i -— -+- — — -h 

and this apparent diftance being invariable, the apparent magnitudet fii- 
tuation and degree of diftinftnefs and brightnels will alfo Ik invariable 
■wherever the eye is placed. For the rays will fall parallel upon the eye 
iivhen thclincsOAttfA arc parallel, and confequentljr when On=^awoT 
On - atr— V and the value o£a xr is fpundby making Oa vanilh in the. 
k Art. 308. general value of On^. 

321. Carol. 5. Hence wfaea the objcft is ib remote that thediftancea 
AP, BP, CP^ may be coniidered as equal to one another, the rays which 
come parallel upon the £rft futface will emerge parallel from the laft, if 
the furfaces be fo difpofed that 1 -+ i _fl -+- -+--+—-+ ^^^' 

« i e Mi Of ie ait 

=»; and onthecontrarytarid then On{Qr«w)=:OPinto l — H —t--' 

lis. 37!- -*• '-77-'- For example let AB be the axis of a foFid medium, as of glafi, 
and Pbc the common focus of rays that comeparallel upon one of its furfa- 
ces and go parallel from the others and »hen the furface A)s concave and 
icoovex, by changing the figo of ^ (Jiecaufe the order ofthedenfities of 

the 
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thc-^c^oinin^ mediums is changed) the Yormer of ttiefe equations gives 
7 — '-, =^» whence i =<? ~+ jH = PA~^ Ab — FS; and the lat- 
ter equation givesOPtOn -.'.b-.h-ab :: FhFb - ab or Fa i: bB:aA*' An. n*- 
: : FB : FA. And when the furfice Ais convex the fame proportion comes Fig- S7i- 
out by changing the fign of a. Thus telefcopcs might be made of one con- 
tinued folid i but to magnify much they muil be madcpretty long, and 
confequenthf but few rays could be tranfmitted through fo great a length 
ofgla&; as is found by experience. 

322. Carol.t, I^taFbcthefocaldiilanceofaff^ere whofecenceris Pig. J7J. 
aotb and diameter AB^ and the objeft Pl^will appear through it at the 
diftance 11=: OP — -t-. if die ipheEe be denfer than the ambient me- 

dium» or at the diflance OU.-:^^ OF -+ ■— if it be rarer : and thefc ex- 
preffions are the fame as in a lens of no thicknefs '.. For in the general va» * ^- '**• 

hieofOn=:OP-+- — : 1 -. h . ; mfteadeftf.^w, 

Ab, put ~a, —b, Oa^ Aa, relpeCliTely f*; and in the denfer fp here we b Art. 30*. 
bave On = 0i* — —^- -^j 1 -^ — =OP-Od;X — -4- 



__ =oP-o<,x^-Hifx ~■ = oJ'- 
OP-o«x— = 0P-°— becav[taF = -i «, as is aSy to cdlca 
J&om the 227th ankle or from cor. 3. And in thcrarcr fphere the iign of 
aF muft be changed. 

323. CSim/. 7. Letanobjea fibeviewedbytheeyeatO through any Fig. ;«. 
number of given mediutns diftinguiihed from one another by parallel 
planes.<^r. Si, C/; and whenaray goeafromtheeyetothe objeft let the 
fine of incidence be to the iine of refraftion at the plane .^r as j to r, at 
theplane £1 asrtoi, at the plane C* as, i to <; then take a line On = 
OA-t-- AB—i- -BC-t-'- CP; and the objeSwiH appear at the fame 
diftance, of the iame magnitude, in the fame fituation and with the fame 
degree of diftinflnefs andbrightnefs through all the mediums as it would, 
do when viewed in one uniform medium from the diilance W. 

This may be gathered from the general theorem for n, when varied' 
a little by introducing the femidiameters of the furfaccs inftead of their 
focal diftances, whole relation is given by the 224th article, and then by 
making the femidiameters infinite j but more readily as follows. By art. 
223. we have /rf: 0.4:: j:ri gB-.fA-i-AB ■■: r-.s; hC:gB -i- 

BC::,:t: HeDcefA= t OJt sB= 7 X.fA~fAB=.'- OA-tr'- 

ASi, 
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jiB; iC= 'jxYb~^^BC = ^OA -f^'- ^B -+ '- BC. But On = 

a. Alt. 31+. asbefore\ Whence itiseafy to colleift, that if the eye at O views an ob- 

jcft at £ thtough one pl«ne -(^r, its apparent diftance O^-^OA -+ -t 

. -//B} that if the eye at O views an objetl at Cthrough wo places Ar^ 

.Bst itsapparem diftance Oy:=0^-f- AB -f -SC; thatiftbeeyc 

at O views an o^ea at P through three planes Ar^ Bj, Cf, its apparent 

diftanccOn=0^— H-^ -f"-JBC-+-CPi andfoon. To find the 
} J * 

Tig. 345. -place of the laft image, put 0A:= 0, then Aw- = -y^B-+- BC—t- - CP ; 

by which it appears that OA and a-^, and confequently the laft image p/ 
lio all coincide in place and magnitude ; which makes this corolla- 
ry very evident, fuppofing a& to the brightneft ihat noTays arc ret* 
£ei£ted from the furi'aces } and that all the mediums are equally traa- 
'^arenL 

C H A P T E R VI. 

Vo determine the aher rat ions of raysy from the geometrical fccus^ 
caufed by their unequal refrangiiility , and' alfo by the 
Jphericalnefs of the fgur» of refleBing and refraSHngfur^ 
faces, 

PROP041TION. I. 



324. T ET the common ^ne of incidence be to the Jine of refraSiion ef the 
I. -a _./■_ ■/■/_ ^^^j i7j I ft>R, and to the Jine cf refraSiion of 



[24. T ET the common Jim 

I i haft refrangime r*,j. ... ^ .. ^^y _..„._ ._.j..,. ^.y, „w.-.. ^ 
the moft refrangible rays as I to S; and the diameter of toe leaft circular 
Jt^e into vtbicli beterogeneal parallel rays can he coUe3edy fy a-J^berical 
furface or by a plano-convex lensf will be ts the diameter cfits aperture^ is 
theconftant ratio ofS — R to S -4-R-2 1. 
fig. 376. For let an beterogeneal rayP^^fallupona fpherical furfaoe^CJB, and 

iet it be Separated by refrat^on into we rays AFy Aft cutting the axis 
E C, drawn parallel to PA, in F and/ Take the axch CJJequal to CA and 
letanodicrheterogeneal ray PB, coming parallel to F^« re;&a£led m- 
«o the lines Bi=',B/, cutting the two fcs-mer rays inJi!ao4^.- Joini25 
and produce it till it meets the incident rays produced in. I ^nd Kt and 
ihe perpendiculars EA^EB to the rcfrafting fur&cc at die points^, 5, 
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in Hand L. And when jiB, the breadth of the aperture or of the pen- 
cil, is but moderate, and confequently the refraftions at j4, B but riuaU». 
the anijles of incidence andrcfraftion, H^/,.H/^iJ,,H^5, or the arches 
that meafurc them, or their perpendicular fubtenfes H7, HR, HS, will 
^to each other very nearly m the fame given ratios as thofe of the fines 
/j72, 5 of thofeangles'. And disjointly the differences of thofe fubtonfes-a An. 2©4. 
will be proportionable to the differences of thefe fines: that isy. the line "°' 
RSiRI:: S~R :R~I, anddoubling the Gonfcquents, RS : 2 Ji-TorlK 
-RS I : S ~ R: 2 R ~ zJi md conjomtly RS vIKor ABit S - R: &• 
-+ i? — 2 /. From this given ratio of i? 5 to AB in which they incrcafe 
or decreafe together, it appears that .all the intermediate rays which ^U' 
upon AB will pafs through RS. And when parallel rays fall perpendi- 
cularly upon the plane fide of a plano-convex lens, they are refrafted on- 
ly at dieir emergence frota its coavex fur6.ce ; and fo the aberrations arc 
«ie fame in both cafes. ^E. D. 

32J. Corol. I. Hence the diameter ii5, of the circle of aberrations that 
contains all the Incident rays, is a 55th part of the diameter AB of the 
aperture of a plano-coavex glafs, whatever be its focal diftance. For 
fuppofing AR and AS to be the outmoll red and ind^o rays^ their fines- 
pf incidence and. refractions 7,72,. 5 arc to- each other as 50, 77, 78^ *> *?■ '79' 
Whence 5 — J2 is to iS -f 22 — 2 / as I to 55. 

326. Corol.2. The diameter of the lealt circle that can receive the rajTs- 
of any fingle colour or of feveral contiguous colours is alfo determinable 
from theproportions of their fines. Thus all the orange and yellow is con- 
tained in a circle whofe breadth is the 260th part of the breadth of the. 
aperture of the plano-convex glafsj the fines of the outermoft orange 
AR and yellow AS being to the common fine of incidence as 774 anid 

77i.t0 5QS c Art. 179. 

327. Qjrol.^. In different furfaces, or plano-convex glafles, the angles 
of aberration RAS are as the breadths of the apertures AB dirc^y and. 
as the focal diftances C-Finverfely ; becaufc any angle, as i.^^nS^ i&as its- 
fubtenfe J2 5 direftly and as its radius v4i2 or CP inverfely. 

Lemma. 
3.28. The verfed fines ^S.^C of very fmall arches J5D, C2), ofun-i''£-377.J78- 
equal circles BD G, CDH,, that have the fame right fine ADy are reci- 
procally proportionable to their diameters BG, CH very nearly; that iS' 
AB:AC:.CH:BG. 

For fince the rcdhingles under BAG and CAH are each'cqual to the 
fquareof^D"!, and confequently to eachotherj their fides are recipro- •! Eue. vr i^ 
cally proportionable*, that is AB is to AC as AH to AG oras CHta ''Sue. vi.14. 
BG very nearly, when the verfed fines are incomparably lefs than the 
'diameters themfclves', ^£.D. fAw. ao^. 

PrOeo- 
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Proposition U. 

•F'g- J7»- 3*9- ^A^K ktmogeneal parallel mys N A, 'EC fall ufm a^bericalfur- 

Jace AC wbofe center is E, ^/j*" longitudinal aherrationYT of any re- 
JraBedray AT from'^ the focui xf the pencil, is to theverfed fneofibe 
.^rcb AC intercepted betiveen the point of incidence and the cWiECr, in 
ibe given ratio ofthefquareofthefmofrefraStion, to the re&angle under 
the fine of incidence and the difference of the fines very nearly \ andthefih' 
erration istbefame "when the rays fall perpendicularly upon the plane fde 
9f a plano-convex lens, 

-For when the refra<ftion is made m the paffage of a ray NA from a 
denfer to a rarer medium, it appears by the defcription of a cauftick in 
the 74th article, that the interleftion T^^of the r^fraSfted ray y^T'with the 
axis BCi'', lyes between the fefratfting furface and its focus K With the 
center 7'and femidiameter T^having defcribed the arch AH cutting the 
axis in D, draw the Ikie AF-oi the arches AC, AD, and alfo EN and 
E Jtf the fines of incidence and refradlion, for which put n and m ; then 
becaufe the triangles E1'M,A7'P are fimilar, it will lie as ET'-.T'^or 

* Art. «s- ^D -.-.{EM: AP or EN: AEF: FC*-, and dJsjointlyT'F: EF: : {FC - 

rZ) or.) Ti?-C'Z):-FC; and alternately T'F.'tF-CDi-EF: FC-, 
M Art. 22+. j^nd digointly TF: CD ::iEF.:EC: :)m'.m~n\ Again fince ( PD: 

* AJ- 3'«- PC:: CE-. ©IT" or FC%j and conjointly) CD.CF -..{EF'. FC;. : ) m : 

' n-i ifey compounding this and the foregoing proportion, it will be ae ^-F 

iCP:'.mm-m^i,n. ^E.D. 

33D. Corol. I. The fcgment ACB PA may be confidered as a plano- 
convex lens j and when rays fall parallel upon its plane fide, the longitu- 
dinal aberration of the extream ray falling upon A is equal to i of its 
thicknefs PC, as appears by putting j and 2 for m and n refpcaively. 

3^3-1. -Corol. 2. Alfo xhis aberration F'it=z ■=-=- X ~-r^ = -~ru ^ 

^Wvi..3.^ • ForPC=i^ veryiiearlyi, and £C =: "^ X CF«. 

.cArt. 424. ^^2 ^^^^ ^ j^^ ^ refrafted ray ^TG produced, cut the line FG, 
•perpendiculario the axis, InG, and the lateral aberration F.G = — X 
^ = =^ X^.ForPG:7'i='::^P:7'PorCfor-^ X 

CE. , 

333. Corol. 4. When the femidiameter of the convexity or the focal 
' ^ idii^ce is given, the longitudinal aberrations are as the fquares, and the 

lateral abemttions-as ihc cubes, of the linear apertures of a plano-convex 
Jens. 

Pnopo- 
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Proposition IU. 

334. Wbenparnllel ranQJiy EC are refleSfed from afpberica! con- Fig. 380. 
tave ACBieSofe center wE and wbofe aperture ACB « but f mall ^ the 
longitudinal aberrationTT of the txtream ray KT from the geometrical 

focus F, is equal to half the verfedfne CP oftbefemiaperture A C very 
nearly. 

. In fig. 379. imagine £M, the line of refraction to be diminiihed to no- 
thing and men to become negative and equal to EN\h& fine of incidence, 
and chcrefrai^on of the ray to be changed to reflection as in fig. 380} 
and by the former propofition It will be as tF : CP : : mm : — m — n, « 
::»«: —2nn :: i : — 2. 

But the particular proof is this. By the laft lemma the verfed fine CP Pig. j^a. 
nearly equals i- the verfed fine PD of the arch AD whofe center is ^ • 
and femidiameter T'./f or "TE or -f the femidiameter of the arch AC* very » *« ^°i- 
nearly. But zTF zzil'E -zEF^ED — EC = CD exa^ly or CF 
nearly. Therefore tF=.lCP nearly. 

335. CoroL I. Wchaa27*i?r: CD cxaftly; which is the excefs of 
the fecant ED of the arch AC above its radius EA For joyning AD the 
ai^le DAE in the femicircle DAE is a right one, 

3j6. Carol, 2. The longittjdin^ aberration TPzz -— . For CP = . 

—rr- nearly ^ bEue.vi.Tj. 

337. CoTvl. 3. The lateral aberration FG = —^ . For -FG : Ft 

'.: AP:PTotlCEneai\y. 

■ 338. (hrol. 4. When the diameter of the concave, or its focal diftancc» 
is given, the longitudinal aberrations are as the fquares and the lateral ones 
as the cubes of the diameters of the apertures. 

Proposition IV. 

339. * When parallel rays of any one fort are refraSted by a plano-convex 
vf>je0-glaji, or when rays of all forts are refieSled by a Jpberical concave, 
ihediameter of each circle of aberrations caufed by the fpbericalnefs of the 
f^ures, is egual to ^tbe lateral aberration of the extream ray in eacb-j and 
therefore is given by the former propo/itions. 

Let a-rV beany rcfrafted or refleftedray cutting the axis EClTinr, and Fig. 381, j?^. 
the extream ray A^G, that comes from the contrary fide of the axis, in 
T. Draw 2"Jf perpendicular to the axis, and fuppofing the line A^G im- 
moveable, as the point of incidence a moves from the vertex C, the per- 
pendicular X/'will firft increaie, becaufe the angle C-ra. continually in- 
S creafes, 
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ereares, andafterwardsj^ldecreafe, bccaufe the line ITt continually de- 
crcafcsj and when jrii5\he greateft, It is evident that all the rays, inci- 
dent upon the fame iide of the axis asitfclf^will pafs tlurough it. To find^ 
iis greateft quantity, let the incident ray jacut the chord APB in jg, and 
fiippofing the variable apcrtureP^='i', thevaciable !rx=>;andthe gi- 
ven Vmcs PA= a,.PT :^f, yF= i j by corn 4. prop. 2and3>, the aberra- 
tion Fr is to the aberration ■F7'(i) as vtt^ or P^^ (yv) to Pji^ {aa). 

"Wherefore Fr~~h and thence "TF — Pr = ^t = — X aa — w- A- 
pan Ptif) '.PA{aY -.rXix).: Xr=. j% alfo tr*.(v);: trror PTijy 
.i:Xr( ~):Xt-~. Hence agaia tv, orXr-+ XT^ ^ -+ :c = 
•■-X aa~w found beibre j or - X tf -f v = — x*«.-+vXtf— v. Whcnce- 

x=: — V X a — -y, and therefore *■ or ITX is d»e greateft poflible when. 

the redangle vXii - v,or P^ X ^S is greateft,, that is when its fides Pi8,, 
» Sac. VI. 13. B are equalV w when v =: i <«. Subftituse this value (ex v in the laft. 
equation and it gives the greateft valueof :tf = -t i or the greateft TXzz 
i TF, and therefore the greateft XTzz i PG, becaufe 7'X : Xr : : TF z.- 
FG, and this X^J*turned about the axis /'Xdefcribcs the circle of aberra- 
eiona through which all ihe rays fallingupon AB will juft pafs. ^£.iX 

Pro P'O s i t 1 o n V". 

340. The circle of abfrrattons caufei by the ffbericalmfi of the figure- 
of the objeSi-glafs of a telefeope, compared with the circle of aberrations caufed 
ly the unequal refrdngibility of rays^ is altogether inconJideKabie. 
newt. Opt; For if tlic objed-glafs be plano-convex and the plane fide be turned to- 
R-^S- wards the objedt, and the diameter of a fphere whereof this glals is sr 

fegment be called Z), and the femidiameter of the aperture of the glafa. 
be called S, and the fine of incidence out of glafs into air be to the fine 
of Eefraflion as « to w ; the rays which come parallel 10 the axis of the 
glafs Ihall in the place where the image of the object is moft diftindljp 

made,, be fcattered all over a little circle whofe diameter, is — X t-^t ve- 

ry nearly, if they were all equally refrangible by article 339 and 332. As- 
for inftance if the fine of incidence b be to the fine of rcfraftion m as 20 
to 3 1, and if D, the diameter of thefpherc to which the convcac fideof the,- 
glafs is ground, be 100 foot or 1200 inches, and confcqueotly the tclcf- 
tt Art «+. cope about iflo foot long**, and S the femicUameter of the aperture be z, 

inches i, the diameter, of this-circle of aberrations, that is — X zrz.y wiU. 

MM liU 
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Ik - '- ^* " or— 2— ■ TOitsofaninch. But the diameter of the 

20X 20X 1200 X 1200 7»pOOOOO'' 

little circle through which thefe rays are fcattered by unequal refrangibi- 
lity.-willbcabouttbe 55th parr of the breadth of the aperture of the ob- 
jed:-glals \ which is here 4 inches. And therefore the aberration arifing a Ait. 3=5. 
from the ipherical figure of the glals, is to che aberration arliing from 

the different reirangibility, as ~ to -^a that Jsas i to 5449 ; and there- 
fore being in comparifon fo very little, defervesnot Co be confidered in the 
theory oftelefcopes. If wefuppofe the little -circle of aberrations arifing 
from unequal refrangibility, to be 250 times narrower than the circu- 
lar aperture of the ot^edl-glais, it would contain all the orange and yellow, 
and would permit the other fainter and darker colours to pafs by it ^ , b An. ^26. 
Tvhichiperhaps may fcarce affeft the fenfe ; yetcvcn in this cafe the aberration ^'^'" '^ 
<:aufed by the ipherical 6gure, would be to the aberratioa caufed by the 

unequal rcfrangibility, in a 100 foot telefcope, but as ~ to -i- or on- 

^ o i/» I ' 71000000 2JO 

l/as I to 1200, which fufficicntly proves the propofition. ^E.D. 

'J41. CoroL I. If the focal diAances and apertures ofa refledling con- 
<caT« andaplano-convex gla& be both the &me, the diameter of the circle 
«f i^rrations. caufed by their iigures, will be above 30 times lefs in the 

fcfleder than in the rcfrad^. For thefe diametxxs are .^ .. -andr-^x 

-— - by art. 339, 337 and 3323 which we as i to- . - ^^ ■■ or — ^. 

Hence if the length of each telefcope be 100 foot, the lateral aboratjon^ 
in the refle£ter would be 30 X5449 or 163470 times lefs than the lateral 
aberrations cauied by unequal refrangibilicy in the refradler. 

342. Carol 2. The number of pencils, fome of whofe rays arc mixed 
together in every point ofa confuled pidtore, is as the area of the circia 
of aberrations of me ray? in any one pencil ; and confequently the mix- 
ture of the rays of difTerent pencils^ cauied by the fphericalneis of the ^ 
gureof an objed-glafs, if they were all alike refrangible,* would be to 
their mixture cauied by their unequal refrangibility, as i to ^449 X 5449 
or 29691601 in the preient inftance. For conceiving any point in the 
confufol pidure to be a center of a circle of aberrations, it is manifefl 
that all (xh&T equal circles of aberraticms, whofe centers fall upon the 
firft mentioned circle will covcf its center j that is fome rays of as raanv 
pencils will be mixed in this 'center as there are points in the cu-cle it felf; 
or, whiah is the fame thing, the number of pencils mixed in this center 
\^ as cheiu-ca of the circleof aberrations. 

S 2 Chap- 
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Chapter VII. 

A refraSiitig or refleSiing teUfcope heing gwen, whcfe aper^ 
ture and eye-giafs are adjufl&d "by experience^ to determiner 
the lengthy aperture and eye-glafs of another teUfcope^ through 
which an objeB pall appear as Bright and diJlinSiasin the 
given one, and magnified as much asjhall be required. 

Proposition I. 

.343. Tn alljhrts of felefcopes and ddubU mtcrofcopes^ the aMarenf indi" 
I JUnStnefs of a given ohje3^ is as the area of a circle of aherra' 
tions tn the focus of the objeB-gUfs direBly^ and as the fquare oftbefocat 
diftance of the eye-glafi infuerfely. 

For in viiion with the naked eye or with gTafles, the apparent indi- 
ftinftnefs of a given objcdt, is as the area of a circle of aberrations in ks^ 
pifl^ure painted upon the retina. Becaufe any one fenfible point of the re- 
tina, being the center of a circle of aberrations, will at once be affected' 
by a mixture of the rays of as many diflinft pencils, as there are fenfiblfl 
a An. 342. points in the area of that circle "; and &> will at once convey to the mmd 
a mixt or coniufed fcnfation of the fame number of viiiblc points in the 
objedt, from whence thofe pencils flowed i and thtsnumber of points is 
as the magnitude of the area of a circle of abc;rrations, whatever be the 
magnitude of a fenfible point of the retina. Now in vifion with telefcope^ 
the diameter of a circle of aberrations in the pifturc upon the retina, is 
as the apparent magnitude of the diameter of the correiponding circle of 
hAtL9i. aberrations in the common focus of the glafles i", that is as the angle fab- 
€ An. i^. tended by this diameter at the center of the eye-glafs ' ; that is as the dia- 
i Art. zzz. meter it fclf direftly, and the focal diftance of the eye-glafs invcrfcly ••. 
And fo the area of t^t circle of aberrations upon the retina, is as the area; 
of the correfponding circle of aberrations in the focus of the objedt-glais 
eEne. XU. 2. direftlyj and as the Iquarc of the focal diilance of the eye- glafs invcrfcly «. 

344. Cerol. In all forts of telefcopes and doubb mrcrofcopes a given 
obj^ appears equally diftin^ when the focal diftances ofthecyc-glafles 
are as the diameters of the circles of aberrations in the focus of the objedi- 
glaiTes. 

345. The alteration in the confufion which may arife from aberrations 
caufedby the eye-glafles, is not here regarded, as being ineonfiderablo. 
We only confidcr the confufion of thofe points in the image which \yc 
very near the axis of the tclcfcope, as of the point a in fig. 1 8 1. Now if 
diis point was perfectly diftin^ the rsy s going from it would emerge from. 

die 
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the eye- glafs in parallel lines without fenfible error ; becaufe the breadth 
of this cylinder of rays is exceeding fmall compared to the breadth of the 
cye-glafs, being in proportion to the iM-eadth of the aperture of the objcft- 
glafs as their focal diuances; and the refra£Hons at fo finall i, diicince 
from the axis are fufiiciently true and regular. It is the largenefs of the 
aperture of the objeft-glafs and of its focal dillance, which caufes the irro- 
gularity in its refraflions. Add to this that the diiFerently refrangible rays 
cannot be feparated fenfibly in going fo (bort a dtllance as between the 
eyc-glafsand the eye. BeHt^s this we find by experience that objefts and 
images- diftindt in themfdves, appear fuffieiently diftinft through very 
fmall eye-glaffcs when their apertures are fmall. This remark will be de- 
monilrated more diilini^ly in the i ith chapter, where the iame fubjeA 13 
liaodled more fully. 

P R o p o s 1 T I o N II. 

346. In refroBin^ telefcopei the apparent indict n£lnefs of a^hen 06. 
}ea, is direr ' 



Jeff, is direSly at the area off be aperture of the o3JeSf-giafs, andinverfefy 
as tbefquare^ the focal diftance of the eye-glafs. 

Thisappears from prop, i, becaufe the areaof the Cffcte of aberrations . 
at the focus of the objefl-glafs is as the area of its aperture * ; and becaufe 1 Art fi^ 
the aberrations arifing&om the eye-glafs'', and from the fphericalnefs of •'^0.34^. 
the figure of them both are inconfiderable '. c Art 34* 

347. Corol. In refrading tclefcopes a given objeft appears equally di*- 
ftindt, vthen the diameters of the apertures of their objeft-glaffes, are as 
ihe focal diftances of their eye-giafies. 

Proposition IIL 

348. In all forts oftelefcopes anddouble microfcopes the apparent Bright' 
ne/sofagiven obje0 is as the fquare of their linear apertures dire&lj am at 
tbejquare of their linear amplifcations inverfely. 

Forifthefquaresofthelinearampllfications, that is if the areas of the 
-pidures upon the retina were the fame, their brightnefs would be as the 
quantities of light coming through the areas of the apenures, that is as 
the fquares of the linear apertures; and if the apertures or quantities of 
light were the fame, the brightnefs of the piiftures would be as their areas 
inverfely or as the fquares of the linear amplifications inverfcty. There- 
fore when neither the apertures nor the amplifications are the fame, the 
brightnefs is as the fquare of the linear aperturesdirefbly, andas the fquare 
of the linear amplifications inverfely. ^ E. D. 

349. Corol.i. Hence in rcfrafting and rcficfting tclefcopes a given ob^ 
jed appears equally bright, when their linear apercures-are as their linear 
ampbfications, that is as the focal diAances of the obje^-glafles Aittdilf 
and as the focal diAaacesof the cyc-glaiTes iaverfely. 

350-. 
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350. Corel. 2. If the breadth of the apenure of a given otjeft-glafe and 

the focal dillance of the eye-glafs be each iacreafed in any given ratio, the 

-« Art. 347. diftindnefs will remain the fame as befoK " j andihe linear amplificatioa 

'b.Aft. ijo. -will be diminUhed in the fame ratio""; but the apparent brightnefs will 

be increafed in a ratio quadruplicate of the former ratio by this propo- 

■fition J and on the contrary. 

^'wptr.p.zi;. 351. Hugens obferves that the fame degrees of diAin£lnefs here demon. 

Araced dojiot exaji^ly agree with ei^perience, as he found by Lookii^ at the 

fame object through ditferent tclcfcopcs, or through the lame telefcop« 

-with diAerent apertures; and that tmroughthe larger £^>a^ure the objeift 

appeared not quite fo di6:in£l as through the fmall^. He found sMq that 

in viewing objeds of different brightnefs through the iame apcrrure, the 

apparent indiflindtnefs of the hrighter objeft was a little grear<^ than that 

'Of the duUer : aiid therefore the aperture a<^ufied ibr the duller planets 

jiiay be fomcwhdt larger than far tne brighter. 

Proposition IV. 

352. In refieBing teiefcopef tbe apparent indifiinSneft ^f a ^vtn oBjeif 
as as tbe Jixtb power of the diameter of tbe aperiure of the objea- mHal di- 
reBly^ and as tbe fourtb power of its focal diftance inverfrly, and alj'o as 
tbefquare of the focal diftana of the eye-glafs inverfely. 

For the area of a circle of aberations in the focus of die objeft-met^ 

is as the lixth power of its linear aperture dire&ly and as the fiiurth power 

A Art. 3;9. of its focal diAance inverfely ' } and dierefore die apparent indiAiadnelj 

■337 jaf the objefl:, is as the fixth power of the linear aperture direflly, as the 

fourth power of the focal diftance of theobjeft-inetal inverfely, and as the 

ib.Art. 34J. iquare of the focal diftance of the cye-glafs inverfely ''. ^ £. D. 

353. O)rol. In reflefljng telefcopes a given objeift appears equally di- 
ftincl when the cubes of the linear apertures of the objaH-metals, are as 
the folids whofe bafes are the fquares of the focal diftancea of the otqeft- 

jneta]6,aiMl heights are thefocaldift^nces of the eye-glall«5: or when the 
focal diftances of the eye-glaifes are as the cubes of the lln^j- apertures of 
ihe objed-metals, applyed to the fquares of their focal diAanccs. 

Proposition V. 

354. Jn refraSiing tele/copes of various lengths a given o6Je0 seill ap- 
fear equally bright and eptally df^itt£t, when their linear apertures and 
focal difiances ^ their eye-glajfes are fever ally in a fuhdi^licate ratio of 
their lengths or focal diflances of their objeSl-glaJes : and then alfo their li- 
near amplifications •witlbein afukdupUcate ratio of their lengths. 

For to fliew the objeift equally bright, the re^ngle under the linear a- 
|>enure and the focal diftance of the eye-glafs muft be as tbe length of 

the 
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the telefcope ',, and to fhew it equally diftimft the linear aperture muft be » Art 549/ 
«s the focal dtftance of the ejne-glais *' y and tliereforc to pfirfortn both b An. 347:- 
things together^, the fquare of the linear aperture, and alfo the fquare of 
the focal diftancet^ the eye-glafs, muft. beNTeverally (as the rc(9angle un- 
der each, or) as the length- of the telefcope; and confcquently the lineair 
aperture,, and alfo the focal diftanceoftheeye-glafs, as the fquare root of 
that length. Now the linear amplification was as the linear aperture %,^ *«■ 3^ 
©r by this demonftration,. as die fquare root of the length of me telet 

355-. Hiig-f/w's ftandard telefcope go-foot long, or 36o-inche8,.bearaanDiop.p. 2i«.- 
aperturc whofe breadth is 3 inches,, and an eye-glafs whofe focal diftancd 
K 3 inches and 3 tenths. From whence he has given-us the following ta- 
ble of apertures and eye-glafles for other telefcopcs'^, computed by the** *"• i** 
following rule. 

Multiply the number of &et in the focal diftance of any propofed ob- 
je6t-glafsby 30oo,.andthe fquare rootof theppoduft will give the breadth 
of its aperture in hundredth parts of an inch. And the iame breadth of 
the aperture, increafedby a tenth part of it felf, gives the focal diftance of 
the eye-glafe in hundredth parts of an inch. And the magnifying powers- 
are as the breadths of the apertures. 

For lince the ftandard telefcope has 30- foot focal diftance of it? object— 
glafe, put l^for the nuniber of feet in any other fbcaldiftance, and fay by 
the propofition as ■(/30 to yF, fa is the ftandard aperture 3 inches, or 
300 ccnteiimalsor ^300x300, to the aperture fought ; which there- 
fore is y'3000?' in centefimals of an inch. The focal diftanceoftheeye- 
glafs of theftandard telefcope is 3-j»„- inches, that is a tenth part more that^ 
the breadth of the aperture of the objeft-glafBi confequently the focal di- 
ilance of the new eye-glafs muft be a tenth part more than the linear aper- 
ture of the new objeifl-glafs,by the laft propofition. 

356. He alfo adds the following directions how to fult chefe telefcopes Dioptr p.iis^ 
to ail forts of obiedts feen either by day or by night. They are propor- 
tioned in the following table for aftronomical obfervations^ and therefore 
will cequire more light when ufed in the day time. For when the eye is ■ 
dazled with the brightnefs of the day, objeds will appear through mem 
but obfcure, which in the night are fufRciently bright. Therefore (fays- 
Hugens) when I ufed thefe telefcopesto obferve objedls-by day-light, by 
experience I found It rcquifite to change the eye-glafles for others whofe 
focal diftances Were double the former. By this means the apparent bright- 
nefs became quadruple,, becaufe the furfaces of the images in the bottom 
of the eye were diminiflied in the fame proportion -. For as the aperture < Art. no. 
remains unaltered, fo does the quantity of Ught,.and therefore it illumi- 
nates a Icffer fpace fo much the more.' Now if theaperture was increafed 

wiih- 
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without changing the cye-glafs, the brightnefs would be increased too, 
but then the miil arising from greater aberrations would alfo be greater ; 
^nd therefore this remedy muA not be ufed. 

357. But one may aik this quefticn, fmce by fubAituting an cye-glaTs 
of a longer focal diibmce, the apparent indiilindDcfs hitherto examined 
is diminifhed, why may not the aperture of the objet^-glafs be fo far in- 
creafed, till the fame degree of indiilindtnefs returns again as belongs to a 
telefcope regulated by the table ? For from hence more light is gained 
A Art. 3st>- and the diftin»5tne{s is not altered •. The anfwer is this, wmch I hinted 
hAn.}^i, before ^ that the mift ariling from /yTrw/fin's aberration, though the fame 
in quantity, becomes more fenflble in proportion to the brightnefs of the 
image. For the brightnefs of the mift increales at the fame time. And we 
£nd by experience, chat as foon as the apertures of thofe day-light telef- 
copes are increafed, the mift ariling from the aberrations of a brighter 
objed begins to be troublefome. The apertures therefore muft not be al- 
tered. 

3c8. Again one may aflc, if a teleicope fitted for Saturn be apply«l to 
the Moon, which is 100 times brighter (I mean in eachequal parts, though 
not in the whole, as being 10 times nearer to the Sun ;) one may aik I fay 
whether the breadth of the aperture and the focal diftance of the eye- 
glais may not both be lelTened in the fame proportion, to make the re- 
gions of the moon no brighter than thofe of faturn, but much greater in 
appearance than before. For inftance, in a 30 foot telefcope, if 3 inches, 
the breadth of the aperture be reduced to y ^ of an inch, which is fome- 
what lefs than (/-^ or) a third part of the former, and alfo the focal dl- 
ftance of the eye-glafs be fhortened in the fame proportion j the propor- 
tion of the apparent brightnefs in thcfe two telefcopes, the objeft being 
cArt.550. thelamc, would be quadruplicate of 3 to y-jSj' that isas 100 to i; and 
iince the regions in the moon are 100 times brighter in themfelves than 
thofe in faturn, the moon would appear in the darker telefcope juft as 
br^ht as faturn did in the lighter. But the apparent indiftindlnefs hither- 
■& Art. 350. to confidered would alfo be the fame in both "*, and the amplification of 
c Art. lao. the moon would be greater than that of faturn in the ratio of 3 to Y-f^ \ 
which is more than triple. So that this reduftion of the apcrmrc and eye- 
glafs feems very advantageous 3 but in reality it is quite otherwife ; and 
that for two reafons. Firft becaufe the minute parts of the moon may be 
better difcerned when all the light remains in the telefcope, than when it 
is reduced to an I ooth part, though not in the fame proportion. The o- 
ther reafon is that when the aperture is too much contraftcd, the out-lines 
jhat circumfcribe the pictures in the eye become confufedj which is care- . 
fully to be minded, and alfo what are the limits of this confiifion. This 
is certain that as the aperture is contra(3£d, the flender pencils or cylin- 
4^5 of rays, that emecge from the eye-gla& into the eye, are alfo contraft- 

cd 
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ed in the Tame pro|>ori;ion. Now if the breadth of one of thefe pencils be 
lefs than ~ or -^ of a line, that is lefs than -^ or ^^ part of an inch, the 
out-lines of the pi£lures are ipoiled, for fome unluiown reafon in the 
make of the eye, whether in the choroid, or in the retina, or' in the hu- 
mors it is uncertain. For by looking through an hole, in a thin plate, nar- 
rower than y or -g- of a line, the edges of obje<Qs b^in to appear confufed 
and fo much the more as the hole is made aarr-ower. Now it is eafy to ihew 
in the laft mentioned telefcope that the cylinder of rays is too flender. For 
by adding -^ of, the aperture to it felf', the focal diftance of the eye- " ^rt. jj;. 
glafs becomes v'Jy-f-j^v'-jJL, that is li/J-ofaa inch ; and by fimi- 
lar triangles fubtended at the common focus q by the aperture and cylinder 
fought *■, it is as the focal diftance of the objeft-glafs, to the focal diftance l>P'S-i8<. 
of theeye-glafs, fo the breadth of the aperture, to the breadth of the cy- 
linder j tmit is as 30 feet or 360 inches to -i^ y ,V inches, fo is Y^ of 
aninch to ^IJ- inch or almoft y^ of a linci which is much lefs dun ^. 
But in thetelefcopcregulatedin the table, it is as 360 to 3Vt^o3 to j'j'- 
of an inch or almoft J of a line for the breadth of that cylinder; which 
can pofllbly do no harm. Hence we learn that the breadth of the aperture 
and focal diftance of the eye-glafs cannot be oontrsfted much more than 
f of themfelvcsj for even then the breadth of the cylinder at the eye will 
not much ^cced -i of a line. The fame is to be underftood of telefcopes 
of all lengths regulated as in tjie table, the breadth of the cylinder being 
the fame in all. For bythe proportion juft mentioned it equals the Iw-eadth 
of the aperture multiplied mto the focal diftance of the eye-gtafs and di- 
vided by the focal diftance of the c^jefli-glafs, and confequcntly it is 
proportionable to die linear aperture directly and the linear ampUdcatioti 
inverfcly j which ^two ratios muft compound a rado of equality co pre* 
fervjc the fame apparent brightnefs, by art. 349. 

359. Hence though weiransferredone of .thefe telefcopes from Saturn 
to Venus which is 225 times brighter, being it; times nearer to the Sun, 
yet the breadth of the aperture muft not be contrafted above j part of the 
whole; and if too much light ftill remains, it muft be diminilhed by 
darkening the eye-glafs with the fmoak of a candle. For a greater con- 
traction of the aperture is hurtful for another reafon, that all the little 
bubbles and veins in the eye-glafs become more confpicuous by intercept- 
ing the whole or a greater part of thofe little cylinders above mentioned, 
and confequently the, particles of the object they, came from. 

360. Upon the whole I conclude we may lengthen our telefcopes at 
pleasure, according to the laws of the table, with good fuccefs ; fince noi: 
only thebrightnefs and diftindhiefs remain unaltered, butalfo the breadth 
of the pencils that enter the eye. Laftly to obferve exceeding fmall flars 
and efpecially the Satellites of Jupiter and Saturn, the beft way is to in- . 
crcafe very much both the aperture and focal diftance of the eye-glafs. 

T For 
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For fince they appear like points even- through the tckfcope» there is no- 
thinggained by endeavouring to incrcafe their diameters; but their bright- 
nefs muftbe increafed as much as poiTible ; and this i$ chiefly done by 
increafing the aperture. By doubling its breadth, the light received into 
it becomes quadruple, and then by doubling alfo the focal diilanceof the 
1 -Ut. 347. cye-glafs, the diftindtnefs returns to the fame as at firft ■. But ftill the 
brightnefs will not become 16 times greater, according to cor. 2. prop. 
3 , but only 4 times ; bccaufe as I faid the pii^re of the ftar upon the 
retina is but a fenfible point, whofe brightnefs cannot therefore be in- 
creafed by a diminution of its breadth, but only by an addition of new 
light. The cafe is different when we view the moon and primary planets 
through the fame tetefcope^ whofe feveral parts receive 16 times more 
light than before. Thus by widening the apCTlureswtvety much increafis 
the power of the telefcope for finding outfinallflarsand the ^tellites of Sa-^ 
turn, fo that perhaps with a jo foot glafs, wh(tfe aperture is 6 indws or 
double the uiual one, as much may be done as with another of 120 foot 
whole aperture by the uble is alfo 6 inches. So &r firom Hugem, 

Proposition VL 

361. In reJleSiirtg teUfcopes Bf-aarious lengths a given ohje^ voill appear- 
tqually bright and equally aiftinBy when their linear apertures and alfo tbetr 
linear ampHJicatfons are as the fquare-fmate roofs oj the cubes cf their 
lengths : and confequently •when the focal aijlances of their eye-glajfes are aljh 
as thefquare-fquare roots of their lengths. 

Put ^for the linear apertureof the rcfleding concave, L for its focal di- 
ftance or the length of the telefcope, F for the focal diftance of the cye- 
• -S«- sss- S^^ J ^d when the diflinflnefs is given yf * is as FLL* > and when the 
*Art. 34J. brightnefs is given the amplification or -isas.^, that is i'isas-. There- 
fore when the diAiijflnels and brightnefs are both given, ^» is as — j^ or 
^*asl,» s OT.^as*,Z*. ThcampUfication — wasas.*^, that isas J. J»*5 

and therefore Pis as or t ■^" ^^--D. 

362. In the refleQing telefcope made and defcribed by JobnHadJey Efqs 
F. R. S. in the Philofophical TranfacSions N*. 376 and 378, L = 62i 
inches, -P = -^ or .jJ, or ii of an inch. For he ufes 3 eye-glafles and as 
many apertures for the reflc(aer whofe breadths are 4^, 5^5- inches. Hence 

the linear amplifications or = arc 187^, 208 i, 227yV rcfpe<5lively. Ta- 
king 
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king the middle eye-glafs and aperture for a ilandard I computed the fol- 
lowing table for telefcopes of-omer lengths by this Rule. Call the number 
■of inches in the length of any telefcqpe A and the focal diftance of its eye- 
glafs will be equal to 60 ^ 10 L in chouiandth parts of an Inch. The 

quotient of L divi^dby 60^ 10 Z.or.iPgive6 the amplification', which , Art- 1x5. 
xnultipUed by 24 will always give theJinear aperture in thoufandth parts 
of an inch. For by the propofitioa ^ I. is as Fi that is ^ 62^ or +, — 

or +, — or 5 ♦, - is to |> X as - or 300 millefimals in the given eye- 
gla&, £0 the millefimals in the correfpondent eye-glafs or in F=: £0 ^ 
40 L, And the aperture being as the amplification by the propoficion « 
£ty,afitheamplificationgivenor2o8- is to -« the amplification found* 

fo is 5 inches, the aperture given, CO the aperture ibught= -^X j = 

** I . , * 

— X ■=. mches; 

1000 F 

363. Were it not for the unequal rcfrangibility of »iys, refrafting te- 
lefcopes, though not fo fhortas thcfc*, would alfo be proportioned by b Art. 341. 
thisrule^: which not agreeing with experience, fliews again that the ab- eArt.33|, 
^rration arifing fi-omtheiphcrical figure are inconfiderable in comparifoa '^ '■' 

U)Xhe.other aberrations acifing from the unequal refran^ibility of the rays. 



T 2 364. 
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364. REFRACTIKG TELESGOPEJ 


R»pi»CT!KO T»i.escep»s 


l-ength of 


Lincjra- 


Fpcal dift. Linear air.- . 


UogUi rf 


Fool did- 


Irincaram- Li aw r a- | 






ofthecjrc- plilicition, 


th= ttlrf- 




plifiution. 


pertureof 


cope or fo- 
cal dift. of 


tlic objofl. 


glafs. ormagni- | 


copc or fo- 
cafjiS.of 


gl.&. 


or magni- 


yiccoocave 


gUti. 




^ingpow- 




fying pow- 




the obiefl- 








tlie concave 








gU6. 








f«>. 


Mill^/.Iirk 




Wiltt/.lntiJ, 


• F»t. 


/bcA.&Aa- 


Ihch.kDir 
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0. 167 


36 


0. 864I 


I 


0-55 


0.61 


20 


0.199 


■ do 


1.440 


2 


0.77 


0.8j 


28 


X 


a 236 
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2.448 


3 


0.95 


1.0; 


34 


3 


0. 261 


•3« 


3:. 312 


4 


1.09 


1.20 


40 


4 


0. ftSi 


»7i 


'^•l°i 


-4- 


1.23 


•'• 35 


44 


5 


0.297 
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4.848 


"•3+ 


■■47 


49 


~6 


0,311 


232 


j,;61i 


l 


■■45 

'•55 


J. 60 
1.80 


P 


I 


0.323 
0-334 


260 
287 


0. 240 
.6. 888 


9 


I.A+ 


60 


9 


0.344 


314 


z-^i^ 


10 


••97 


1.90 


63 


10 


0- 353 
0.363 


340 


8.160 


>3 


2.17 


72 


II 


,6, 


8.760 


•S 


2. 12 


2.32 


11 


12 


0.367 


390 


9.360 


»o 


».45 


2.7a 


^3 


0-377 
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9. 936 


«S 


2.74 


3.0.1 


100 


14 


0.384 


437 


JO. 488 


30 


3.00 


3-30 


109 

u8 


15 


0.391 


460 


■11.040 


35 


3^24 


^56 


16 


0.397 


4«^ 


11.592 


40 
45 


r.t 


3.81 


126 
•33 


17 ' a 4©3 1 506 


12. 143 






50 
55 


t^? 


4.26 
4-47 


j:8 


365, Thefe proportions^ in^- 
^ffl/s tabic for refrafting telefcopcs^ 
aie mcafured by the Rheinland foot 


60 

i: 
90 
100 


::5^ 

4.90 
J. 20 

5^48 


4.66 
5.04 
5^39 
5-72 
6.03 


\it 


t 
.99 


which is to the£ngli£h foot as 139 
to 135 J. fo that taking their lengths 


of as many englifh feet, their aper- 
tures and eye-glafles and linear am- 
plifications ihould be fevcrally di- 
minished in the fubduplicate ratio 
of 139 to 135 by art. 354. that is 
nearly in the ratio of 13910 137 or 
about -^ or ^-'^ part of the whole. 
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140 
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180 
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6.48 
^•93 

7^35 
7^75 


-6.60 
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8.09 

8^53 
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281 
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^•93 
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240 
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8,83 
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■260 


8.83 
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10.08 


333 
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10.44 
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10.95 


12. 05 


398 




JQO 
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'3^47 
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13.42 


14.76 1 48a 
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fIHAP.8. OBKBRALTPKOSKXTISS Of r0Cir«K6 AITDIIRAOES. t^$ 
C H A P T E X VIII, 

Cgntains general properties of focufes and images^ belonging to 
■J.h^ ^y^ ^^4 '* t^ny number of fnediums :■ with genial con" 
firu&ionsy fhewing the variations cf the apparent diJiancA 
of an objeBy and of the realdifiance of its lafi image^ from, 
the eyey caufed by a direSi motion of the eye, objeil or m&- 
diumu .,. : 

'■ P R OP 0,8 r r I o.N I, ■, '. \','"'i 

HjLyJXG the, diameters. and ^i^ums if tiiDofphericalfurfaceii ^Bieh Fig. 383. 
intercede three given medtums, andfitppofing the incident, ret^s in rt- 
f the outward mediums to he parallel, and very near to the common 
axis of the fi^dcet, it is propofedtofind their focus after both refraSHons. ' 

366. In the; common-axis AQ of cfae fur&c^ .^^, CD, kt u and i/bft 
the&cuies of rays,; whichbcforc.thoyonrci^iby refractions ac^Band 
CD into the outward medj^ms, went both ways paraliel to the axis in t{ia 
inward mediiini. Moreover let b and c be the focufes of other rays^ which 
t)efoic; dicy eipei^cd by refra^ons at AB and CD into the inder rae- 
dium> came both ways parallel to the axis in die outward medium?. THefe 
focu&s may be found by art. 224. Then fay as cb : bA: -.Aa '.al\ and 
placing iz / the contrary way from a tothat of he from 3, the point / fliall 
be the focus of the rays after both refraAions, which came parallel from 
■without upon the furface CD ' : becaufc c is their focus after their firft 1 Ait. 837. 
refraftion. In like mann«* fay as ^ <r : f C: : Cd : dKy and placing dK the 
^ntrary wayiront(i[to that of c^ from r, the point iCflialfbe the focus of 

other rays after bodl refraftions, whiclvcame parallel from witjbbat up- 
on the furfece AB. 

• All the figures are adapted to me<Kums whofc denfities are continually 
greater as they lye in order from the left hand to the right j but the.demoa- 
ftrations fcnre for any irregular order of denfities. 

Pr O.P OS.I.T roN It .■;■...:.■.■■■''';';- 

^tbe focus if incident rays being pven, it is propofe^^tfi.^n4.tk^^\ficHi 
after tieir refractions at twoj^bertcalfurfaies^ which intercede giyhi t^tfr-. 
diums. ' . ,'■■,. '1 ■ 

367. In the common axis ^Cof the given jrurtac«/^£,Gp,^|l^^ . 
£/be me focufes of rays, which' before they emerged by refraCtrons into 

the outward mediunis, went both vrays parallel to the axis in the inner 
jcnediufQ. Moreover let / and .^ be the focu^ <^ other rays^ which be- 
fore 
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' ibrc their refractions through both the furfaces, came both ways paral- 
!lel to the axis in the outward mediums. Then let P be the given focus of 

the incident cays, /and s the focufes of thofe Tays which came the con- 
trary way to the incident rays, afid fay as J*/ to la fo dK to KRi and 

placing KR the contrary way from K t« that of IP from 7, the point R 

£haU he their focus afio- both the refraQtions. 
sFig. 385. For by faying as Pa:aA:.: Aiii^^znd by ykdng^^the contrary 

■wiy frdm i to tnatof a P from «, tlie point ^is their focus after the firft 
i.Ar.- 237. fcfraftion at AB *. The fame point ^being the focus of incident rays 

upon the, furface CD, fay again as:^(r:i-C;:C(^: i/i?; and placing i/12 

the contrary way from d to that of ir^from c, the point JJ is their focus 
tafter both refradions. Now by the firllof thefejiroportions, and of thofe 
in the foregoing proportion, the re&angte Fa'X^^=(tf.<4XJ?f^ =)^c.>C 

Ja i and by the fecond propwtions in this and in the fon^ui^ pr*ofi- 

;ion, the re€t&n^\c ^%dR = {cCy(.Cd=z) bc>LdK; then bjr nsfofving 
■fhe two forma: rectangles into the proportion of their fides, it is as Jai 

Pa'.'.hj^bc and disjointly (orjconjainily) PI.: Pa:z{^ zhci^dK^ 
,dR by refolving the two latter reftangles; and digointly (or ccMiiomtly ) 
.J^I:Iai',.iiK:KR, . . . 

368. Cffrol. The m^nkude of the redangle under i*/, KR is invft* 
zfiable, being always eqml ra the given redangle under Ja, dKi and cuw 
;%Ueotly iCi2 i6iccij>rocally as P/. 

Pkpfositjon III. 

3Iavitigibe diameters and pojitkns^th'eej^bericalfurfacesy whtcb in- 
tercede Jour given medium s^ if the incident rays in either of the outward 
■mediums be parallel^ and very near to the common axis of tbejitrfacesy it it 
j^ropded to find their focus after all the refra^ms, 

l^ig- 386* 309* Suppofmg the focufes tf,i^ and 7, iC to be determined by the fore- 

j;ouig propoiition for two ccHitiguous furfaces, as AB and CD j kt paral- 
lel rays fmlingon both fides of the third fur&ce £F have their focuf^ 
after refraction there only, at e andy"; whereof e being the ^us of inci- 
.dent rays upon the furface CD^ fay as eK\Kd"^ii IL; and placii^ 
JjC the contrary way from 7to that of £V from K, by the foregoing pro- 
po6tiDn the point L is the focus of rays, after all the rcfraftions, wiiich 
-came parallel from without upon the fiu-facc EP. Again, kjasKe-, eE 
' ' ^f'f^t and placingyAf the contrary vfa,y from/to that of eK from 
tf the point M is the focus of raysaftcr all the refractions which came pa- 

tfArtaa?. iiallcllranwithoutuponthcfurfacc-^B*. 

Pitoro- 
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P R O P SIT I ON IV. 

'the focttsof incid<nt r^s hang ghen^jt U propofed tit find their fQCUt" 
after refroBimi tbr$ugh any given number of jpbericalfurf aces that inter' 
cede given mediums, 

37a. Cafe I, In the common axiiofihrec furface>-<4ff, Ci>,£i?, , let J Fig- 3«?»- 
and/Tje tire focufe* of ray^, which before they emcrg?d by rcfraftions in- 
to uie outward inediams, went boch ways parallel to the axis in either of 
die inner meditRnSr. as CE ; moreover kt L and M be the focufes of o- 
therrays, which befcM-e their fcfractinis- through alV the fttrfaces, came 
both ways parallel to the axis in the astward mediums ; . then lee P be th6 
given focus of the incident rays, L and./ the focufes of ihofe rays Which . 
came the contrary way to the incident . rays, and fay 2s J* L :LI: :fMi- 
MS-,, and placing MS the contrary way from^Af tothat o£LP fcom Z.,. 
thepoint 5 ihall be their focus after three refradions. . 

For by the fecond prt^ofition their focus R, aftec two refrafttons at Fig. jw; 
the furfaces AB^ CDy is^givenby faying zsJ^Ji.la : : dK'.KRiiod finco 
R is their focus when incident on the furfacc EFy fay as Rr : eEr. : Ef: 
fS, and 5 is dieir focus after thcec refraftions '. Nowby the.firftcf thefe-aArfc2}7, 
proportions and of thofe in the third propofition, theredtangle PIy.KR 
;=. {la X dK=:) Ke X LI. Likewifeby the fecond of thefe proportions and-. 
of thole in the third prepolition, the TC&&n^\eRe%fS:z{eE%Efr:)-Ke- 
X/M; and by refolving the two former redanglcs into the proportion of. 
theirfidcs, it i8a5X/:P/::A^i2:X^, and disjointly(or conjaMtlyVPZ- 
rP/:: (li<:K*::)/ilf :/S by rcfolvii^ the latter reftanglcsj and-dif-» 
jointly (or conjointly) PL: Z-/::/Afr MS. 

The rays wIm^ focufes arc / and/ were fuppofed to be parallel to th« pig. js^jgt 
axis in xhe medium CE ; now let a and f be the focufes of oth^ rays 
which ate parallel to the axisin the other inner medium jtC; &sd fince. 
J^LiLIi'.fM: MSi fcr the. iame reafbn when P comes to « dfid €6n&r 
<iuemly S to fy a 'ansa L.:L I::: fM-^Mty therefisrcbeeaufooifthei^Ctt- 
KsSangle i/ X/3f» it isas Pi : ia : : ^Af : il/5. 

371. Cafe 2. Hence by the method of the third propofitioi> one may 
find the focus of parallel raj^ after refraftion through four furfaces, and'', 
then the focus of inclined rays in die fame manner as in the foregoing cafe, . 
and fo on. And by thefe propoiitions it is fufficlently evident, that if i. 
and Af be the principal focufes of the whole fyftem of furfaces, and / &nd 
Jibe the focoics of other rays that go parallel in any one of the inner mc- 
diuntis, then J'L.LI'. :fM; MS. 

37a. Carol. I. It ismanifeft by the analogy between the rules for-find-- 
ing the focufes of rays refrailed through a fingle furface and afiBgle" liens'',, ^ Art. 136. 
that the rule in this propofition for the focufes of rays ref radedthfough 
any number of furfaces, willtoealfo for-anynwnber ofleitfes of any fort . 

placed 
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placed at Aj C, JD, &c. in one continued medium. And fo it appears that 
the relation between the conjugate focufes P, S, of a pencil of rays rcfradt- 
jcd through an infinite number of futface's br lenfes, may be dways cx- 
preiTed by a fingle proportion; in like manner .as that relation is exprefled 
in a fingle furface or a fingle lens. 

373' Corol.2. Take a line iV a middle proportional -faetwcttiihe given 
Jines l,/,yM, or between X<J,/M, and it will alfo be a middle proportio-i 
nal between the variable lines PL^ MS: and confequeotly PL is reci- 
procally as A/S, and they lye contrary ways from the principal focu&s 
jLy M. And the emergent rays will flow from S if it lyes on the fame fide 
of the laft furface as ^e incident rays, otherwife tqwards S. £ccauie the 
rays coAtinue CO go for wards from the laft furface- 

Proposition V- 

'''S- y • Having the femtdiameter P p ofafmall objeSi ^placed perpendicularly H 

the commtn axis of any number ef refraSfingJurfaceSj which intercede gi- 
ven mediuMs ; it is propojed to^nd ihejemiatameter Ssofrti la^ image. 
■ 374* Things remaining as they were in the preceding propofitions, 
Xake. a line F'= Aa >C — X — &c. as far as the number of furfaccs pCT-. 

DodtSi sJiASs will be to P/ as the conftant lincFto PL. 

For let a^Xf^y &c. be the centers of the given furfaces A, C, £1, &c ; 
iSg', Rry Ssi &c. the refpedUve images formal by them. The cfcjeA and 

* ^^' t^eie images are terminated by the lines ^ a ^> jxr, ri|j, ^c". Now by art. 

238. it is as ^ : ^: : ^a: ^, and disjointly (or conjointly )^:bA:i 
^et : clP : : ^ : Pp, becaufc the triangles ^?, Pcip are equiangular; 
and for the fame reafon thatP^:% :: hA:b^ it is as ^ : fir : : dCtdR, 
ajid asRr-.Ss: :fE ■■fS, .&X. And by coinpounding thcfe proportions, it 
iBf^Ppi Ss i-JA)(.dC)i/E:b^y(.dRiifS. But by arL 237. it will be as 
Pa:Aii''Aa:6^ and by art. 367. aa PIiPa.:dK:dR.aiid by art. 
$70. AS PL:PI::fM:f Si and thefe three proportions being compoun- 
cd, give PL : Ab :xAa%dK%fM:b^dR%fS. But we had Ss : Pp 
i:b^4R'AfS'.bA%dC%fEi{^^ciotiiSs%PL:Pp%Ab%xAay(.dK 

VifMibAx.dP>^fE, Whence5j = P/X^X^X^j or,by t&kipj 

alincr=^.X^^xf, Ss = Pp^-f^, 

^75. Corel. I. Hence the image Ss is equal to the objefl: P^, when 
PZ is equal to K 

376. Carol. 2. The ijnage Ss is as the objed Pp dircftly and as PL in- 
verfely. 

377. Corol. ^. And therefore (he image 5j is as the angle PZ-^ which 

* Art- «*». rfie objcfl fubtcnds at the prmpipal fpcu^Z-^ 

378. 
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378. ChroL 4. The image is .fimilar to the objeift in all its parts. For 
wHen Piisgiven, Siis as jP^ 

379. C&roJ. 5. When the objeftis given, the image is inverfely as PL 
or direftly as MS by art. 373. 

380. Carol. 6, If the emergent rays be received upon a perpendicxilar 

plane cutting i|iS in JT and ifiin X, take a linei!>/=: — '^^ and place it 
in a contrary 4ire&iDn to diat cfMji from M, and the femidtameter Xx 
of this confufed image will be equjd to -i^ X !— X K For the triangles 

a,Xz,),5i being fimilar, it is as Xx : (5*) ^XT* :■: jiX: ifM-F M.?, • Art. 37^- 
.^ klZl^oe PL-i- Li or PI by conftruaion. Whence Xx=^ x. 

381. Corol.y. Hence if the perpendicularplane be fixtat anyplaceX. 
the confufed image Xx is as — -, or as the angle fubtended by the objeia 

at the given point/*. • Art. m- 

Coroi. 8. Hence if the objeft be given, this image Xx is inverfely as P/j 
and is atlo iimilar to the object. 

Proposition VI. 

Ji ispropofed to find the ratio <^tbe angles which tbd incident and emer- 
gent parts of a ray do make with each other and with the common axis of 
any number of given furf aces betwixt gi-uen mediums. 

382. Thmgs remaining as they were, let PBDFS be the courfe of Fig. 391- 
the ray ; P and 5 its firft and laft interfeftions with the common axis of 

the furfaces. Take a line Zequal KoAby.— X — &c. as far asthe num- 
ber of furfaces permits j and the angle v^P^will be to £*SP as the given 
line Z to Pi. 

For ^\bA::Aa:aP* and conjointly and alternately ^ : Aa ;:• .i«. .37. 
^:^P::ang. y^PB:ang.^^P*. In like manner, Rrf: Cf :: i?C:' Art. 122. 
C^::ang. c£i>:angCfii>j and likewife 5/: £f :: 5£: £P:: ang. 
P,RF\ ang. BSF\ and fo on. And by compounding thefe proportions 
it is as ^ X i?fi^ X 5/: Aa%Cc%Ee:: ang. P : ang. 5. But in the de- 
monilration of the lail propofition we had Aa X dK •<fM: ^)(.RdA 
SfiiPL: Ak. Whence it eafily follows that Ab%~y.^~:PL:'. ang. 

P : angle S. And by fubftrafliing the lefler angle from the greater we have 
V the 
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flic angle made by the incident and emergent ray, as appean by produ« 
<;ing theic rays till they crofs one another. 

jSj.Gjro/ I. Let ^fi be the femiaperturc of the firft furface, and the 
femiiiiamcter ilf OT of a perpendicular feiftion of the emergent pencil of rays 
will be to ABf as the given line — ~- is to AP. For becaufe the fubten- 

fcsoffmall angles are in a compound ratioof their legs and of theangle» 
themfelves, we have Mm loAB in a ratio compounded of MS to AP^ and 
of the angle MSm to the angle APB^ or, by the propo&cion, of PI. to Z* 

Whence M«= _ x -^- =-^X _/- . 

- 384. Ctral. 2. And therefore Mm is as — , or as the angle AFB. 

385. Cord. ^, So that when ^B is gitren^ AfOT is reciprocally as -^/*, 

386. CoroU 4, If the emergent pencil be cut by a perpendicular pian£ 
at any other place X, the lemidiaineier Xxy of this feiSion, is equal to 

—p>^—^ — 5 • For Xx: {Mm) ~ -A— ^ ■■■■MS -MX t 

MS-.-i—^ -MX:^-l^::LIy.fM- PL%MX:LIy^fM. 
Fig- ?9J- 387. Carol 5. Hence we have the following conftruiUion, takcX n : LI 

::fM: MX and place it in a contrary direftion from L to that of MX 
from Mi and in the line AG perpendicular to the axis, take AG 10 AB 
asMXtoZ; then through G draw GH parallel to the axis, and with the 
afymptotes GA, GH draw an hyperbola nr through the point n s and 
the perpendicular P 3^ will everywhere equal the femidiameter ^xwhen 
the plane is fixt at X, For by the property of the hyperbola the rcSangle 

GH%Hr=iGA-AAn, whence Pr=(Hr- GA= f'"'"'~°'"'^^ 

± — y iln-£P --*''vi£l:g Tp--<gv tJ'/M-JfxMJ f, 

~ ^'•j^, „_~ 7/ ~ ^ ~>^ ~^^-Tf^ 53f 

j-p ^ 2 — C'y conftruftion) = Xx in the 4th corol. 

388. The line iV or a middle proportional between Lland fMvr^s 

made uie of to determine the relation of any two conjugate focufcs P, 5, 
. An. j7).. to the principal focufes L, M' ; the line Tor Aa%''-^ y.^, to deter- 
bAn.37*. minetheratiooftheobieaatPtoitsimaeeat^i'i and the line Zor ^4 

^ ;^ ^ ;£"' ^° determine the ratio of the angles at P and 5 made by any 
e /.It jSj. ray with the axis of the furface = ; I fay the lines F, N, Z are continual 

proportionals in a fubduplicate ratio of AiDiCc nEe to AixCJ/. Ef; 

and confequently in lenfes they are equal to one another. For ^: Z:: 

qj;^/- ■^^^^/•■Aa^Cc-it.Ee: Ai%Cd -A Ef; and by art, 369 and 

366 
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366 it win appear that TV' : Z» or Lly^fM: • ''J' X </K' X/Af = : : 

PKOPOSITION Vn. 

'^o^ndtheapparentdiftanceofan QbjtSfiiu through any given fyjiem of 
mediums ; and tojhew how it varies tabiU the eye^ obje& orjyjiem is moved 
forward or backward. 

389. Things remaining as they were, bifcft hM in 7*, and in a per- 

JicndJcular to the axis at T, take Tu, Tn, Tz fcverally equal to the given pig. 394,3 
ines^, iV, Z; and through «, parallel to i,JVf, draw /w cutting perpen- 
diculars at L and ji^ in / and m. Join m S and produce ii both ways, and a 
perpendicular OAT terminated at m-S will becqual to the apparent diftance 
of me objciSl P fcen from any point O. 

In like manner let R be the conjugate focus of a pencil of rays fuppofed 
to flow from ; join iR and produce it, and the perpendicular P /"termi- 
nated at IR will alfo be the apparent diftance of the objeft P feen from 0. 

Laftly take G and PHeach equal to T'L or TM and place them in- 
wards, if the order of the points LI'Mhe according to the courfe of the 
rays that flow from P, otherwife outwards ; and let /ot produced cut the 
peipeodiculars to the axis at G and iZ^in^andi&t then let ^i& be an ordi- 
nate to theaxisofaparabola^Z^, whou parameter belonging to the axis 
is the line T'v, and whofe t^ are extended from its venex the fame way ak 
the perpendiculars Gg, Hh arc extended from the 4xis of the fyftem > 
and the ordinate 7'Z will alfo be the apparent diftance of the objed.Pfeen 
from O. 

Now if the obje£l; and the fyftem be flxt while the eye is in motion along 
the axis of the fyftem, the moveable perpendicular OJf, terminated at 
the fixt line m S, being always equal to the apparent diftance, will ftiew 
how it varies. Or if the eye and the fyftem be fixt while the object is in 
motion al<»ig the axis of the fyftem, the moveable pcrpendicuiar P /l 
xerminated at the iixt line iR, being always equal to the aj^rent diftance, 
will fliew how it varies. Or laftly if the eye and objcft be iixt while the 
fyftem is in motion along its own axis, (fuppoiing its p^ ts to be kept at the 
fame intervals, ) the moveable perpendicular TZ terminated at the fixE 
parabola rZj, being always equal to the apparent diftance , will fhew 
how it varies. 

Andifonepartoftbe fyftem be fixt, while the other is in motion, let the 

fixt image of the objeia formed by the 6xt part, be at P ; and by apply- 

V 2 ing 
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h:% the fdme conftrudlion to the moveable part as before was applyed to the 
whole, the ordinate jTZ will fliew the apparent diftancc in this cafe. 

Demonstration. 

f'li ;9'- 39°- For let the line /irdrawn parallel to PO meet the vifualray Of 

produced, in w, and compleac the rcftangular parallelogram PpirTl-r 
■ Art. 139. jj^gjj qq jg ^Yic apparent diftancc of the objedt P/>^i and the triangles- 
QUv^OSs. being equiangular^ we have On : OS :: (Flwor P^: Ss::) 
b Art. 374. PL..y^, that is fuppofing the perpendiculars OX,Pr^ TZ to be fcve- 
Fig394.39S-raiiy equal to the apparent diftance On, wehavc OXor Pl'orT'Z: 05 
c Art. 3:3; -.'.PL-.tviifziMSi becanfe PZ. >t M5 = 7n» = I'vX.T'z'. 

',^i- pij.fl; then we have OX: 0-S ::l'zor Mm: MS, whichihewsthat«y 
produced is the geometrick Place of the pmnt X, Secondly we have alfo 
Pr:TzoTLl::{OS:MS::).PR;LRi foe we had Pi X MS=:Tn* 
= OM/.LR, whence OM:MS r. PL: LR znddisiomtly OS : MS:: " 
PR: LR. And this fliews that IR produced is the place of the point 2^ 

Laftly we have TZ= { — - — == — zz \ — Tz, 

FoThycoa{ini&ionPL = HtandOMzz7'GandPL%MS=zl'v%'fz. 
Now let the point T'be removed to G; then becaufe TG =0^ by the c- 
quatlon we have the ordinate H'Z^. — 'Tz^Gg. Again by removing "I* 
to Hy we have TZ = — Tz r: Hb ; and by the fame equation we mvc 
i' £ 3'A 7^^-+ 7'jsthatisxZr:-^— ^. ^\k&.gb\iiA^ and the point z being re- 
moved to ^, let zZbecome ^5 = — ^ — « DrawZCpctpciidicular 
to^5, thcnBC=:(^5 -2:Z = =-—=:)—-. 

^ 7v Tv Tv ' Tv 

Which flicws that the place of the point Z is a parabola whofe parameter 
belonging to the axis >^S is T'v. ^£. i>. 

E'S- 397- 391, While the fyftem remains 6xt in any place, the apparent diftance 

of an object at P fcen from O, will be to the apparent diftance of an ob- 
ject at O feen from P, as Z to F. Fo,rleta ray P5Z)P fall upon anobjea: 
at O in any point JC, drawK* parallel toOP and let it meet the ray PB^ 

^ produced, inx, and complcat the redangle xiCOii; then the apparent 

Art. 2ZI. diftance Pn :P0 : :angle OPA:: angle OPx*, or in a ratio compound- 
ed of the angleOPXtoOSXandof OSXtoiiPjt, thatisofOS toOP 

- Ast. js... and of PL to Z*. Therefore PSi. = ^J^.. Bui we had n = ^^^ 
in the article above, andconfequentlyOn: Pii:: Z:V, 

F'E 394.39S- 392- Hence .the foregoing conftrudion will give the apparent diftance 
of an objed at ieen from P, by drawing the line In: tlirough i- an! ' ■/ 



d by Google 



d by Google 




cdb.Gopglc 



CHAF. 8. FOR AP^ABBST X> t f T A it € t. T^y 

making T'z the parameter of the parabola. The fame conftruftFon ferves 
alfo for a lens or lenfes, by drawing the line im through n, and by making 
T« the parameter of the parabola. For in lenfes the points w, v, z coin- 
cide '; and confequently the apparent diftances O CI and Pil are equal. * *"■ s^'- 

393. Hence if the places of the eye and objedt be given, and it be re- tig. 398.. 
quirc^ to interpoie a given fyftem of furfaces or lenfes in fuch a place tha« 
the oDJeft Ihal! appear through them alt at a givea diftance j in any per- 
pendicular i)^/) to the axis OP^ on each fide offtake .^/> and ,^i> 
equal to the given diftance,. and through the points D, D, paraller to uie 
axis, draw the lines DZZ^ DZZ cutting the parabola in four points Z^ Zy 
Zy ^whenpoffiblc; then draw the perpendiculars ZT'&c. to the axis 0P».. 
and place that point of the given fyftem which bifedls the interval LM at 
any of the four points 7*; and to the eye at O the objedt will appear at the 
given diftance ^/) ov'tZ^ as isevident by the foregoing conftruffion. 

3 94. And by the fame method, if the places of the objedl and fyftem be 
given, one may find the place of the eye, from whence the objeft fliall 
appear at agiven'diftancej andlikewifeif the places of the eye and fyftem 
be given, one may find the place of the objcift, where it fhall appear at a 
given diftance. 

I have given the foregoing conftruflions of apparent diftance and mag- 
nitude **, for any one to examine bow near they will anfwer his ideas of B Art r4»i 
diftance and magnitude upon making the experiments. And I add the 
following conftruiSions for the diftance of the laft image of an objea 
from the eye,tofliew how widely it will differ frMii the apparent diftance 
of the objcft, in nioft cafes. . 

Proposition VIII. 

To (hew in •what manner the diftance between the eye andtbela0imi^99f 
an ohjeB is varied, -wbileibe eye, obje£f ar ref racing fyflem of any forty t$ 
. moved forward or backward. 

395. Things reniaining as they were, take a perpendicular Mv equal to Fig. jjg. 
MS, and draw aS cutting a perpendicular at O in x; and when the ob- 
jcd and the fyftem arc fixt, and the eye is in motion along O P, it is evident 
thatOxwill be always equal to 05, tbcdiftance between the eye and the 
laft image of the objed P. , 

At L ereft a perpendicular Lm equal to MO, and draw a-^ parallel to 
iP, cutting a perpendicular at P in ^j and through the focus Ry. 
with the center a and afymptotes «i, a^ draw an hyperbola cutting the 
perpendicular at P in ;> j and Py will be the diftance of the laft image 
from the eye, lyhile the eye and fyftem are fixt and the objetSt is io motion 
alongOP. ForfinceP"|/z:£» = MO, we ftialLhave P;' = 05by taking 
4_j'=(AfS=^=)~. Hence the reaangle«4';'=!r;j*, which fiiews 

that 
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that tlie place of the point;' is an hyperbola ; which \vill pafs through R, 
becaufe the redmigle RLuovRL% MO — ^n * . 
Fig- 400,401- Xaftly ercdt a perpendicular 7/p=HG and draw P6' cutting the per- 

pendicularn7'producedin£,inwhichtakc £^=— and place it down- 
"Ward if H7' lyes from H toward G, otherwife upward, and through 
the point (, with the center i^and afymptotes FG^ FH, defcribe anfcyper- 
bolay^^; and whileiheeye andobjeftarefixt, andthepoint Tisin mo- 
tion along with the fyftem, the ordinate TC will be always equal to the 
diftance of the laft image from the eye. For by conftrudkion the line £^ 
is reciprocally as KT*, or reciprocally as FE, becaufc HT'is to F^ in a gi- 
ven ratio of HG to FG; that is, the magnitude of the redangle under F£^ 
Is invariable, and confequently the place of the point ^ is an hyperbola. 
Moreovcrbyconftruaion7'£=:7'G=AfO, and therefore 7"^= ( T'fi- 
£^=AfO-^=AfO-IJ z=MO-MS:=)OS. 

396. Let the hyperbola y^,r cut the lineOPinyandJ; and when the 
point 7* in the given fyftem is brought to y or J, the laft image of the objed 
at P will fall u j|on the eye at O -, becaufe 7*^ = 0. 

397. Hence if two points 0, P be given, and it be required to intcr- 
pofea givenlensorfurface ora fyftem of lenfes or furfaces in fuch a place, 
that the rays which belong to P fliall belong to after all the refractions, 
we have the folution in the foregoing article j or more readily in this man- 
ner. Parallel toPO, and through the point n, draw a lice Tn A, cutting a 

-femicircle upon the diameter GH in r, Ai and the peripcndiculars Ty, 
A J to the axis O P, will give the points y, i where T m\m be placed j for 

■when O 5 or 7*^ that is rc - ~ = 0, we ha ve the reftanglc ff 7*6 = 7« ' 
• Euc.VI.13. -zyT* =iA' =HyG=H3G* : and confequently 7" muft coincide with 
y or 9. But the data muft be fuch that Tn muft be lefs than half HG; for 
if it be bigger, it willbeimpoffibleforthe line r«A to cut the circle whofc 
^meter is HG. 

398. And when the diftance of the image from the eye is diminiflied to 
nothing, tlie apparent diftance of the objeA becomes nothing at the fame 
time. For the parabola in the foregoing propofition will cut the line 
OP in the fame points y, 3 as the hyperbola does, when poffible, that is 
when Tn is lefs than half GH. For we had the parabolick ordinate 1'Z 

HT*TG -. ^ ,.,,. , .. 

* Art. 390. ~ -~f — — 3^2 * j which bemg put equal to nothing gives the Tc&3iXi- 

g\c7'vKTz or I'n* =HTG = HyG. 

399. In all the propofttions of this chapter I have only purfued the 
snoft general cafe, that is when the fyftem of furfaces or lenfes has two 
principal focu&Sj as X and M; but the fur&ccs may be fo iicuated that 

the 
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the rays which fall parallel upon the firlt, iKall emerge parallel from the 
laft. Thefe particular cafes and fome few determinations, which would 
have perplexed the reader too much and withdrawn his attention 6'om the 
general cafe, I have purpofely omitted. Whoever has a mind to confider 
them by dicmfelves, will fijid them eafy to be folved in the following 
manner. In the fecond propofition if the focufes ^, f be fiippofed to co- P>g 383 to 
incide, the principal focus /, K will be removed to an infinite diftancc. ^^^' 
In this cafe Ptf is to^JZiathcgivcn ratioof iheret£bngle<i-4itothe re«a- 
angle cCJ iond P<3,i/i2 will ly^che fame wayfrom<iand(/. FoiVehad Pa 

z=~zndJR=:—i but^^=f^ becaufeic=o. In this and the like 
cafes when the fyftem has no principal focufes, the geometrick places of 
the points X^T, Z; x,;-, ^, in the foregoing conftrudtions are all ftraight 
lines. 

400. By the analogy between the rules for finding the focus of a pen- 
cil of rays reflcfted and refraded acafingle fpherical furface", itismani- "An; mr. 
feft that all thepropofitionsand conftrudlions in this chapter, may beea- *'■' 
fily adapted to rays fucceffively reflefled fiom any numbe(' of fpherical 
furfaces betwixt any given mediums. And chougli.I have mentioned none 

but fpherical furfaces, yet all the conclulions are the iame for any other 

furfaces of equal curvities to the fpherical ones ^ ^ *"- ''*f " 

40 1 . Likewife in the following chapter, where I confider the refleifiions Defign. 
and refraflions of rays that fall not only perpendicularly, or almoA per- 

f:ndicularly as before, but with any degree of obliquity upon any curves, 
generally mention no other but a circle, which is always fuppofed tO' 
have the fame curvicy as any other curve, when poflible, in the place where 
a flcnder pencil of rays is incident upon it. To £tnd the radius of cm-vity» 
is the fame thing as to draw perpendiculars to a given curve or to its tan- 
gents at the given points of incidence ; and then to find the concourfe of 
two of the neareft perpendiculars; for this point of concourfe is the cen^ 
ter of a circle whofe arch coincides with the given curve at the points of 
incidence, fiut this being a problem purely geometrical, it is fufficicnt in 
this place to have given an idea of itj cfpecially (ince the confideration of 
any other curves but circles, is feldom neceflary for the folution of any 
optical appearances in nature. At firft I ihall conlider a fuperficial pencil 
of rays, ^t lyeallinoneplaneofincidence; becauleicwiUappearafter- 
wards that the raysof a folid pencil, which lye in different plancsofin- 
cidence, will belong to different focofes ; and therefore inftead of a fphe- 
rical furface I fubffitute a great circle of that furface ; considering it a&a 
phyfical circle, not a mathematical one. Laftly it is to be obferved as- be- 
fore', that in ftriftnefs of geometry the focus of a fuperficial pencil of re- c Art, ait.; 
fledled or rcfradted rays, is nothing but the common interledtion of two 
contiguous ^ys, whofe points of incidence were in the middle of all the 
rcfl i but the fame interfe£tion confidcred phyfically may be called the fo- 
cus of a (lender fuperficial pencil of rays. Chap-, 
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Chapter IX. 

Determinations of focufes of rays falling with any degrees of 
obliquity upon afiy number of refieSiing afid refraSiing Jut- 
faces of any forty and alfo of the properties of Caufticks. 

Proposition I. 
Fig. 401 to 402. TT ET the ray AB belonging to tbe^ocus A, fall -with any obliquity 
^°^ I J upon the concavity or convexity of a circle or any other curve, 

whofe radius ofcurvity at B is C B, and be rejie£ied alongB F given in por- 
tion; draw toe fnes of incidence andrepe£lionCD,CR, and bifeSt their e- 
■qual coffKs B p, B E ('n a andf; and fay at Aa foa BJb Bf to f F, and place 
JF the fame way nvitbre/peSi to Bf as Az lyes with re/peB tauB; and the 
point F will be the focus of a fender pencil refeSfed from an exceeding fmall 
anh whofe middle point is B. 

For let jib F be another ray rcfled:ed from 3, the neareft point to 5 j 
■draw Cd and B J perpendicular to-i^3, and alfo C? and Bij perpendicu- 
lar to iF^ and the line 5Jwill equal JS>;. For the angles B^ij, Bijf, which 
^b and bF produced do make with the arch Bb or its tangent at; b, are 
a Art. 9. equal*} and confequently the little right angled triangles B,bS, Bby[ are 
alfo equal. Again the lines Z)(/ and £f, which are the fame at laft, when 
■b and if are coinciding, as the differences of the equal fines Ct) and CE, 
Cd and C^, are alfo equal. And fince the triangles BAf^ DAd are equian- 
•gular, andalfo 5F>i, £ff J the ratio of the diftances B^to^D (orof 
Bi to Dd ox oiB^ loEe) is the fame as the ratio of the fimilar diflances 
BFxo FE. Hence conjointly and disjointlyB^=t ^i):^i): : BF=±: 
JFEiFE, andalternately : ■ ::{AD:FE'.:) — : 

'^IZ^^ that isAaiBfuaBifFi and alternately ^^:tf£::B/:/f. 

And fuppofing the incident rays to go backwards in thcfc figures, they 
will be reflefted from the convexity of the arch, in the fame lines produ- 
•ced as befiare. ^E.D. 

403^ Carol. I. When the incident ray ^Bpaflee through the center of 
-the refleiSing circle, this propofition degenerates to the third propofition, 
■art. 207. 

404. Corol. 2. It appeared in the demonflration that the ratio of the 

idiibnces BA to Al) is the fame as the ratio of the fimilar diftances BF 

xoFE.' 

i 'f05' Corol. 3. The points tf,y^are the focufes of flender pencils coming 

parallel to FB and AB refpedively. For when the focus ^ or F is remo- 

- ivcdlo aninfinite diftaiice thelinesZ>i/, B^, Btj, Ee become equal to one 

' 't another 
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another. Or it appeai^s from the lecond corollary, or from the proportion 
itfelf. 

406. Corol. 4. Ereft 5G and SH" perpendiculars to the incident and re- pig. ^■^. 
ficited rays A Bzad BF, and taking 5H^ equal to BG, terminated at the 

axis reproduced, joynCilfand it will cut the reflected ray in the focus F. 
For drawing the equal fines CD, CE, the triangles BAG, DAC and alfo 
BFH, EFCare equiangular. Whence BAiAD :i{BGiDC::BH: CE 
::) BF:EF; which is the property of the focufes ^, i^bycor. 2. 

407. Corol. 5. The focus ^being given to find the point B, in a reficd:ing Fi^. 40;. 
■circle, from which and from the adjoining points, the rays Ihall be refled- 

cd into parallel lines when poflible ; in CA produced take AG equal to AC^ 
and a circle defcribed upon the diameter -<4G will cut the refletftin^ circle 
in the points S, B required. For drawing GB, the angle ABG in the fe- 
xnicircle is a right one, and confequently In the equiangular triangles 
ABG, n)C, the fides rS, n> are equal J and therefore .^^ is the focus 
«f rays that will be refiedcd from B into parallel lines by cor. 3 . 

408. The pofition of the reflefted rzy BF, which in this and the fol- 
lowing propofifion is fuppofcd to be given, may be determined by ma- 
king the angle of incidence equal to the angle of refleftion, or by infcrib- 
ing a chord in the rcflefting circle, equal to the cliord which the incident 
;ray moved m; or by feveral other methods. 

Proposition II. 

'409. 'tbefocui of incident rays being given, it ts required to Jind ibeir 
Jbcus after any given number offuccejjive refeSlions from the injide of a gi- 
ven circle. 

Let ABCDB be the given courfe of a ray reflcdled from a circ4c at pig. 4c*. 
BfC^ Di and from the center .SupoQ .<^J5 and i>£, the firft and latt parts 
of the ray, draw the perpeadicularS'SJI^ 5iVj and from X^andiV towards 
B and Z), the firft and lait points of reflexion, take Kl" and NF feverally 
in proportion toKB or ND, as an unite to twice the number of fucceflive 
reneftions; then let any point ^^ in the line ^S be the focus of incident rays, 
and fay as 1'Ata TKfoFN to rH-, and placing ^H" the iame way with 
refpeft to FN as "TA lyes with refpedl to TK, the point H will be their 
focus after all the refieSiions. 

For let the perpendiculars 5A!,5L, 5Af, 57^ upon the ray .(^S, SC; 
CDy D^ cut the next Tay Abcde in k, l,m,n\ and let the focufes or in- 
terfcftions of thefe two rays beacF, G, H. Alfo from B, C, D upon the 
ray Ab, be, cd, draw the perpendiculars B.&, Cy, DJ, and likewifc up- 
OTibCjCd, de draw the perpendiculars By, Cr, Ds. Thefe latter perpen- 
diculars Bq, Qry Ds arc reipcctively equal to the former B0, Cy, DS; as 
it appeared in the demonftration of the laft propofition. Now fincc FB, 
X FA 
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FL, FCaremthefamerati6»roonesriothera?5yi/./i Cy jtndftRce Fff 
— i-2i'''i=:FC,thereforcB'^ — f-2jt./ = CyorCr. For the like reafon Cr 
'-i- zMm=Ds or Ds, andfbon. Therefore fiaceXil,I«/,Af»artequaV 
as was fhewn in the demonrtration of the laft propofiti6n» the perpendi- 
culars fly, Cr, iJ*, andthtir tqualsfl?, Cy, Z)<J; are Severally in arith- 
metical progreflion; their common diffefenee being 2 Llor iKk. Sbthat 
putting n for the number of chords BC, CZ), that join the fucceffirepoints^ 
of reflection, made in the paflage of the given ray from A to //» we have 
5j3 -4- 2nK& = Ds thefubrenfe of the angle DHS ; that is, Kk:BB~+ 
2nKk::{KkorNh:Ds:i) NH.HD. Hence znKk: BH -h 2 riKk 
i:znNHiHD, and disjointly 2nKk: E&::2nNH:HD-2nNH^ 
and Kk : B By that is AK :AB.: NH: HD — 2 « NH, and disjointly AK 
tKB::NH:HD~2HNH^NH,orND-2nNH^2NH. Therc- 

Sovt AKi~^ KB v.NH'. _U ND-Ntl^ and conjointly AK -+ 
-L.KB:-^ XB:: -i- ATX): -L- ND-NS; that is, taking A!*/ 

iii-+2 34-1-2 2»-^Z iJI-t-l '^ 

= JL-KB,indN^y=-^ ND, \fre hav6 rA-.tKx'.FN: VHi 

^nd 2 »-+ 2or2X«-+ lis twice the number of reflexions of the given ray 
AB; becaufe there is always one reflection more than the. number oS 
chords between the flrftandlaft pointsofrefiefUon. ^E.D. 

410. CoroL I. When AB isfixt in pofition A'His reciprocally as tA; 
and confcqucntly ^is the focus of rays that come parallel to AB^ and T* 
the focus of rays that come parallel to ED : and dieie principal focufes 
are found as above^ by taking KTio KB as an unite to twice the number 
of fucceffivc refleftions. 

41 1. Corol. 2. The perpendicular fubtiiifes Kk, Ll, Mm, &c. of the 
fmall angles at A, Fy G, &e. are equal to oiic atlother. And the ffliall ar- 
ches fli, Cci Dd, &c. are in arithmetical progrdfiioh as well as the per- 
pendiculars Be^ CyyDiy &c. becaufe the little rij^t ahgled triangles. 
objtt Ccyy Ddi^ &c. are equiangular. 

PROPOS.lflOM III, 

rrg. 40910 412. From the center C of a refraBfing circle'Bhybei'wixi given me- 
<' ^ diumi, draw the perpendicular G D upon an incident ray A B and CE up- 

on the refra£ied ray hT given inpBfiticn; and if any point h be the focus of 
incident rays, upon a fmall arch B b, and F be their focus after rejraSiion^ 
the ratio of the dijiances BF fo EF will be compounded of the ratio of the 
fmilar difiances BAtoDA, <f the ratio of the fines of incidence and «- 
fraaion, C D, C E» taktn direSily^ and of the ratio of the cofnes^ B D, B E». 
taken inverfely. 

For 
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Fbriet-rfJjFbcthenearcftrayto^jBP; and upon^idAw the per- 
pendiculars CJt Bi-t and Cf, Bn upon ^Fj and the right angled tnan- 
;le5 BHt BX^C will be fimilar, as appears by taking the common angle 
^Bb from the right angles CBh^ DBi. And for the fame reafon the 
right anj^cd triangles Bttb, ££C will be fimilar ; and confequently the 
whole figures B»i<J*, BEDC will alfo be fimilar. It is alfo to be obfcrved 
that CD is to CE and CJ to Ce in the given ratio of the fine of incidence 
to the fine of refr^ion ; and divinely DJ is to£f in the fame ratio. 
For the fame line CDJ may be confidered as perpendicular to both rays 
jIBt Ab when the angle BAb is vanifhing % Hence becaufe the triangles * ^ *"*■ 
BFr, £Fir are fimilarj and alfo BAS^ BAii the ratio of BFto £For 
of 5»i to Ee^ which is compounded of the ratios Bt[ to Bi^ Bi to DJy 
Ddto Ee,is alfo compounded of tbefe ratios re^eftively the fame as the 
former, B£ to BZ), BAtoDA, CDtoCE. ^E.D. The pofiiion of 
the rcfraScd ray BF, which is fuppofed to be given in this and the fol- 
lowing propofitions, will be determined hereafter by lemma 4. 

413. Gjrp/. I. When the incident rays are parallel, the ratio of^F to FF 
is compounded of the direft ratio of the fines of incidence and refradion, 
«ndoftheinverferatio of the cofines} becaufe theratipof B^to X)^ii 
a ratio of equality when A is remote. 

414. CoroL z. The ratio of the perpendicular fubtenfes D</, £f, of tlhe 
fmall angles at A and F, is invariable ; being the fame as of the fine of 
iacidenoe CD to the fine of refraction CE, 

Lemma. I. 

415. The ratio of the tangents, Ct, CF, of any two angles, CBD^ JFig. +is. 
CBJS, is compounded of the ratio of their fines, CDtCE^ taken direct- 
ly, and of their cofines, BD, BE^ taken inverftjy. 

For the right angled triangles BCT", B DC are equiangular, and fo are 
the right angled triangles BCF, BEC Therefore the ratio of CT* to CF, 
which is compounded of Cf to CB and of CB to CK or of C D to DB 
and o£EB to £C, is the fame as the ratio of the reftangle under CD^ EB 
to the reCfangle under DB, £C, which is compounded of the ratio of 
CD to CFand of £B to DB*>, that is of the fines dir&Sly and cofines bEuc.YI-ij 
inverfely. ^£.D. 

Proposition IV, 

416. Let AB and B{ be an incident ajtd a refra^ed ray given in pojt- ^ig- ^^^^* 
ihm. From C tbecenter ofcurmty at B, or of the refraBing circle^ draw *''^* 

<; EperpenScularlo the refroBedrayB ifroduced-, and ietB He /o B E ai the 

tangent of. the angle of incidence to the difference of the tangents of incidence 

^sdrefraSion ; .end let fi ihe placed forward ^ that is according to the courfe 

X a of 
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of the refraSitJray, iftbefurf&ce oftbedenfer medium he convex^ ctberwifr 
backwards j and f will be the focus of afiender pencil of rays that came. 
parallel toAB upon the fmallejt arcb atB. 

For the ratio of Bf to EJ, being compounded of the ratio of the fines- 
of the angles of incidence and refradlion direitty and of their cofines in- 
faA^rc.l's- ^^""^^'y'' 's the fame as the ratio of the tangents of tbofe angles ■>; and 
disjointly Bfh to BE as the tangent of incidence to the difference of the 
tangents of incidence and refrailtion. The rcafon of the rule for the pofi- 
tion of Bf is this, that the rays going forward in both eafes> will converge 
in one cafe and diverge in the other. ^. E. D. 

417. Carol. I. Hence Syis to £y as the tangent of incidence to the tan- 
gent of refradion. 

418. Corol. 2. Let <z be the focus of rays that cameparallelto/B; then 
we have Bf to Da z& B E to B D, thzi is, the continuations of the cofine* 
BE, BD to the focufes of rays that came parallel to them, are in the 
fame ratio as the cofmes themfclves. For Bf\& to Rf as the tangent of in- 
cidence to the tangent of refraction, and Ba to Da in the fame ratio in- 
verted. ThcTtforeBfiEfi-.Da-.Ba, and disjointly Bf:BE\:Dav 
DB, zndzhernnLtcly BfiDa:: BE: BD. 

419. Corol. 3. Theiocusy" may alfobe found by drawing lines in this 
manner. DrawG£ perpendicular to thcrcfraded ray Ef, EG perpen- 
dicular to the radius B C, and G/parallel to the incident rays> and it will 
cut the refraftcd rays in their focus/. For let £G cut ^B in H, and G/ 
being parallel tothe bafe JSHof the triangle 5jEH, we have B/:B£:: 

cEuc.vi.3. HG-.HE", the fame proportion as in the propofition : forGHandGE 
are tangents of the angles, GBH, GBE, of incidence and refraftion. 

420. Corol: ^. Hence it appears that while the angle of incidence con- 
tinually increafes, the focal diftance Bf continually decreafes, till it be 
reduced to nothing when the angle of refraftion becomes a right one j or 
elfe till it be equal to the cofine of refraction when the angle of incidence 
is a right one. Confcquently the focal diltance is the longell when the 
angle of incidence is the leart ; and then this propofition degenerates to 

d Art. 224. the fecond propofition of the third chapter **. For the tangents of very 
c Arc. 204. fmall angles are in the fame ratio as their fines or arches*. 

L E M M A II. 

FLg.418,419. 421. The leaft increment of an angle of incidence, is to the contem- 
porary increment of the angle of refraftion, as the tangent of the angleof 
incidence, to the tangent of the angle of refraction. 

Let two rays j^B, aB, containing a veiy fmall angle ABa,he refrad- 

ed at B along the lines BE, Be by a plane or by any curve-furfacc. From 

any point C, of the line BC perpendicular to that furfacr, dravfCDd 

f Art. «)4- cutting the incident rays (produced) at right angles ^ in D and di and 

like- 



d by Google 



d by Google 




.Google 



CH Jkr. 9. O 8 L I QJJ BLT Ktl^ltACTXlR t6^^ 

likewife CBe cutting the refracted rays (produced ) at ri^e angles in £ 
and e. Then becaufe CD is to CE and CJ to Ce in the fame ratio of the 
fines, di^ointly we have DJ to Ee asCZ> toC£. Now the ratioof the 
£nall angles {ABa or) D Bd and £B^, which are the contemporary in- 
crements or decrements of the angles of incidence and refradion, being 
compounded of the ratio Dd u>Ec and of BE to BD', that is of CD to " *"- "*■ 
CE and of BE toBD, is the fame as the ratio of the tangenu of mci- 
denccandref^adion^ ^E.D. bAiu+rj: 

422. CoroL Hence if the angles of incidence and rcfradion of eithec 
of the rays ^5f, «£? be invariable, whilethofe of the other ray are va- 
rieda little, their fmall increments or decrements will be always to each 
other in an invariable ratio. 

Proposition V. 

423. Let a ray hh falling ivitb any obliquity upon a refraBing curve Fig. 414 » 
at B, 6e refraffed almg B F given in portion j ««rf /et B a ^^ the focal di- +' 7- 

fiance of ray i coming parallel /o F B i and fi f the foe id dtjiance of other rays 
coming parallel /« A B ^ then Jupp^ng any point A to be a given focus of 
incident rays, fay as Aa to z Bfo Bt to fF, and place f F thejame way icitb 
rejpe0 to iB at zK lyes -with reJpe^ftozB; and F will be the focus of the 
refaBed rays. 

For let AGF\x the neareft ray to ABF; and joining a G zndfG, a pjg ^j^, 
ray aG after rcfradion at G wilt go along a line Gff parallel toBF, by 
the fuppofition -, and Hkewife a ray/G will be refrafted through G along 
G/parallel to BA. But the angle AGa is to the angle FGH at GFf in 
a certain given ratio «; and in like manner theanglc ff-/tfGor^G/istoe Art.412. 
fGFia the fame given ratio'. Therefore alternately the angle AGazan^. 
a AG : : ang. GFf: ang./GFj and the fines of thefe fmall angles are in 
the fame proportion "J; and confequently in the triangles AG a, GFf the ^ An. zio. 
fides oppofite to thofe angles arc alfo in the fame proportion" j that is Aa^An. 211. 
:aG::Gf:fF, or Aa:aB:'.Bf-fF^. Let ^approach towards <7, and f An. 10+. 
^hcn it coincides with <J, the line/P will become infinite j and therefore 
vrhcn A pafles to the other fide of a, the point F will alfo pafs from an in- 
finite diihncc to the other fide of^/I ^E.D. 

424. Coral. I. When the ray ^Si^ is given in pofition the line /F is 
reciprocally as ^d. 

425. Corol. a. The fame words applyed to the 42 1 ft figure are a de- Fig- 4"- 
monftration of the fame proportion for the focus of refleftcd rays. For 
nowtheangle^Gtf isioFGHor Gi^/in a ratio of equality^, and fo is 8 An. 8. 
the angle aAG or AG I to the angle yGFj and confequently the trian- 
gles AGa, GFf an equiangular j and therefore Aa: aG or a B:: Gfot 
BJ\fF. Which is another demonftration of the firft of thefe propofi- 

tions '' ; and the points a,f which arc the focufes of parallel rays to FB h An. 401. 

and 
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describe tvro parallel chords of a circle ^^^ Bf C, and be refleAed aln^ 
■ An. 9. 19. thediords£C,^f refpeflively equal tofi./^^<r*,aiidleC[hemcrofsiD/ 
Then afii = (B*-+-<tf = arches -arch J*=archBC—arch*#=)Cf 
— B6. Hence Cc = ^Bi and Bi : Cc : : i : 3. Let the chords ^^, tf^ ap- 
proach infinitely near to one another, and Uie figures B/it C/if wiU be- 
*.Art. M+. come equianguUr triangles^ and confequcatly By :/i: orfCzt {BiiCc 
; :) I : 3 J therefore B/= ^i B C = -^ B^. 

Proposition VI. 

426. Having the focusef a Jlenderfuperficial pencil of rays falHr^ loith 
any obliquity upon a great circle of a J'phere of any homogeneal matter^ it is 
propofedto find thefacm of the rays that emerge from the jpbere by refrac- 
tion, after any given number of fucce/Jhe refleBiiom within it. 

FiR. 413, Let ABCDEZh^ the courfe of a ray incident at B, fucccflively 

«An. 183&C. refiefledany given number of times, as at the points C, D S and emer- 
gent at E. And let A be the given focus of incident rays j F their £xus 
after the firft refradlion at B ; G their focus after the refledtions at Cand 
JDj and Htheir focus after emergence by refrat^on at E. To find theie 
focufes, let B/and Ba be the focal diftances of rays coming parallel to 
AB and FB rcfpcdlivcly, and fay as Aa -.aB'.: Bf:fF; which gives 
the focus F, by placing fF the fame way with refpedt to B/as Aa lyes 

• Ait.4J3. with rcfpcd loaB*. Again from S the ccnrer of the fphcre, draw SL, 

•SA^ perpendiculars to the firll and laft chords BC, DE, and towards Cand 
X> the iirft and Jaft points of reflexion, take i.^TandiV'Ffeverally in pro- 
portion to L C or ND, as an unite to twice the given number of fucceffive 
refledions ; then becaufe F is the focus of t^ rays incident at C, fay as 
^F tTL:: TL or rN : FG, which gives the focus G after the laft re- 
flexion at D, bvplacing F^G the fame way with refpca to JPT^as 7'i^lyes 

• Art.409. -with refpedtoTX*. Lailly let£f and£A be the focaldiftanccsof rays 

coming parallel to ZE and GE refpeflively, then becaufe G is the focus 
of the rays incident at E, fay as Gg :gE ::Eb: bUi which gives H the 
focus of the emergent rays, by placing bH thefame way with reaped to 
•Art.42j. £i&asG^lyeswithrefpeato^£*. ^£. J. 

427. Corol. 1. While the incident pencil revolves about the focus A 
with an ai^ulannotion in the plane ofthc circle B CDE, the proportio- 

^ Att.4ao. nable lines >^tf. aB^SffFwill all vary their lengths*, and fo wUl'T'i; 
and when 7'F, T'L, !Zy'are continual proportionals the emergent rays will 
J)e parallel to £Z. ForwchadG^:^£:: £-6: Aif; therefore iH will be 
ijnnitc when Gg is nothing, tliat is .when FG equals Fg or Tf which 
are always equal, by reafon of the equal chords BC^DE and equal re- 
J&adions at E and B. But by conftruflion TF, TL, VG arc alwajra conti- 
nual 



d by Google 



CHAP, p. t> B t r <sjt Err ntvjtjLeT'fff. i6y 

nual prepdrtionals ; therefore when /'G and T/ are equal, wehaVcTi?,, 
7'L, Tycontiniitl proportionals. 

428. Cvrvl. 2. Hence if the incident fays be paralle^, the emergent rays 
will alfo be parallel when ^f and TL. become equal to one another j and 
tonfequentljr when!./ is to Z.C as an unite to thegjven number of fucccf- 
fivc refle^ioDS. For when the focus >^is infinitely remote, the focus F 
will coincide with /, and confcqucntly the continual proportionals I'Ft. 

TXj, T/* will become equal to one another, * Art. 427. 

429. Conl. 3. Hence drawing SM perpendicular to AB produced,, 
and putting n for the given number of fucceflive reflcdtions, if the inci- 
flent rays be parallel, the emergent rays will alfo be parallel when BL : 
BM: : n~i-i,SLi SM. For in Corol. 2, we had » : i : : L^C or LB : 
Lft and conjointly « -+ i to i (as Bf to Lf, that is,) in a ratio com- 
pounded of .SAf to >SI> and of BI' toBAf*i therefo re by c ompounding • Art+i^ 
thefe ratios with the ratio of SL to SM, we have « — l- i, SL : SM: : 

BL : BM. 

430. Corol. 4. Hence putting /: R : : SMzSL, andm=n — t- i, we 

&all have BM: BS-.: y II-RR-.y mm- i,RR; which determines 

the angle of incidence BSM when the rays that came parallel to jiB 

diall emerge parallel to jEZ. And this is Sir 7/^tff iViraei/^fl's rule for deter- opt. p. 14*. 

mming the apparent diamercrs of the Kain-bowe, aa ihall be explained 

hereafter. For becaufe SM:SL:iI:R^ Vfcha.vc SM=±zSLiSM:: I 

=ti=R : /. And in Corol. 3. we havcfil, =±: BM: BM::mR^iz I : /. 

^"' SM' -4-g Af* =gl>^ H- gZ.' *. or S M ^ - SL* = BL^ — BM\ • End. 47- 

or SM-+SLX. SM~sL = BL -^ BMK BL - BM. Whence 5Jlf 

-i.SL:BL~+BM::BL~BM:SM~SLi that is, by fubftituting 

the valued of thefe terms, which arc given by the foregoing proportions* 

i^ SM:'-^ BMi:"-^^ BM:~ SM. Htnct rTR^ f^TR :^ 
SM* r: mR-+I% mR — I X BM*, and confequently BM^ : SM': i 
II-RR: mmRR - II; zndmt^ini ly BM'^ : BS^ : iII~RR: mm- I 
%RRiaadBM:BS:iYJI-RRiymm-i, kit 

Proposition VIL 

43 1. . Having ibepo^tiom of two given curves, betwixt three given aK- 
Jiums; and fuppojng the rays of a jlender pencil in either of the outward 
mediums to he parallel, and ta fall upon the curves -with any obliquity-, it 
ispropofed to find their focus after ref rations through both tie curves* 

Let aAbcCd be a ray refradted at A and C by the given curvcj AB, pig. 424. 
CD; in this given ray let tf and 1/ be the focufes of rays, wtuch befixe 

they 



d by Google 



I'fiS r»cxr-sis nt katk book 2. 

they emerged by refra^ions at AB and CD into the outward mediums, 
went both ways parallel and very near to ^Cin the inner medium. Alfo 
let /> and c be the I'ocufes of other rays, which before they emerged by re- 
fraftions into the inner medium, came parallel to rtw^andt/Crcfpcdlivcly 
in the outward mediums. Thefe focufes may be found by art. 416 and 
40 1 . Say then as c ^ : &ji : : yJa : a I, and placing a I the ^me way with 
refped to a^i as ^c lyes with refped to &A, the point / will be the focus 
of rays after both refradlions, which came parallel from without upon 

• Alt, 425. the curve CD * ; becaufe c is their focus after the firft refraftion. In like 

manner by faying as6c:cC:i CdidK, and by placing dK thcfame way 
with refped to </C as^^ lyes with refpea to f C, the point X will be the 
focus of other rays after both refraiiiions which came parallel from with- 

• Art. 413. Qm yp^jj jj^g Qjj^gj. curve AB *• ^ E. J. 

*"''fr+zs- 432. Corol.i. Let the two furfaccs ^B, Ci) compofe a fpherc of ho- 

mogeneal matter, and let 5 be its center. Draw OJW^ perpendicular to the 
incident rxy aA produced and ON perpendicular to the emergent ray 
dC produced. Then bifeft a M and dN in / and jff, and the points /, K 
will be the focufes of rays refraded through the fphere that came parallel 

■Art.418. xodC^iidaA. For bifeding ^C in L, we have ic: iC::C*^: CiV* 
andconjointly Xc : cC:: Cdf: <^A''; but by the propofition we have ^c 
ot 2Lc:cCt:CdxdK, and confequently 2Z,cX(/a = (cCxC</=) Zc 
X-i/A'' by the former proportic«i i therefore (/iC=i</iV: and by the fame 
argument al^-^aM. 

433. Carol. 2.. Wehad C(/to CiSTasthetangentof the leflcrofthcan- 

j(Art.4i6. gles of incidence and refraflion to the diiFerencc of their tangents' i and 
confequently the focus K will lye without or within the fphere, accord- 
ing as that telTer tangent is bigger or lefs than the difference of the faid 
tangents ; which difference increafes to infinity, while the angles of inci- 
dence and refraction increafe ; that is while the ray AC%cxs farther and 
farther from tlie center of the Iphere. 

Proposition VIII. 

434. *tbe focus of incident rays ieing given, it is proptfed to find their 
focus after Both rejraBions through two given curves^ Betwixt three given 
mediums. 
rig. 434. In the ray laACdK given in pofition, let and d be the focufes of 

rays, which before they emerged by refradtions at AB and CD into the 
outward mediums, went both ways parallel and very near to AC in the 
inner medium. Alfo let /and iC be the focufes of other rays, which be- 
fore their refraflions through both the curves, came parallel to CK and 
A J in the outward mediums. Then let P be the focus of incident rays 
upon the furface AB; /and a the focufes of thofc rays which came the 
contrary way to the incident ones j and fey as PI : la:'. dK : Jf R, and 

placing 
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placing KR the fame way with refpedl to Kd as IP lyes with refpcdt to 
/fl, the point R will be their focus after both the refradions. 

For by faying as Pa : aA : : ^& : ^^and by placing ^^as ufual, the 
point ^ will be their focus after the firfl refraftion at AB * -, the fame ■ ^irt. 423. 
point ^bcing the focus of incident rays upon CD, fay again as ^ : fC 
^ : CJ: JRf which being placed as ufual gives the focus R after both re- 
fraftions*. Now by the firft of thefc proportions andofthofe in the fore- a Ah. 4:3. 
going propofition, the redtangle Pa%h^jz[aA)i.Ab=.)bcye,aIi and 
by the fecond -proportion in this and in the foregoing propoiition, the 
xcSta.Tig\t^%dR={cC%Cd=)bc%dKi then by refolving the two 
fwmer reftangles into the proportion of tlieir fides, it is as la : Pa : : b^ 
: be, and disjointly (or conjointly) P/: Paw (^: be •.•)dK:dR\iy tt- 
folving the latter re^anglesj antl disjointly (or conjointly) P 7: Z^:: dK 
'.KR. ^£.D. , 

435. Corol. I. Hence when the ray 7-4CJl is given in poution, KRi& 
reciprocally as PI ; becaufc the reftangle la X dK is invariable. 

436. Corol. 2. Inthefphere wehaveP7:/Af:: NK; Ki?, which gives Pig- 4*;- 
the focus R by placing KR the fame way with refpeft to KN as IP lyes 

with refpedt to /il/. Becaufe wehad7M=/<J andiCiV= Jl(/* And this * Art. +3 «• 
rule for the focus R is the very fame as we had in the 236th article, when 
the rays pafs near the center of the fphere. 

437. Csro/. 3. DrawP5 cutting the circle in Band Dj andletjSPbe 
the focal diftancc of the fphere; thcnif 5Pbe longerthan5P, whilethe 
archi^^increafes, the line iCi! will decreafe to nothing, till all the points 
N,CjKyR coincide together in the furface of the fphere. For while B^ 
-ihcreafes, AM decreafes to nothing, being always half the chord of the 
arch cut ofFby P^produced. And ZiW decreafes fafter than AM-, being 

firft: bigger, then equal to and then lefs than ^M*. ButPZor P^=F:^7»Art.43j. 
Incrcafes ; becaufc P^ always increafes, while AI firft decreafesto no- 
thing, and then incrcafes on the oppofite fide to AP. Therefore KR or 
/Mx NK . . .. 

— — — decreafes to nothmg. 

438. Corol^. If SP be lefs than the focil diftancc 5P, whilethearch 
BA incrcafes from nothing, the negative line KR will firft increafe to in- 
finity and then decreafe to nothing as before. For when A coincides with 
B, the points AT, 7 coincide with S, F; and while BA incrcafes, Af7 de- 
creafes ^ till P7bccomcs nothing, and KR infinite >■"; after this KR de- b Art. 437. 
creafes to nothing as before. * ^^' *3J' 

439. Corol. 5. Hence it appears diat NR firft increa&s co infinity and 
then decreafes to nothing. 

440. Corol. 6, While NR is decreafing the point R will enter the fphere 
and return back again to Its furface before NR vanifties at the furface. 
In the line P7 take ^7 : IMv. NK : KC, and while AB incrcafes, thefe 

Y tw» 
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two ratios will at laft become ratios of equality j ( becaufe the lafl: ratio 
a Art. 4JJ' of NC to CJ will be infinite"; ) therefore ^ will be lefs than PI. But 

• Art. +3S. PI: IM: : NK.KR *; and confequently Pix. KR=:^I}(.KC^and PI 

: ^/: ; KC: KR, and therefore KR is lefs than KC ; and fo the focus R will 
enterthefpherejand will return again to its furface^ becaufe N"!! vanifhcs 
there, when the incident and emergent rays are tangents to the fphere. 

Proposition IX. 

441. Having the pe^f ion of ibrte given curves, Sefwixt four given me*- 
diums, and fuppofing the rays of a flender pencil in either of the outmari 
mediums to be parallel, and to fall with any obliquity upon the curves, it if. 
fropofedtofind their focus after all the refraBions. 

fig. 416. Suppofing the focufes a, ^and I^K to be determined by the 8th pro- 

pofition for "two contiguous furfaces, as AR^ CD ; let the ray CeEbc 
refrafted at the furface £Falong EfM; and let rays coming parallel to 
ME and CE have their focufes at e andyafter refraction at EF only j 
whereof f being the focus of incident rays upon the furface CD, fay as 
eKi Kd'.ial'^IIj, and placing /£* as ufual, the point Z* is the focus of 
the rays after three rcfraftions that came parallel from without upon the 

• Art. 4J4. curve £F*. Again fay isKeieE:: EfifM, and placing /Af as ufual^ 

the point Mis the focus of other rays after three refraftions, which came 

• Art. 423. parallel from without upon the curve AB *. ^ E. y^ 

Proposition X. 

442. Havingtbefocusof a flender pencil of rays, incident wftb afr^ oh- 
liquify upon any given number of curves betwixt given mediums., it is propo~ 
fed to find the focus of the emergent rays. 

iig. 417. Let /andy be the focufes of rays,, which before they emerged by re- 

fradions into the two outward mediums,, went both ways parallel and ve- 
ry near 10 the given ray in either of the inner mediums, fuppofe CE ; and 
let L and Mbe the focufes of other rays, which before refradtions through, 
all the curves, came parallel to ME and LA refpedtively. Then let P be 
the given focus of the incident rays, L and / the focufes of thofe other 
rays which came the contrary way to the incident ones; and by&ying as. 
PL -.LI: \fM : AfiS, and placing MS the fame way with refpeil to Mf 
asLPlyes with refpeft to 1./, the point 5 will be their focus after all the 
refraiilions. 

This may be demonftrated by the 9th propofition in the very fame man- 
ner as the 8th was demonftrated from the 7th, or in the very words of the 
370th and 37 ifl articles. And by the me^od of thefe demonftrations it 
appears that the rule here delivered for three furfaces ferves univerfeUy 
for any other number. But to avoid being tediCHis I have omitted fome 

caies 
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cafes of thefe propofitions, as I did of thofe in the 8th chapter, fuch as arc 
xnenti«ied in the 399th article. 

443. Carol. I. Hence when the ray PLACEMS is given in pofition, 
PL is rcciprocaliy as Af<S, becaufe the re«9angle under them is equal to 
the invariable reftangle under L I,fM. 

444. CoroL 2. The fame rules and demonArations will ferve alfo for 
^ding the focus of rays fucceflively reflcSed from any given number of 
curves, by quoting the firft of thefe propofitions inilead of the fifth. 

Definition of a Caustick 

445. Whea an infinite number of incident rays, AB, A By &c. that lye Fig. 418,419. 
all in one plane of incidence, ihall not belong to a fingle point or focus after 

their laft rcfleftions or refraftions, but fhaH cut one another in an infinite 
number of points J ifacurveFFFbefuppofedoffuchafliapeastotouch . 
*very one of the refl'e<fted or refradcd rays BFy BF, &c. produced if need 
be, in th« points F, F, ficc. the curve FFFia called a Caujiick by reflexion ' 
or l^refraSiioH^ according as the name is applied to reflcfted or refrafted 
rayft. 

446. Xjorsi^T. Xtt any tvro tangents BF, BF inrerfedt one another in 
Gi and luppofing thefe tangents to approach to one another till they co- 
incide, th? points of contad: and the point of interfciSion will alfo ap- ' 
proach to one another till they alfo coincide. It is manifeft therefore tlmt 
a rcfiedled or rcfraded ray touches the cauitick in that point of the ray, 
■where its mterfeQion with the next ray vaniflied, when they were fup- 
pofed to coincide. 

447. CoroL 2. Thcrefore-conceiving two incident rays infinitely near to 
«ach other to revolve about their focus ^ in the plane of incidence, the 
focus F or interfe«fli6n of the rcflcded or refraifted rays will dcfcribe the 
■cauftick above defined. Which is called a real or an imaginary cauflick 
according as i*" is the focus of converging or diverging rays. To get an 
idea of the ihapesof^:aufticks formed by rays refleftedfrom a circle or any 
curve, it is requifite to ccmfider the different inclinations of the refleSed 
rays to that diameter of the circle which pa^ through the focus of inci- 
pient rays, cr to the axis of the curve. 

L £ M M A III, 

448. Lotv^TbothefocusofincidentraysuponacirclcfiBHwhofecea- Fig.4jo» 
ter isC In the angle of incidence ABC, or in its complemeot to two 43J- 
right angles, infcrjbe a line A J equal to the incident ray AB -, and the 
roSefted ray B F wiU be parallel to AL 

For the angles ABI, AIB, IBFuk equal to one another'. ^E.D. » E""^- '■ S' '^ 

449. Cow, I. Draw- d» axi8-.(^C, cmting die circle at right angles in 
iSandSj andlettheliDe8^I<, ./^Z>touch It iniiandXj and the points 

Y 2 L,L 
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i, L will divide the circumference into two arches whereof Z.fiZ^ the 
remoter from A^ will be concave towards A^ and LS>L the nearer to A 
will be convex towards it. And when the point B comes to L the point / 
will alfo coincide with it, and fo the reflcfted ray will proceed in the di- ' 
rcction of the incident ray. 

450. Corol.2. Inthcreflc(5tingcircleinfcrlbe twolinesy^iy,^fl'feve- 
^ally equal to AC^ the diftance of the focus from the center j and the 
rays that are reflcdled from the remoter arch HBH will all converge to- 
wards the axis AC ; and thofe which are reflcded from the nearer arch 
H& H will all diverge from AC; and the two rays, HFj HF, that are re- 
medied from the points H, H, being parallel to the axis AC, Will divide 
the converging rays from the diverging ones. For fuppoiing the ray AB 
to approach to AH and to coincide with it, the line A I will approach to 
yfCand coincide with it J and then the reflefted ray.BF, which is always 
parallel to AI, will now become parallel to AC. But while AB is fhortei 
t'iiaa AH or ^C, the equal line ^/willalfobe ihorter than ^C, andcon- 
fequcntly will be fituated on the fame fide of theaxis AC as ^B,and there- 
fore the reflected ray BF, being parallel to A I, will diverge from the 
axis AC. On the other hand while AB is longer than A Hot AC, the line 
A I will alfo be longer than AC, and confequently will be fituated on the 
contrary iide of the axis, AC, to AB i and therefore B F being parallel to 
Aly will now converge toward the axis^C. 

45 1. Corel, 3. Hence it is evident, that when the focus A a nearer to 
the center of the circle than half a femidiameter, the rays reflected from 
the whole circle will all converge towards the axis AC^ 

Proposition XL 

Concerning tbejbapes and properties ofcaufiicks hy refieBion. 

F'E 43*- 4$2. Caje 1. Loc^be the focus of incident rays, and be out of the re- 

fleding circle LBL^ -, and let the lines AL^ AL, touch it in Z. and L j 

— and while the point of incidence B of the ray AB is defcribing the arch 

LBBL which is concave towards the focus A, the conjugate focus F of 

•Art.447. an infinitely flender pencil, will defcribc a real cauftickI.FFjL*j and 
while the point of incidence k is defcribing the arch Lfi^L which is con- 
vex towards the focus A, the conjugate focus * will defcribe an imagi- 
nary cauftick X**Z.*. The real and imaginary caufticks are both con- 
tained within the rcflcding circle j and each of them confifts of two fi- 
iiiilar and equal parts on oppofitc fides of the axis ^C, where each cou- 
ple of fimilar parts unite, and form two cufps or Iharp points at F and t 
on oppofite fides of the center C All this appears, by the 402d article, 
by which £/■=£ ^ = 1 fijEiand^a : a 5 :: ir/:/i?, and therefore the cau- 
ftick^s tangent BF increafcs continually while AB and A^ move from 
AL towards the axi8.^C 

453- 



• Art. 447. 
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453. Cafe z. Let the focus ^ be removed to an Infinite diftance ; andFig-455- 
the cauftick's tangent BF will every where be equal to B/ot Ba or one 
quarter of the Incident chord Bj8, fuppofed to move parallel to the axis 

454. Cfl/f 3. Let the focus v^ be in the circumference of the reflefting Fig. 436. 
circle, and the cauftick's tangent BF will be every where equal to one 
thirdof the reflcfted or incident chord -^S*. For B/ or Ba being equal "A«-4o»- 
to^AB, wahzvc^atoaBzs Bf to /Fas ^ to i; and therefore yp= 
-V-^B which being added to B/orJL.^figivesBi='=|^B. The ima- 
ginary cauftick is here vaniihed and the parts of the real one come quite 
roundto the focus ^and there touch the circle. 

451;. Cafe ^. Let the focus Center the reflefting circle, but not fo far Fig. 457. 
as i of its diameter HB i and the rays refledted from the neareft point ;3 
will diverge from an imaginary cijfp * in this diameter produced back- 
wards*. Bcfides this cufp at ♦ and the correfpondent cufp at F, formed by ' *"■ "7- 
refledUons from the other end B of the faid diameter, there are two other 
cufps R and S on oppofite fides of this diameter. Thefc three cufps belong 
to the real cauftick, which has alfo two legs RF,SF infinitely extend- 
ed, that approach to two afymptotes BF, BFi to which there alfo be- 
long two other legs ♦F, tF of an imaginary cauftick approaching to 
their contrary fides, and extended contrary ways to the former. For let 
the point of incidence B revolve round the circle beginning from the near- 
eft point & i and fo long as the incident ray AB continues lefs than ^ of 
the incident chord B^B, the reflefted rays will diverge from the imagi- 
nary cauftick tF* j and when AB equals i of its chord, the reflefted • An. 402. 
ray becomes an afymptotcBF, or a tangent to the curve at an infinite di- 
ftance''; and confequently when uiB is bigger than ^ of its chord, thebArt.40^ 
refle^d ra)r8 will converge towards one another and form an oppofite leg 
RFhy the motion of their focus Fj which firft approaches towards the point 
of incidence B till it comes to a certain limit, and then recedes from it, 
as the incident chord grows ftill longer ; fo that by means of thcfe con- 
trary motions of F in the reflcfted ray BF, and of the gradual change of 
its inclination, acufpor pointofretrogreffionwiUbe formcdati?i after 
the manner that the cufp or point of retrogreffion is formed in the axis at 
F by the lengthening and ftiortening ofBF^ and by the continual change 
of its inclination. 

456. Cafe s. Lctthcfocus^bifeft thcfcmidiamcterjSC.and thccufpfig.437,43J. 
$ being now removed to an infinite diftance*^, the afymptotes BF,BFc Atl+oj. 
will coincide with the axis ; and when ^ advances nearer to the center, 
the two legs J?F, SF will meet at a finite dlftance A^ on the contrary 
fide of .^i andfbthiscauftick will have 4 real cufps; and when ./^ comes 
into the center it ^9^ be contracted into this fingle point. 

457'. 
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4.57. Cafe 6. Laftly if the incident rays fell upon the oppofite fide of the 
circle converging towards A^ all thefe cauftickis will be rhc very fame as 
before, except that the real and imaginary parts will change places. 

Fig. 439. 458. Some of thefe caufticks may be defcribcd after the mannerof de- 

fcribing a cycloid. For example, in ihc third cafe where the focus A was 
in the circumference at A^ and BF the tangent of the cauftick was^of 
the chord ^5, of the refleifling circle j dividcany femidiameter fiCinio 
3 equal parts CD, DE, EB, and with the center C and femidiameter 
CD defcribe the circle DK, cutting AC produced in K; alfo with the 
center £and femidiameter ED or EB defcribe th? circle BFD-, cutting 
the reflected xsy BF'inF; then if the latter circle B FD be rolled, like a 
wheel, without llidii^ upon the convexity of th& former circle jD A, the 
given point i^.ofthe moveable circle, wiUdefcribethe cixiikickAFK. For 
joining £F, fince the equicrural triangles B£i?, SC^ arc equiangular, 
and fince B£is|5C, the line SF is therefore ^ of S^; and confequent- 

tArt.4;4. ly the point F is in the cauftick ■. And fince the angles Z)£F, 1)C^ 
which are the complements of the equal angles BEFt BCA, arc equal, 
the arches DF, DK, defcnbed with equal £emidiaraeters are allp equal. 
4.59. The cauftick of any curve, whofc radius of curvity at every 

Fig. 44a point is known, may alfo be determined by art. 402. For inftance, let 
AHB he an equiangular fpiral furroundii^ its pole.^; whofe eHential 
property is this, that while the revolving ray AB increaics or dccrcafes, 
th*; magnitude of the angle AB G, made by die ray AG and the curve ac 
B or its tangent BG, is invariable. Let the line G^£7b« always at right 
angles to ^5 and let it meet BC, perpendicular to BG in C; and in like 
manner as the point B of the moveable angle ABG dcfcribcs the fpiral 
jQH, fo the point C of the equal angle ACR will defcribe another equi- 
angular fpir^ .^C/about the pole vf. From hence it appears that Clsthc 
center and CB the femidiameter of a circle of equal cufvity to the firft 
fpiral at B, becaufe it is perpendicular to it ac jSandacaageqtto theotber 
fjiiral.at C. 

Now fuppofing A the focus of Incident rays upon the fpiral AHB^ the 
focus-F of the reflet^ed rays, as B F, will defcribe a third equiangular ipiial 
AF, differing from either of the former in po(ition only. For, from the 
cejiter C of a circle of equal curvity to the fpiral at Bj let down the fines 
of incidence and reflcftion CX), CE upon AB, BF^ and fince Z>alwayi 

• ;u. 48a. falls uptm the focus A, the conjugate focus F will alwajra fall upaa E *. 
And becaufe AB, B E are equal, and equally inclined to the perpendicular 
J3Cand confequently to the tangent BG, the line ^F will bcpaxalJel to 
BG; andfo the angle -(^F5, made by AFzad RF, the tangent of the 
caujftici at F, will be equal to the invariable anglt-^fiG^. ^JE^ iX 

r%-44'' 460. The length of any portion of a cauftick Focmcfi by ai^ refl&Stii^ 

curv^ is equal to the fum of the Incident and of the reileftefTray which 
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terminates one extrtmity of that pOTtion, diminished by the fum of the 
incident and of the refleded ray which terminates its other extremity. 

Im^ine the tangent BF to be a flexible line or ftring, which being 
extended both ways does lap or unlap it felf upon the convexity of the cau- 
ftick without Hiding, fo as to meafure the length of any portion of it to 
which it is applied. And having made the fame conftruftion as in prop. 
I, iince the triangles B^ J*, £i)i were there (hewn to be equal, the incre- 
ment i,J of the incident ray Bj^, is every where equal to the decrement ^if 
of the ftring BF^, reckoning from any fixt point *. And if the point B 
moves the contrary way, the decrements of AB are every where equal to 
the increments of the ftring. Taking therefore the correfpondent fums Cf£ 
thefe increments or decrements, it follows, when jiB, BF are in any other 
placeas.(^j8, fi*, that when .<^B increafes, A(i,~AB—^F-\- FB-^^; 
whence by taking equal things from equal things, A0~+^^—AB— 
£F=F^, the portion of the cauftick : and when ^B decreafes, AB~ 
^^=F<p~+^(i-FB; ■wh.eaceAB~i-BF-A&-^^ = Fp. 

461. In the third cafe when^is in the circumference, it follows from Pig. 436. 
the rule above that the length of the portion AF=AB ~+BP=^ABi Fig. 43y- 
and in the 2d cafe, when the incident rays are parallel, the portitm LF 
=2)B-+BjP=iZ)S, the line DB being half B/3. 

462.' The dcnfity of the rays in any particle of a cauftick may be deter- Fig. +42- 
mined in this manner. Let the incident rays ABj Ah be refletfted from a 
fmall arch Bh of any curve B / whofe axis is AI\ and let the reflefted rays 
touch the cauftick FfK mFxsAf. With the center A and with any gi- 
Tcn fcmidiameter^Cdefcribean arch C^P cutting the incident rays-/fB, 
Ab in F and^, and the denfity of the rays in the fmall arch Ffy will be 
to the uniform denfity of the fame rays in the arch Fp as Fp to Ff. For 
fuppofing all the rays incident upon the arch B^to be regularly rene*5ted, 
the fame number of rays will exift every moment in the lines P^, Ffy 
and confequenily their daifities in thefe lines are reciprocally as their 
lengths. Hence if the magnitude of the arch Fp be fuppofed invariable, 
the denfity of the rays in the particle P/will be reciprocally as its length. 

463. Drawthc lines P^i^G perpendicular to the axis Jf/, andwhen 
the whole figure is turned about this axis, all the rays that flow from A 
and are reflefled from the furface defcribed by the curve B/, will touch 
a Aiperficial cauftick defcribed by the circular motion of the linear cau- 
ftick .EP/'Jf; and the denfity of the rays in any part of this cauftick de- 
fcribed by a fmall arch Ffy will be to the uniform denfity of the incident 
rays in the fpherical furrace defcribed by the arch CFp^ as the redtangle 
under P^andP^to the rectangle under P/andPG. For the fame num- 
ber of rays ezifts every moment in the rings defcribed by the circular mo- 
tion of the linesP^, F/"; and their (knfities, being uniform incachring, 
are reciprocally as the magnitudes of the rings. But the ring defcribed by 
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. Pp is equal to the re(5langle under Pp and the periphery defcribed by the 
point P, and the ring defcribed by Ff is equal to the rectangle under Ff 
and the periphery defcribed by the point F; and fince the ratio of thefc 
peripheries is the fame as the ratio of their femidiameters, the former rcft- 
angle is to the latter as PpxF^o F/kFG. 

464. To give an inftance or two of this latter rule, let the refleAing 
furface ABIhc fpherical- and let the focus Ahc in this furface whofe cen- 
ter is C; and let the femidiameter^P equal AC. And the denfity of the 
rays in the fuperficial cauftick at F, will be to the uniform denfity of the 
incident rays in the fpherical furface CP, as the femidiametcr AC to 5 of 
the ordinate FG. Yor the length of the portion AEF, of the linear cau- 

* Art. +61. ftick, is equal to f AB* and confequently the leaft increment or decre- 
ment of this cauflick is equal to f of the increment or decrement of ABy 
xhziisFf—^b^. Draw CJ3 perpendicular to ^P and we have CjDcqual 
to P^, both being fines of the fame arch CP, And bccaufe the triangles 
PpA.BiA, and alfofij^, BCD are fimilar, the ratio of P/ to P/; be- 
ing compounded of P^ lo BS, BS to hi and bHo Ff, is compounded of 
AP to AB or 2BD, BD to CDand 3 to 4, which make the ratio of ^AP 
to 8 CD or 8 P ^ Therefore by the rule the denfity at F is to the denfity 
atPorC(asP>>xP^toP/xPG)as3^PxP^to8P^XFG,oras^C 
to f FG. 

465. Hence drawing BH perpendicular to the axis ACI^ the denfity 
atFin the fuperficial cauftick, is as its ordinate FG, oras the reiaanglc un- 
der B// and/?/. For I find that FG is to PH as H7 to A /C, whichis 
not worth the trouble of a demonilration. Hence it appears that the den- 
fity of the rays in the axis at K and A, is infinitely greater than at any fi- 
nite diftance from it. 

Fig- 44^• 4^^* When the focus A is at an infinite diftance fi-om the refleAing 

. foherical fiirfaccijB/, the denfity ofthe rays at any point Fof the fuper- 
ficial cauftick, defcribed by the revolution of the linear cauftick LFK 
about the axis AC I, is to the uniform denfity of the incident rays upon 
a perpendicular plane CDL, as BD to FG, that is as the cofine of^thc 
angle of incidence to the ordinate drawn from the point F. For the por- 

•Art.461. tioniFFof the linear cauftick is equal to A PD*; and therefore Ff 
= iiJ. But Pp ktoF/'ia a ratio compounded of P^ or P^to ^ J and of 
iStoFf, thatisofPZ) toDCandofa 103. Therefore the denfity at F 

•Art. 463- istothedenfityaiDas<P>>XP^toF/'xFG»thatisa8) 2Pi)XP^to 
^CD)(.FG, oras BD to ^FG. 

467. Hence the denfity at Fis as PZ) direftly and FG invcrfely; or 
as PDdireftly and CD cube invcrfely. For I find that FG is to CD as 
■CD' toCI^. Hence it appears that the denfity of the rays at the cufp K 
is infinitely greater than when the ordinate FG has a finite magnittidc. 

468. 
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468. By thefe rules we have the proportions "of the heat or warmth of 
the rays in the feveral parts of thefe caufticks, both with rcfpe<il to one 
another and to that of the incident rays upon a perpendicular furface ; iip^ 
on fuppofition that the heat of the rays in any furface is proportionable to 
their (wnfity, whatevd* be their mutual inclinations to one anocher. 

L E M M A. IV. 

469. In the angle of incidence ^£ Cor its complement to two right Fig. 444,44^. 
ones, infcribe a line AI taken in proportion to AB as the fine of inci- 
dence to the fine of refraction j and the rcfra<9ied nyBF will be parallel 

to AL 

For in the triangle ABT, the fine of the angle ABI'is to the fine of 
the angle vf /B as ^/ to ^B *, that isby conftruaionasthefineof inci- ' An. «ii. 
dence to the fine of refraO:ion. But ABI is the angle of incidence or its 
complement to two right ones, and therefore AIBotlBFis the angle 
o£ refratftion or its complement to two right angles. 

Ic muflbeobfervedthat a circle whofe center island femidiamcter is Fis-44fi' 
Alt ^ill c^t reproduced in two points /and r, and confequently two 
lines BFj B/may be drawn from B reipedlively parallel to ^7 and ^r, 
making equal angles with CBi on each ude o£Bi but It is eafy to diftin- 
guiih which of the lines BF,Bf is defcribedby the refilled ray, by ob- 
ferving whether the refira^on be made cowards the perpendicular BC or 
from it. 

470. Corol. I. Hence when thefurfaceofthedenfer medium IS convex Pis- 4+4>Hr 
in the axis ^Ctake CTtoTZ) as the fine of incidence to the fine of re- 
fra<f:iIoh} and if C^be greaterthan CT*, all the rays falling on the circle 

D B will converge towards the diameter CD. For then the ratio of CA to ~ 
AB will be always nearer to a ratio of equality than the ratio of 07*10 TD 
or of I A to AB by confirut^ion ; and confequently lA and AB will al- 
ways be on contrary fides of the axis AC^ and therefore B F will always 
converge towards it ; and will cut it in greater angles while D B grows 
greater. 

471. Carol. 2. But if CA be lefs than CT*, let the incident ray AHhc Fifi.447,448. 
to AC as the fine of refra&ion to the fine of incidence, and the refra^d 

ray HF will be parallel to the axis ; and all the rays whofe points of inci- 
dence are farther from the axis than H will converge towards the axis and 
the reft that are nearer will diverge from it. For in the triangle ^C/7 the 
fine of the angle AHC is to the fine of the angle AC Hot otCHFas AC 
to AH*, <M- in the ratio of refraftion j therefore CHFi& the angle of re- " An. 121. 
fraction. Now if AB be farther from the axis than AH, then AI and 
AB muft be on contrary fides of the axisy to be in the fame ratio as AC 
to AHi and therefore BP being parallel to .///converges towards theaxis. 
Z But 
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But when AB comes between AH and AC^ theo AI muft do Co too, and 
ioBF will diverge from the axis. 

vi^. -;•(). i^yz. Coroi. 3. When the incident rays enre? a convexfurfaceof aden* 

fcr medium, ere£l CE perpendicular to the axis CDy and let CE be to 
the temidiamcter CD or CKy as the fine of refraftion to the fine of inci* 
dcnce; then draw JEilC parallel to ihe axis, and let KZ. touch the circle ia 
A" and cut the axis in L ; and if CA be Icfs than CL, all the rays which 
came from ^ will diverge from the axis after refraction. Becaufe the tan- 
gent iit will.be reftaifled '\nto KE. But when the rays go from theden- 
fer medium into the rarer, let Cif, erc<aed perpendicular to the axis, be 

Fij;. 450. ^jjg diameter of a femicircle CBK, in which infcribe CE in proportion 
to CK as the fine of incidence to the line of refra<Sion ; and drawing KE 
cutting the axis in My if CA be Icis than CM, all the refracted rays will 
diverge from the axis. For MK will be refraSed into the tangent KF. 

'.":-x- 4j I. The reft appears from the 2d corol. If in this laft cafe A advances firft ta 
the center and thenftill nearer to thefurface^thc rays flowing from the cen- 
ter will emerge unrefrafted^ and ihea will diverge from the axis the con» 
trary way. 

^'i;- 452- 473. Corol. 4. It is obfcrvablcj that taking CA^ CB^ CGcontinual pro- 

portionaU in the ratio of the fine of incidence to the fine of refraction, and 
placing A and Gboth on the fame fide of C in the denfer medium, all the. 
refraded rays will diverge accurately from the givm point G. For the 
triangles CAB^ CBG arc equiangular, having their fides about the com- 

1 }-.uc. VI. 8. jnon angle C proportionable » : and fo the fine of the angle of incidence- 
CBA, is to the fine of the angle CB G or CAB, as the oppofit? fide CA 

• Arr. 211. to the oppofite fide CB*y that is by conftruiSion in the ratio of the fines- 
that mcafure the rcfradtion j and confequently CB G is the angle ofre- 
fjadion J and the points A^ G are invariable. ' 

JM^'. 453^454. 474. Corol. ^. If the incident rays as .^^5 come parallel to CJD} la the 
angle BCD, or its complement to two right ones, infcribe a line Z)/taker» 
in proportion to DC as the fine of incidence to the fine of refradion; and 
the refradted ray BF will be parallel to DI. For in the triangle I>CI the 

"Art.;,2i. fine ofthc angle DC/, is tothefineof D/C, as.D/toDC*, thatisby? 
conftruition as the fine of incidence to the fine of rcfraftion. But DCI is 
equal to the angle of incidence ABIox its complement to two right ones^ 
and therefore DIC or FBC is the angle of refraction or its complement 
to two right ones. 

47|. Carol. 6. Hence wehave a practical method of drawing anynum- 
ber of refracted rays very expcditioufly,. by defcribing an arch with the 
center Dand given fcmidiameter Z)/j by drawing any line CScutting^ 
this arch in/; byjoiningD/and drawing Bi' parallel to it 

476. Corol. 7.Hencc while thearchDfiincrcafes, the line CFdecrcaies. 
For the triangles CFB, CD/being equiangular, we have CFtCB::CI> 
; Cl. Therefore CF is reciprocally as CA ■ 477. 
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CHAP. 9; ■YRSPLECTIftIT, 179 

477. Orol. 8, \Vh^ the incident rays diverge from a focus A, the Fig 455-4i*i 
l^frafied rays may be drawn with the like expedition in this manner. Take 

a line DIxoDCas the fine of incidence to the fine of reira<^ion ; and draw 
a femidiameter Ct/puuUel to the incident ray JiB ; and in the angle dCB, 
or in its complement to two right ones, infcribe a line tii taken equal to 
the conftaht Ime DI; and draw the refracted ray parallel to Ji. For in 
the triangle rfC/, the fine <jf th6 ai^le JCi is to the fine of Jt C, ' as di to 
</C, as the fine of incidence to the fineofre^Aion,by conilrudion. But 
the angle 4iCi i6«c[ual to the angle of incidence j4BC or to its comple- 
ment, and ihsTcfote^iC vtFBC is the angle of refradion or its com- 
plement. 

Pkoposition Xn. 

478. Concerning ibejhapei ■and properties of caufiicks hy refraSfton. 
Having determined the pofition of any refraAed ray, by the foregoing 

lemma and its corollaries, and alfo the point in that ray where the near- 
ell ray will interfcA it, by art. 423 ; the points of a cauflick are thereby 
detumined*. Buttolcu-manideaofdicirihapesitisneceflary toconfid^ aArt-uS- 
feveral cafes. 

479. Cafe J. Let the focus ^and the center Cof a refraiUng circle Fig-4S7.4S»' 
£B £ be both in the denfer mediuin. L^on thediameter ^C having drawn 

tL circle ADCD^ infcribe initthe equal chords CD, CD^ taken leverally 
in proportion to the whole fine CB or C£, as the fine of incidence to the 
fineojf refraOionj and drawing the incident rays jiDE, ADE^ the legs 
«f the cauftick will begin from E and £*, where they touch the fcfrail- • Art. 419. 
ing circle, and will approach towwds each fide of the axis ACF till they +**" 
meet it in the principal ibcus F, and there form a cufp as fhafp point ; 
provided ^b^ &rther from the center than /z the focus of rays that come 
the contrary way parallel toCA. But if ^advances to tf, thediflance/F 
will be infinin and fo the axis ACF will beonne an afymptote to the legs 
<^ the cauftick. And if^ advances nearer than », the legs will open and Fig. 45?. 
have two afymptotes5F,5Fto which the rays emerging from fi will run 
parallel. This mufl necefiarily happen in a certain pofition oiBA, that is 
when rays coming the contrary way parallel to FBt are collcfted to A. 
For the focal dillance of parallel rays decreafes as the point of incidence 
recedes from the axis till it equals ED *. There are alfo two other ima- * Ait 4s*. 
■ginary legs belcmging to the fame afymptotes, that extend thcmfelves 
from the ftjcus F, nowfituatedon thcother fideof the center. 

480. Cafiz. When C^is toCBasthe fineof incidenccto thefineof 
refra£tkm the caufiick will be contraftcd into a point Fkom which all 
the rays will diverge by art. 473 . 

481. Cafe ^. The459thfigurercj)rcfcntsapieceofacauftickmadeby 
A thick i^ano-oonvcx lens BBB when a pendl of parallel rays fells per- 

Z 2 pcndicu- 
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pendicukirly upon its plane furfacej and confequently arc only refraflcd 
by the fpherical furface ; the pofition of the refracted rays that fell upoa . 
the circumference of the lens is determined as in the next cafe. 
*6^'^^°'*^'' 4^^- ^'?/^4" While i7 remains in the denfer medium, tranfpofe the fo- 

• ^' cus A into the rarer, and draw the tangents AD^-AD to the refradlipg 

circle J)BD andjoyn CZ), CD upon which as diameters defcribe the fe- 
micirclesC£/), CED towardstbedenfer medium, andinfcribe in them 
the lines C£, C£» taken in proportion to the whole iine CD^ as the iinc 
of refradion to the fme of incidence. And the legs of the cauflick begtn- 

• An. 420. Qjng from £* in the direftion D£, DE will approach towards the axis 

*^^' AC^ till they meet in the principal focus F; provided C/f be greater than 
Ca ', or will have the fame petitions as In the tirft cafe. 

Fi£. 46a 483. The focus ^ being in the rarer medium, let the circle Dfi^ be 

continued quite rounds and let it cut the cauilick in F aiid Ft the. axis 
.^CinGandanyotherray^BFinij and while the ray -^B is carried with 
an angular motion round about^ from the axis AC towards the tangent 
ADy. the arch Gh will ia^ increase till it equals the arch GF^ and then 
will decreafe again till it equals the arch G/, cut off by the laftrefraded 
ray DEi. This is manifeft from the motion of the refrafted ray EbF 
while it touches the convexity of the cauftick in F, provided the focus A 
be fo remote from the furfece that the lail refrat^sd cay J^Ei may con- 
verge towards the axis AC~ 

^!£- 4^5- 484. Caufticks made by refractions at other curves are alfe detcFmina- 

ble by the 423d article. For inllance, the imaginacy cavftick AFK made 
by refra<£Uons at an equiangular fpiral AHB is alfo an equiangular fpiral, 
their common pole A being the focus of incident rays. For fuppoting 

a Art. 45-9. Avhat has already been faid of this curve ' ; from the center C of a circle 
of equal curvity to it at JS, let down the fines of incidence and refraAion 
CDy CE upon the incident and refracted rays AB and BFI produced 
backwards. And becauie D coincides with the focus A of iBcideDt rays,. 

k Art. 418, £ (jQgg gi^Q coincide with F the focus of refrafted ones \ Joyn AE or AF^ 
*''■ and becaufe the angular points A and E of the right angles CAB^ CEB 

• Euc. III. 35- are in a femicircumference whofe diameter is CB *, the angles CBA, CEA 
«Euc.vi.23. ^landing upon the fame chord Cv4 are equal <= and being fubftradled from 

the right angles CBG^ CEI, the remaining angles ABG, AEI, which 
the lines AB, AE or AFdo make with the curves, are every where e- 
qual i which is the property of the fpiral. So that this cauftick-fpiral 
differs from the other in pofition only. 

48^. To find the length of any cauftlck by refradions, imagine the 

fig, ^6^. refledled ray BF produccd,to be unlaped like a ftring from the convexity 

d Art. 421 of the caufl:ick F^ ; then becaufe the figures 6 Jij J5, CDEB are fimilar<>, 

^*™'^'" the increment ^j of the incident ray AB, is every where to the d«remenc 

^i]of theAringBi^f, inthegivenratioof thefincCZ)tothe fine C£i 

■ - (for 
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(for which put n to m;)and therefore when ^B, BFcomc intaa newpo- 
fition ^)3, 0^, the fum of the increments of^B, that is A^^AB, is to 
the fum of the decrements of the ftring, that is BF -f F<p ~&p, sisn torn. 

"Whence ^y(.A0-AB=BF-i-F(t>~^(f>, or - y^A^~AB h-^? — 
BF=F(p. 

486. Tofindthepointsof any cauftickmadcbytwofucceflivercfrac-Fig.46j-. 
tions, let the ray BFb which touches the cauftick EFF in F^ (made as 
before by the firft re^raiSion of the rays), meet with another rcfrafling 
curve GAP, or with the fame curve continued} and let it be refracted at 

h into the UncbJ; in which let £f/be the focal diiUnce of other rays cooi- 
ii^ parallel to Bi^ and in hB let i&f be the focal diflance of other rays 
coming parallel to dh ; then lince F is the focus of incident rays upon 
thccurve AG, fayas Fc :f A xW:*/^, and placing (/jt as ufual', me point "Art. 413. 
i will be the focus of a flender pencil after both refraftions, or a pomt of 
the fecond cauflick KFk ; whofe points may alfo be found by art. 4.34 
and 436, without finding the points F of the firft cauftick. 

487. Hence it will appear chac a cauftick made by refradioos through Fig. 465;. 
a circular feftion ofatTiinderoragreat circle of afphere, will have fucb 

a ftiape as is here represented. Each half of this cauftick on each fide of 
the axis ACK confifts of two arches KkFl and Iki, that arc convex to- 
wards one another and form a cufp at / within the circle. The arch KkFl 
of the fecond cauftick cuts the circle in the fame point F as the firft cau- 
ftick docs. For by the proportion above, when the points P, b coincide 
or when Fc equals cb^ then bd and dk are alfo equal. The reafon of tlve 
cufp at /is this i that while Ai is 'Increafing, and then decreafing aeain> 
the point b is continually approaching^owards G *. The arches KFlziA * *«. 48^^ 
ik i are convex towards one another, becaufe the emet^cnt ray, while its 
point of contact £ is moving from ATto F, to / and to i, cuts the axis CK 
m greater and greater angles, till at laft it emerges at / in a tangent to the 
circle and to the cauftick too. When the focus of incident rays js nearer to 
the fphere than its focal diftance , the fecondary cauftick FKk will have 
two afymptotcs like as the primary ooei and their ftiapes will be much 
Alike. 
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ChaptsrX. 

Concerning the Rain-B<ym, 
Proposition I. 

488. \]f 7''"^*' a ray of light k refroBed into a circle^ anSfuce^§httf 
W reJleSled within it any given number of times before it emer- 
ges out of the circle by afecondrefraSion j let the angle of refra^on be 
mukiplyed by the number rffucceffive refieEHans increased by an unite\ and 
the excefs of the refuhing angle above toe angle of incidence will be equal ta 
balfthe angle contained under the incident and the emergent ray produced till 
they meet : that is, the excefs abovementionedis equal to half that angle, under 
the incident and the emergent ray, in -which the refra^tng circle lyes, when 
the number of refeSions is odd; and is equal to half the other angle, under 
the fame rays, which is the complement of the former to two right at^les, 
when the number of refie^tons is even. 
rg 466 » For IttABCDEbei great circle of a. fphere whofe center is 0, and 
*^' let an incident ray SAix rcfradted at w4to B, and be reflc^Kd from B to 

*Art.i8j&c. C; andatCletiteithergooutbyrefraftiontoGjOrberefloftedtoD*; 
where let it either go out by refraftion to H or be reflefted xoE; and Co on. 
And Vfhcn the number of reflexions is odd, a line OR drawn through 
dw center O and the middlemoft point of reflexion, will bifeA the an^c 
«t R under the incident and the emergent ray produced: becaufe the re- 
ite^tions and refractions on each fide of .the line OR are equal in number 
«nd magnitude j the chords jIB, B C, C JD, D E defcribod by the reflca- 
<d ray being equal to one another. And for the fame reafoii whoi die 
liuitnbcr of refleftions is even, a line 07*, drawn riirough the center 
«ert>^dicular to die chord that joins the two middlemoft points of re- 
Aedion, will bifeft one of the aisles at T" under the incident and the emer- 
gent ray produced; and a lineT^, perpendicular to 7*0, will bife«a the 
•otheran^e under them, which is the complement of the former to two 
right ones. Hence the line Tp^is parallel to the middlemoft diord, bc- 
-caufe To is perpendicular to them both. Draw a diameter PO^parallel 
to the incident ray S^M, and let it cut the reflcaed rays BC, CD, DB 
produced, ia^y,S, refpe<ftivcly. Join O^ O B and in fig. 466 the fums 
cf the three, angles in each of the triangles OAB, OAR, are equal to one 
another J take away the common angle AOB, and the fum of the e- 

Sual angles OAB^ O BA in the firft triangle, will be equal to the fum of 
wangles OAR,ORA\n the fecond triangle. And byfubftraaing the 
angle of incidence 0.^422 orO^ A/ from both fums, we have 2OAB-OAM 
^ORA:^BO^ Hence in fig. 467. the iix^kSTV or PfiC, being an 

external 
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external angleof the triangle 0Bj3, equals OBC~+ SO^tiAU-^ 
20AB~0AM^lQJB~'0AM. Hence again in fig. 468 the angle: 
SROot POCjbeiBg an csternalangle of the triangle OC0,.equalsOCjB' 
~^Pe>C=^OAB -¥iOAB-OAM=^/^OAB-OAM. Hence again in- 
£g. 469 tlic angle •S'T/^or PyXX, being an internal angle of the triangle 
COy, equals 0CD—C0y = 5<)^B—0^M, throwing away two^right 
angles. ForC0y=2 right angles— POCr: 2 right angles — 40-(iB-+ 
0AM. And fo forward continually. Therefore if the number of fuccef- 
five refle^ons increafed t>y an unite be called m^, it appears that mOAB 
— 0AM equals half the angle unde; the incident and emergent Tays> 
^ £. D.. 

Proposition IL 

489. 'things remainit^ as thei ivere^ let the angle of imidence imrtafB' 
from nothing till it becomes a right angle ; and the angle under the incident 
and the emergent ray, after any given number ofrefleStions called a, willfirfk 
increafe and then decreafe again ; and will he the greateft of all when tht 
tangent of the angle of incidence^ is to the tangent of the ar^h ofrefraStion^ai 
tx -^ I to I. 

For putting »=:»-+ i, we had half the angle under an incident and Fig. 466 to- 
thecmergentiayequal tothcexcefsof wO^BabovcO-^M*j whichcx^^% ^ 
cefs, when the aisles OAB, 0AM are very fmall, will alfo,I>c but final!.;, 
and will increa& So long as the fuccelHve increments c^mO^BihaU' ex- 
ceed the contcmporapy increment of 0AM; and will decceal«agaia wheii> 
the fucceinve increments of m OAB are exceeded by the inccemeats q£ 
0AM 't and confequently will be the greateft of all when m times the 
leafl increment of OAB is equal to once the contemporary incremept of 
OAMy that is wbsn the kaft increpient of the angle of incidence OAM 
IS to the contemporary incremeac of the anele ofrefradtioiv OAB^ and 
confequently the tangent of incidence is to me tangent of refrafliBn. ',. aa » ^^ ♦"': 
jsto J, ^EiD. 

PROPOSITION III. 

490. It istropofed to find two. angles^ lehofe fines fiall Be in a given rat la 
efXtoK, and "whofe tangents Jhall he in another given raiia of m to i. . 
"-. In any given line C£Z).^, let C^ be ta CD as J to ^, znd CA to CEF'tg. 47^ 
asfwtoi i widi the center Cand femidiameter CZ) defcribeanarchZ) By. 
cutting a circle ^B^ whofe diameter is AE, in B; djaw^P, and join- 
ing BC, the fine of the angle CBP will be to the fineofC^Pas/toit} 
and the tangent of €BF to the tangent of CAF as ;b to i-^ and coniC' 
^uently CBF, CAF are the angles required. For in the triangle CAB 
xhe fine of the angle CB^ or CBF^ is to the fine of C4P„ as C^to CB* • ail 221. 
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or CD, as 7 to R by conftruftlon. Join BE znd complcat the parallelo- 
gram C£5G; and CG produced will cut ^jB Fat right angles inF,be- 
caufc j4BE is a right angle in the femicirdc ABE. Therefore the lines 
FC, FGatc tangents of the angles CBF, GBFor CAFxo the radius BF; 
» Euc. \a, z. and the tangent FC is to the tangent FG as FA to FB * or as CA to CE * 
or as ff7 to 1 by conftrudion. ^ E. D. 

491. Corol. I. When parallel rays of the fun fall upon a fpherical drop 
of raiuj let the given ratio oil toR ftand for the ratio of the fine of inci- 
dence to the line of refradlion; and let ff be any given number of fucccf- 
five refledlions made by every ray before it emerges out of the drop, and 
let »;=:« -f I > and by thefe propofitions it appears, that half the great- 
eft angle which any of the emergent rays can nwke with the incident rays» 
is equal to m'Azvi^.C BF ~CAF. For CBF and CAFot GBF&tc an- 
gles whofe fines are as / to J?, and whofe tangents are as »i to i ; and con- 
sequently are the angles of incidence and refraiftion of that ray, whofe in- 
cident and emergent parts produced contain the greateft angle. 

492. Corol. 2. The foregoing conftruaion for determining the angle 
a Phil. Tranf. CBF IS Dr. Halle fs ', and Sir Ifaac Newton's rule for calculating it, is 

'^^^' this that follows. As y'/nm— iXi?i?is to y'TT-T/HT, To is the tabular 
radius to the cofine of the angle of incidence CB F. Whence this angle and 
its fine are given by the tables, and from thence by the ratio of / to ij 
the tabular fine of the angle of refraction and the angle it ielf are alfo gi- 
ven. The rule may thus be demonftrated. We had CA: CBiiIiR ajid 

FAtFB::m:i. Heacc CA' =~CB^ , znd AP^ =mmBF' i andfo 
^Euc.i.47- ^CB^-mmBF*=::{CA^-AF' = FC'*=::)CB^-BFK Hence 

•^ CB^~CB' = mmBF^-BF% and II-RRy.CB^ =mm^i-A 
RR%BP* i and by refolving this equality in to a proportion, and by ex- 
traOing the roots, wc have ymm~i%KR : yil-RR : : CB : BF\i 
radius : cofine ang. CBF. 

Proposition IV. 
fta explain the Pbcemmena of the Rain-bow, 
3>efip. 493. Having premifed fuch mathematical principles as are ncceflary 

for^ an exaft computation of the apparent diameters and breadths of dw 
Rain-bows, I will here fubjoJn Sir Ifaac Newton's entire explication of 
the colours of the bovps and of the manner in which they are formed i 
taking the liberty here and there of making a few additions to it ; for the 
fake of fuch readers as may not be fo ikilful as thofc ch^ he generally 
writes to. 

494* 
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494. This bow never appears but where it rains in the fun- fliine, and N^w' o^t:, 
may be made artificially by fpouting up water which may break aloft, ^' '*'" 
and fcatter into drops, and fall down like rain. For the fun Aiining upon 

thefe drops, ciertainly caufes the bow to appear to a fpe^tor Aianding in 
a due poution to the rain and fua. And hence it is now agreed upon that 
this bow is made by refr»£lion of the fun's light in drops of falling rain. 
This was undcrftood by fome of the ancients, and of late more fully dif- 
covered and explained by -the famous jlntonius de Dominis Archbifhop of 
Spalato in his book de Radiis Vifus & Lucis publiftied by his ftiend Bar- 
tolus&i Femceinzhe year 161 1, and written above 20 years before. For he 
teaches there how the interior bow is made in rornid drops of fain by two 
reiradiions of the fun's light, and one reflexion between them i and the ex- 
terior bow by two refractions and two forts of reflediions between them 
in each drop of water -, and proves his explications by experiments made 
with a phial full of water, and with globes of glais filled with watei-, and 
placed in the fun to make the cokturs of the two bows appear in them. 
The fame explication Des-Cartes has purfued in his Meteors and mended 
that of the exterior bow. £ut while they undcd^ood not the true origin 
of colours, it is necei&ry to purfue it a little farther. 

495. For underftanding therefore how the bow is made, let a drop of 
rain or any other fpherical tranfparent body be reprefented by the fphere 
^N^i^Gdefcribcd with the center C and femidiameter CAT. And let ^A^ Fig. 47*. 
be one of the fun's rays incident upon it at JV, and be thence refradted to 

i?, where let it either go out of the fphere by refraftion toward Vy or be 
Eefle<fted to G j and at G let it either go out by rcfraftion to iZ, or be rc- 
flet^edto Hi and at Hlet it go out by refradlion towards 5, . cutting the 
incident ray in T. Produce AN and R G till they meet in Jf, and upon 
^Xand NF let fall the perpendiculars CD and C£, and produce CD 
till it falls upon the circumference at L. Parallel to the incident ray AM 
draw the diameter B^ and let-the fine of incidence out of air into wa- 
ttr, be to the fineof refra^ion as /to 5. Now if you fuppofe the point -*• 
of incidence N to move from the point B continually till it comes to L 
the arch ^F will firft increafe and then decreafc , and fo will the angle 
jiXR which the ray^ ^A'" and Gi2 contain; and the arch ^F and angle 
AXR will be biggeft when ND is to NC as ylJ-RR to ^3^^. in 
which cafe NE will be to ND as 2^2 to /. Alfo the angle ATS, which 
the rays AN and HS contain will fi rft decrea fe and theti increafe ; and 
grow leaft when ND is to NCas yiI~RR to ySRR, in which cafe 
NE will be to NDzs 3R to I; and fo the angle which the next emei^ent 
ray (that is the emergent ray after three refldtions) contains wit h the in- 
dde nt ray A N will come to its limit, when A^^D is to NC&s yll—RR 
toyi^RRi in whichcafciV£willbeto Ari}a5 4Rto/. Andtheanglc 
A a w^ich 
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which the ray next after that emergent^, (that is the ray emergent after four 
tefiedions) contains with the incident, will come to ita limit, when NH 
is to NC nsyil^RRio Yz4.RRi in which cafe NE will be to ND' 
as ^R to 7; and fo on infinitely,, the numbers 3,. 8,, 15, 24, &c. being ga- 
Bhered by continual addition of the terms of the arithmetical progreflma 
3' 5> 7' 9> ^^- The truth of all which is evident citlier by art. 492. orby 
art. 429, 430. 

496. Now it is to be obferved, that as when the fun comes to his tro- 
picks, days increafe and decreafe but a very little for a great while toge- 
ther; fowhen byincreafing thediftanccCD, theie angles come to tbeip 
limits,, they vary their quantity but very little for fome time together ; 
and therefore a for greater number of rayfrwhieh fall upon all the points N 
m the quadrant BL fhall emergie in the limit* of thefe angles than in any 
other inclinations. Add to this,, that of all the rays which fall upon the 
quadrantBZ/, thofe contiguous ones can only emerge parallel tooneano- 
ther, which emerge in'the limits of thefe angles; and that all other con- 
tiguous rays emerge diverging from points eidicr behind, or before the 
drop ; and confequently will fiiU much thinner upon the eye, at a great 
diAance from the drop, than the parallel rays. For thofe ia3rs which con- 
verge to points behind the eye, placed at a great diftance from a ffnall 
drop, are not fenfibly diffwent from parallel rays. This will appear by 
obferving that while the arch BN is continually increafing from nothing, 
and the angle AXRy for example, is alfo increafing; the fucceffivcly e- 
mcrgent rays, being continually lefs and lefs inclined to the incident ones 
or to the fixt line jB^ are alfo fuccefiively inclined in fmall. angles to 
one another ; and the fame thing is manifeft while the angle AXR is dc- 
creafing ; the fucceflive rays being more and more inclined to PSij con- 
fequently in the limit between the increaft and decreafe of this angle the 
contiguous incident rays muft emerge parallel to one another. 

497. And farther it is to be obferved, that the rays which differ in re— 
frangibility will have different limits of their angles of emergence; and. 
by confequence according to their different degrees of refrangibility, e- 
merge moft coploufly in different angles ; and being feparated from one- 
another appear each in their proper colours. Add to this that although 
the heterogeneal rays of any flender pencil whatever, z%ANy will be fe- 
parated by refradtious at the drop into rays NFGR of otie colour, and 
iV/jfr of another, as by refraftions through a prifm ; yet theic eraei^ent 
rays GR, gr will not affefl: the eye with their diftin(S colours, unlefs they 
be in the limits-of the angles AXRy Axr; becaufe every where within 
thcfe greateft angles, an infinite number of fuch coloured penQils being 
varioufly inclined to one another arc mixt togetlier, and confequently ap- 
pear white or without di{lin6l colours. And the fame may be faid of the 
rays emerging any where. within the greateft angle NT'S. Fig. 47 1. 

49,8 
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-498. Now what thele angles are may be gathered iirft by computing 
the angles of incidence and rciraftion by art. +92 or 429and430,andthen 
the angles ^JfG,^I"iSthcmfeIvcsby the488tharticle. For in the leaft rc- 
frangiblerays thcfines /and i?are 108 and 81 *, and thence byoompu- 'Art. '79. 
tation the greateft angle AXR will be found 42 degrees and 2 minutesj 
and the leaft angle yirSy 50 degrees and ^y minutes. And in the moft re- 
frangible rays the fines /and i2 are I09and8i> and thence by computa- 
tion the greateft angle AXR will be found 40 degrees »id 17 minutes^ 
and the leaft angle ATSy 54 degrees and 7 minutes. 

499. Suppofe now that O is the fpeftator's eye, and OP a line drawn Fig. 47-+. 
parallel to the fun's rays. Let P0£, POF^ POG, POHhc angles of 

40 degr. 17 min.} 42 deg. 2 min.} 50 deg. 57 min. } 54 deg, 7 min. 
refpe£tively i and thefc angles turned about their common fide OP, ihall 
with their other fides 0£, Oi^and OG, OHdefcribe the verges of two 
rain-bows AFBE and CHDG. For if E, F, G, Hbe dr<jps placed any 
where in the conical fuperficies defcribed by 0£, OF, OG, OHznd be 
illuminated by the fun's rays SE, SFySG.SH; the angle SEC being 
equal to P£0 or 47 deg. 17. min. ftiall be the greateft angle in which the 
moft refrangible rays can aner one refledion be refracted to the eye ; and 
therefore all the drops in the line O £ ftiall fend the moft refrangible rays 
moft copioufly to the eye ; and thereby ftrilw the fenfcs with the dcepeft 
violet colour m that region. In like manner the angle S FO being equu td 
the angle i'0For42 deg. 2 min. ftialt be the greateft m which the leaft 
refrangible rays after one refiedion can emerge out of the drops j and there- 
fore thefe rays Ifaall oome moft copiouily to the eye ffom the drops in the 
line O F, and ftrlke the fcnfes with the deepeft red colour in that region. 
And by the fame argument the rays which have intermediate degrees of 
jefraogibility (hall come moft ^copioufly from drops between E and F and 
ilrikc the fenfes with the interoaediatc colours in the order which their 
degrees of refrangibUtty require; that is in the progrefs from E 10 For 
from the infide of the bow to the outfide in this order, violet, indigo^ 
blue, green, yellow, orange, red. But the violet by the mixture of the 
white l^t of the clouds will appear faint and incline to purple. It may 
he farther obfc^ed, that all the rays but the violet in the line SE will e- 
juerge from £ in a greater angle than SEO made by the violet, and con- 
icqucntly will pals below the eye j and that all the rays but the red in th« 
line SF will emerge from F in a Icfler angle than S FO made by the red, 
aind confcquently will pafs above the eye -, by which means only red will 
appear in the line tSFand only violet in the line SE. 

500. Again the angle £ GO being equal to the angle POG or 50 deg, 
5 1 min. Ihall be the leaft angle in which the leaft refrangible rays can af- 
ter two reflciSions emerge out of the drops j and therefore the leaft re- 
frangible rays ihall come moft copioufly to the eye from the drops in the 

A a 2 line 
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tine O G, and ftrike the fenfe with the deepeft red in (hat region. And the 
anL>le5H0 being equal to the angle POHor54deg. 7 min. ftiall be the 
kafl: an£.le in which the moft refrangible rays after two reflcftions can e- 
ttierge out of the drops; and therefore thefc rays ftiall come moil co- 
^ioufly to the eye from the drops in the line OH, and ftrike the fenfe 
with the deepeft violet in that region. And by the feme argument the 
drops in the regions between G and //(hall ftrike the fenfe with interme- 
diate colours, in the order which their degrees of refrangibilicy require ; 
that is in thcprogrefs from Gto H,or from the inftde of the bow to the out- 
fide in this order j red, orange, yellow, green, blue, indigo, violet. Andfincc 
«hefe four lines 0£, OF,OG,OH may be fituated any where in the above* 
-mentioned con k:alfuriaces,whatisfaid of the drops and colours in thefe lines 
is to be underftood of the drops and colours every where in thofc fuifacesi 

501. Thus ftiall there be made two bows of colours^ an interior and 
ftronger by one refleftion in the drops, and an exterior and fainter by 
twoj for the light becomes fainter by every reflection. And their colours 
fliall lye in a contrary order to one another; the red of bbth bows border- 
ing upon the fpacc GF, which is between the bows. The apparent breadth 
of the interio* bow EOF, meafured creis the colours, ftiall be i-deg. 45 
min. and the breadth of the exterior, GO /f, ftiall be 3 deg. jo min. and 
^he apparent diftance between them, GOF, ftiall be 8 deg. ^^ min. the 
greateft femidiameterof theinnermoU, thatis, the angle PC ^ being 42 
deg. 2 min^ and the leaA femidiameterof the outermoft, POG, being 59 
deg. 57 min. 

502. Thefeare the meafuresol* the bows as they woultibe were the fua 
but a point, for by the breadth of his body the breadths of the bows will be 
increafed and their diftance decreafedby half a-dcgree. And fo the breadth 
of the interior Iris will be 2 deg.. 15 min., that of the exterior 3 deg. 40 
min., their diftance 8 deg. 25. min., the greateft femidiameterof the in- 
terior b©W42 deg. i7n[iin.,andtlieleaftofthee3rterior5odeg.42min- For 
-let <S£Obe the.hmitof all the anglesunder the rays of ajiy one colour, 
which coming from the center ©f the fun arerefleiaed from thedrop at E ca 
the eye at O. In the ray SB take any point S at pteafure and let the angles 
ESM, E S N zadzUoMO M, fiOiVbefeverally equal toaquanerofadc* 
gree, that is to half the apparent breadth of the fun. And joining O 5, fincc 
the fums of the angles at the bafe 05, of the leveraltriangksOiSAf, OSE, 
OS N", are equal'among tfeemfel ves^ their vertical angles atM, £, N are alfo 
equal among themfelves. Confequcatly the angle SMOwill be the limit 
of all the angles contained under the incident and emci^ent rays of the 
fame colour as before, which came from m the higheft point of thefun j 
andSNO the limit of all the angles contained under the incident and emer- 
gent rays of the fame colour as before, which came from » the lowcft point 
of the fun. Therefore if all theraysofcheiua were of the fame colouner 

alike 
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alike refrangible, thcapparem breadth of the bow, mcafored by the angle 
MO 2V, would be butlnlf adegreeorequarto the apparent breadth of me 
funmcaluredby theanglcAf5iVorwSB. But fince his rays arc different- 
ly refrangible, conceive the drop £tobe placed any where in the inward 
or outward vci^es of the bows, above defcribed upon fuppofition that the 
fun wasbut a pMnt ; and then it is roanifeft that the angle jEOMmuft be 
added to the infide, and EON to the oa tfide of the angles which the breadths 
ofthofebowsfubtendacO, to obtain their g,pparent breadths. A rain-bow 
is therefore a circular image of the fun refledled to the eye from the fkr^ 
ther furfaces of innumerable drops of falling rain, and dilated in breadth' 
by die unequal refrangibility of rays of diflferent colours. 

503. And fuch are the dimenfions of the bows in the heavens found'to ' 
be very nearly, when their colours appear ftrong and perfeft. For once 
by fiich means as I then had I meafured the greateft femidiameter of the 
interior iris about4-2 degrees, the breadth of the red, yellow, green in that 
iris 63 or 64 minutes, belides the outmoil faint redobfcured by thebrigho- 
nefs of the clouds, for which we may allow 3. or 4 minutes more. The 
breadth of the blue was about 40 minutes more befides the violet, which 
■was fo much obfcured by the brightnefs of the clouds that I could not 
mcafure its breadch. But fuppoling the breadth of the blue and violet to- 
gether to equal that of the red, yellow and green together ; the: whole 
-breadth of this iris will be about 2^ degrees, as above. The leaA di&nce 
between this iris and the exterior iris was about 8 degrees and 30 minutes. 
The exterior iris was broader, than the interior, but fo faint, efpecially on 
the blue Hde that I> could not meafure Its breadth diftimftly. At another 
time when both bows appeared more diilln(^ I- meafured the breadth of 
the interior iris 2 deg. 10 min. and the breadth, of the yeH6w and green 
in the exterior iris was to the breadth of the fame colours in the interior 
as 3 to 2. 

5041 Whoever has a mind to repeat thefe obfervatlons after Sir I/aae 
Newton may obferve, that the apparent femidiameter of the bow, . (or of 
any ring of colours^in-cither of the bows) is equal to the apparent altitude 
of its higheft point added to the fun's altitude, and confcquently may be 
meafured by a common quadrant. For let 50 P be the axis of the bows Fig- 47* 
paffing through the fon at 5 and the eycatO, G OH" an horizontal line, 
-jE the higheft point of any ringof either of the bows, whofe apparent fc- 
- midiameter £OPis required. It ismanifefl: that theangle £0^=:£0H 
~+HOP=EOH~+S0G. 

50^. This explication of the rain-bow isyetfarther confirmed by the 
known experiment (made by Antonius de Dominis and Des-Cartes) of 
hanging up any where in the fun-fhine a glafs-globe filled with water, 
and viewing it in fuch a poflure that the rays which come from theglt^ 
to the eye may contain with the fun's.rays an angle of either 42 or ^o de- 
grees. 
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grees. For if the angle be about 42 or 43 decrees the fpeiSator fuppofed 
at O, Ihall fee a full red colour in that fide of the clobe which is oppofed 
to the fun ; as it ts reprefented at F : and if that angle be made letei fup- 
fpofc by depreffing rfic globe to £, there will appear other colours yellow, 
green and blue fuccefTively in the fame fide of the globe. But if the angle 
be made about 50 degrees, fuppofe by lifting up the globe to G, there 
will appear a red colour in that fide of the globe which lyes toward the 
fun : and if the angle be made greater, fuppofe by lifting up the globe to 
Hy the red will ttirn fucceHively to other colours, yellow, green and blue. 
The fame thing I have trycd by letting a glc^ reft, and by raifing or de- 
-preiTing the eye, or oiherwife moving it to make the angle of a juft mag- 
nitude. 60 far Sir Ifaac Newton, 

506. It remains now to take notice of ieveral Header rings of colours 
ccntiguous to the infide of the firft rain-bow Thefe have been obferved 
and particularly defcribed by the Reverend Dr. Langwitb in the Philofo- 
yhical Tranfafliions N". 375. His beft obfervation was this. The colours 
of the primary rain-bow were as ufual, only the purple very much in- 
clining to red and well defined. Under thiswas an arch of green, the up- 
per part of whichinclinedto a bright yellow, the lower to a more duflty 
-green : under this were alternately two arches of redifti purple and two of 
green : under all a faint appearance of another arch of purple which va- 
jiiihed and returned ieveral times ib quick that we could not fix our eyes 
upon it. Thus the orders oftbe colours were. 

I. Red, orange, yellow, green, light blue, <kep blue, purple. 

II. Light green, dark green, purple. 

III. Green, purple. 

IV. Green, faint vanifliing purple. 

Thus we had four orders of colours and perhaps the beginning of a fifHi ; 
for I make no queilion but that which I call purple {when very red) is a 
mixture of purple of the upper feries with the red of the nett below it : 
and the green a mixture of the intermediate colours. There are two things 
which will defervc to be taken notice of, as they may perhaps dircd us 
to the folution of this curious phxnomcnon. Firft that the breadth of the 
firft feries fo far exceeded that of all the reft, that t& near as I could judg^ 
it was equal to them alt taken together. Secondly that I have never ^ 
ferved thefc inner orders of colours in the lower parts of the rain-bow, 
though they have been incomparably more vivid than the upper parts, 
under which thefe colours have appeared. I have taken notice of this fo 
very often that I can hardly look upon it to be accidental j andifitfhould 
prove true in general, it will bring the difquifition into a narrow com- 
pafe. For it will ftiew that this cffeft depends upon fome property, which 
fhe drops retain while they are in the upper part of the air, but lofe as 

they 
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chey come lovpcr, and arc more mixed with one another. I am of opinion- 
that ihc rain-bow fcldom appears very Hvcty, without fome of thofe or- 
ders of colours^ and diat the fuppofcd exait agreement between the co- 
lours of the rain-bow and thofe of theprifm, is thcreafon tharithas been- 
fo little obferved. So far Dr. Ijar^witb, To which Dr. Pemi?erton fub- 
joins the following theory, princ^ in the Tranfaclions N*. 375. and in 
hie V iew of Sir IJaac Ne-wton's Philofophy p. 40 1 . 

507. Sir JJiiac Newton has obierved that in glafs which ispolifhed and Opt. Bootjni 
quick-filvercd, there is an irregular refteiftion made, whereby fome fmall b^^g| 
quantity of light is fcatcered from the principal refleftcd beam. If we al- 
low the fame thing to happen in the refleftion whereby the rain-bow 19- 
caufcd, it fecms fufiicient to produce theappearauce abovementioned. Let. Fig. +77;- 
^£reprefenta globule ofwater,5thepointfrom which therays of any de- - 
terminate fpecies, twing refle<5ted to C and afterwards emerging in the 
line CD, would proceed to the eye and caufe the appearance of the co- 
lour in die rain-bow, which appertains to this fpecies. Here fuppofe that 
befides what is refieftcd regularly, fome fmall part of the light is irregu- 
larly fcattered every vray, fo that from the point B befides the rays mat 
are regularly refled:ed from B to C, fome fcattered rays will return in o- 
ther lines, as in BE, BF, BG, BH, on each fide the line BC. Farther Opt. Book ir. 
k has been obferfcd by Sir Ifaac Newton that the rays of light in their ^^"- ^' f'*^' 
paflage from one fuperficies of a refraifling body to the other, undergo al- ' 
ternate fits of eafy tranfmilTion and reflexion, fuccccding each other at 
equal intervals - tnfomuch that if they reach the farther furface in one 
fortofthofe fits, theyfliallbetranfmitted; if in the other kind of them they^ 
ihall rather be reflefljed back. Whence the rays that proceed from B to C,, 
and emerge in the line CD, being in a fit of eafy tranfthiflion,. the fcat- 
tered rays that fall at a fmall diftance without thefe on either fide (fuppofe 
the rays that pafs along the lines BB,BG) (hall fall on the furface in a fit 
of eafy refledUon and mall not emerge J but the fcattered rays, whichpafs 
at fome difl:ance without thele lail, ihall arrive at the furface of the glo- 
bule in a fit of eafy tranfmiflion and break through that furface. Suppofc- 
thefe rays to pafs in the lines BFy BH, the former of which fhall have: 
had one fit more of eafy tranfmiflion and the latter one fit lefs, than thc- 
rays that pafs from B to C Now both thefe rays when they go out of the 
globule, will proceed by the refradlion of the water in the lines FT, HK,, 
that will be, inclined almofl equally to the rays incident upon the globule, , 
which come from the fun : hue the angles of their inclination will be lefs 
than the angle in. which the rays emerging in the line CD are inclined to ■ 
thofe incident rays. And after the fame manner rays fcattered from the 
point 5 at a certain diflance without thefe will emerge out of the glo- 
bule, while the intermediate rays are intercepted ; and thefe emergent. 
xays will be inclined to the rays incident upon the globule in angles ftill 

Icfa 
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lefs than the angles, in which the rays FI and HK are inclined to them ; 
and without thefe rays will emerge other rays that fhall be inclined to the 
incident rays in angles ftill lefs. Now by this means may be formed of e^ 
very kind of rays, befides the :princi{)al arch, which goes to the forma- 
tion of the rain-bow, other arches within everyone of the principal of 
the fame eolour, though much more faintj and this for diverfe fucccf- 
ffions, as long as thefe weak lights, which in every arch grow more and 
■more obfcure, ihall continue vlfible. Now as the arches produced by 
each colour will be varioufly mixed together, the diverfity of colours ob- 
fcrved in thefe fecondary arches may very poffibly arife from them. In 
the darker colours thefe arches may reach below the bow and'be fccn di- 
&SR&. : in the brighter colours thefe arches are loft in the inferior part of 
the principal light of the rain-bow j but in all probability they contribute 
to the -red tinfture which the purple of the rain-bow ufually has, and is 
.moft remarkable when thefe fecondary colours appear ftrongeft. How- 
ever thefe fecondary arches in the brjghteft colours, may poffibly extend 
with a very faint light below the bow and tinge the purple of the fecon- 
dary arches with a redifti hue. The precife dinances between the princi- 
pal arch and thefe fainter arches depend on the magnitude of the drops, 
wherein they arc formed. To make them any degree feparate it is necef- 
fary the drop be exceeding fmall. It is moft likely they are formed in the 
vapour of the cloud, \khich the air, being put into motion by the fall of 
the rain, may carry down along with the larger drops : and this may be 
thejeafon why thcfc colours appear under the upper part of the bow on- 
ly, this vapour not defcendiiig very low. As a farther confirmation of this^ 
thefe colours are feen ftrongeft when the rain falls from very black clbuds, 
■which caufe the fierceft rains by the iall whereof the air will be m oft agi- 
tated. So far Dr. Petnberton. 

To the like alternate hts of eafy tranfiniftion and reflexion m die paf- 
iagc pf light through the leaft globules of water. Sir Ifaac Newton af- 
cribesthofe little rings of colours which fometimes appear round about the 
fun and moon. Opt. p. 288. obf. 13. 

Lemma 
508. The tangent of the fum of two angles, is to the fum of their tan- 
gents, as the fquare of the radius, to the fquare of the radius diminUhed 
by tlK redtangle under the tangents : and the tangent of the difference of 
two angles, is to the difference of their tangents, as the fquare of the ra- 
dius, to the fquare of the radius increafed by the reftangle under the tan- 
gents. 
Tig.+78,479. Let26^andi2jBbe tangents of two angles 220-^, ROB. Then as AB^ 
the fum or difference of the tan cents, is to AO^ the fecant of either of the 
Angles, fo let AO be .to AC^ to be placed from A towards £.• Again z%RC 
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is toRO, fo let ROheto RD; and Rl> will be the tangent of the fum 

or difference of the two angles i?0-/^, ROB. For joining CO, by thefirft 

«f thefeproportionsthetriangles/^Ofii^COwiU beequiangiJar>j and ' -'"""" 

fo the angle ^05 is equal to J^'CO.ortoiiOi) by thcfccond proportion ^ bEuc.vi.i. 

Hcnceinfig.478,becaufe^C=™'= yj^^, we have RC= {AQ 
^AR=) ^Jl:l^-RA= ^°'-^^:^< whence JZi>=-^-gV, 
jcHOq. Bya likeprocefsfig.479.wehavc>^C=: ■ '2p^ "> whence RD= 

509. Corol. I. Hence the tangent of the fum of any number of given 
angles, or the tangent of any multiple of a given angle, may be eafily 
computed. '?\ix.RQ:=:.r^RA—a,RB—b, thenthe tangent ofthe fum of 
the angles whofe tangents are tf and ^ that is i2 !>=:—— -Xrr; call this 
tangent xj then for the fame reafbn, the tangent of the fum of this lafl: 
angle and of a third angle, whofe tangent is r, is ■^~~ % rr or (by fub- 

ftltutlng the value of ;if) — ■ ^J^'_^r i the tangent of the fum of three 
angles whofe tangents are a^b^c; and fo on. 

510. Corol. 2. Now puci7 = ^=f s and for the tangent of a double an- 
gle we have — — rn and for the tangent of a treble angle ■ — j 

rr—ma rr—'^tta 

andib on. 

Proposition V. 

511. Tl>e apparent femidiameter of any rain-bowt or the greatefi angle 
under an incident ana the emergent ray after any given number offuccef- 
Jive refieSiiom, being given j tojind the ratio of refradHon. 

Let m be the given number of fucceffive refleSions increafed by an u- Fig, +8©. 
nite, and fupponng the angles AB C, ABD to be the angles of incidence 
and refradtion fought, let the angle ABE = m)<.ABD, and the angle 
CBE, oxmyc.ABD~ABC, will be halfthegivenanglconder the inci- 
dent andtheemo^enc ray after m—t rcfieftions =. Put the common radius ■: Art. 481. 
AB — r, the unluiown tangent of refraflion AD = tf, and the tangent of 
incidence AC=.ma*y alfo AE=x, and t for the tangent ofthe given ' A"- 49'- 
angle CB E anfwering to the radius r. Then by the lemma / : x —m-a -. : 

rr:rr-+*fl»«i whence/= '^rr, 

B b Cafi 
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; Cafe I. In the firft rain-bow m = 2 j whence t— " * ■ rr^ and by 

art. r20, a;= -^ rr the tangent of zABD. Subftitute this value fof 

"^ rr—aa ° 

X in the former equation and by reduction it becomes a* —^taa—\trr 
~o. By refolving this equation the tangent a of the angle of refra£lioa 
will be given^and the tangent of the angle of incidence AC:^2a by art. 
49 1 . whence the ratio of their fines is given by the tables. 

Cafex. In thefecondrain-bowfli^i, whence^r:-^^ — - rr. and by 

art. 510, x-= } - ^~^ - ^ the tangent oi'x^AB.lX. Subftitute this value for 

X and you will find a^ -+ j— d> "Zrraa ;^— i.r* = o; or putting 7*:= 

* 'Vt- +8*- 'S the tangent of half the angle of this bow", tf* -+|7'fl>— 2rrd(j*— $ 

r* r: 0. The fame method fcrves for other bows to infinity. 

512. CfJrc/.Inthe firft cafe putting 7'for2tf or .<^Cthetangentoftfae angle 
ofincidence, and fubftituting iTfor a in the former equation <7> —\taa 
—■^frr^o, it is changedto thisT'' — 3^7'7'— 4rr^=:0j thefameasDr.' 
Halley's, who propofed this problem as an expeditious method for find- 
ing the ratiaofrefraftion in any fluid, by obferving (when the fun is low 
and fhines very bright) the angle under an incident and the emergent ray 
from a drop of any fluid Hanging at the end of a capillary tube. See his 
examplesPhil. Tranf.N''.267.andalfo the Rev*. Dr. Afc;^tf»'sI>iilcrt«ion 
upon the Rain-bow among theNotesuponA(iidK/^'sPhyficks.P^ S-Ch. 17. 

Having done with the rain-bows I proceed now to confiderthe rays 
whichemerge from a drop after two rcfradlions without any refleftion, in 
order to account for halo's. 

Proposition VI. 

f-'^.^st. 513. When a ray of light ^i\^h is refra^€d tbretigb ajpbere at A: and 

B, 'without any intermediate re/feSioNy the angle LMfiy under the inci- 
dent ray S A M N and the emergent ray L B M produced, is equal to twice 
the cxcefs of the anele of incidence OAM<a^«uf the angle of refra&ion OAB: 
and by confequence tncreafesperpetually wlnletbe angleof incidence increafes. 
For die external angle L MN is equal to the fum of the internal angles 
MAB, MBAy ■ which are eqaal to each other, becaufe of the equal re- 
iradlions at ./^and B ; as appears by conceiving a ray to go out both ways 
along the chord AB. And one of thefc angles equals the cxcefs of 0AM 
above OAB: and fince the increments oi 0AM zre always bigger than 

•,Ai(.42i. thore of 0-^5 *, theexceflesof the larger increments above tncfnialler 
will continually augment the angle BAM, and confequently the whole 
zv^kLMN. ^KD, 



d by Google 



CKA^. to. ABOtTT TftE SCN AM1> ^fOO}r. 



'95 



J 14.. Corol. I. Draw a diameter PO^ parallel to the incident ray Fig^si. 
M; and let it cut the emergent ray BL in £; and while the angle 
LMN increafcs from nothing, the line ME will dccreafe perpetually. 
For let the parallelogram £AL^ff be compleated, and let AB and P^be 
produced till they meet in jT; and the equiangular triangles .(^MB, BE'T, 
jiHl" will be equicrural. Now iif ME or AH\x fuppofed to increafe or 
tmly to keep the fame while the oppofite angle AOH decreafes, the ad- 
joining fide HO mull increafe, and confeqnently the fum of yf Hand HO 
or of HT'and HO that hOT muft alfo increafe. But by art. 476. the line 
07'decreafes perpetually j therefore the fuppofition we made that AHor 
ME increafed or kept the fame is falfe ; and by confequence it decreafes 
perpetually while the angle of incidence increafesj ot while the anjile 
XMJVincreafes-, aArt.f,;. 

515. Corol. 2. Hence while the angle LMN increafes, the line OB 
decreafes perpetually. For it is eafy to mew that ME and OE are equal. 

Proposition VII. 

5- 1 6. Hlfen parallel rays fall u^on the furface of a jphere and emerge 
from it after two refraffions ivitbrnt an intermediate reJieBion^ their den- 
]fity at the eye efafpeSiator placed at a great difiance from thejphere, wiU 
Secreafe perpetually ^ while the angles under the incident and the emergent 
rays increafe. 

Forfuppofing the fame lines as before, let 5i7^J^Abetheneareftrayto Fig. ^.gj. 
SABFLy and let them crofs each other in F, and then fall perpendicular 
upon Z. \ fuppofed to be the diameter of the pupil of the eye. From the cen- 
terOdraw Hi perpendicular to the incident raysproduced, O//' perpen- 
dicular to the rcfrafted rays AB, a&i^ndOKk perpendicular to the emer- 
fent rays; and alfo LR, MS, ^3" perpendicular to the diameter P^, 
rawn parallel to the incident rays ; and let TA produced cut Sa in a. 
Then fincc 0/is to OKand to O^as the leflo- 01 the fines of incidence 
and rcfraaion to the bigger j and alfo 0/ to O A and to 0^ in the fame ra- 
tio; disjointly we have li to Hh and to Kk in the fame given ratio; and 
confequently H,6cqual to Kk. But the triangles KFk, iFxare equian- 
gular, andalfoMESand Z,£i?. ThcK^orc A3.0T Hh or Kk: LMiFK 
iFL, and At or MS: LR:: EM: ELi and by confequence ^4 X ^'T 
: t\)i.LR:: FK<EM: FL%EL. Now fuppofing the whole figure to 
be turned about the axis P^ fmce the fame rays that pafs through the 
ring defcribedby^/^stwillalfopafs through theringdefcribcdby Z.\;fup- 
f oung none of them to be ftopt in the fphere , it follows that their denfi- 
ty at Z* is to their denfity at A reciprocally as the rings j that is dJreftly as 
Aa.X.AtioL\%LR, or as FKx. EM 10 FL% EL {htcsuCe the peri-^ 
pheries defcribed by A and L are as their femidiameters At, LR.) And 
the denfity of the incident rays being every where the fame, the denfity 
B b 2 ot 
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of the emergent rays at Z- is as FKyCEM din&\y and as FL X EL inveric- 

ly i and by confequence direftly as FKx. E M, when the eye at L is re- 

* Art. 43 J. mote i becaufe the points Ey F never go far from the fphere ». Now while 

b Art. 410. the angle LMN increafes, the line FK decreafes perpetually \ and fo does 

43^- £M=, and therefore the dcnfity of the rays falling upon a remote eye ztL. 

<r Art.yi^. perpetually decreafes. ^£. D. 

This propolition may alfo be demonftcated in difticft parts as follows. 

517. ift. The denfity of the rays which fall perpendkukr upon the. 
line X \ in any one plane of emergence, is as FK diredtly and FL inverfc- 
ly ; and when L is remote^ direfily as FiC For fuppofmg alLthe incident 
rays to be truifmitted from Ail to X a >, their denfity in Z, \ wiU be to their 
denfityin^<tas(^a.orHAor Xi tfr£.A, ora8),FXtoFZ,:. and the line. 
FL will be invariable when L is remote, becaufe the focus F never goc« 

A Art. 43,. fer from the fphere ■». 

518. aly. The denfity of the rays which fell upon the periphery dc- 
fcribed by the point Z,, turned about the axis P^, is as£ikfdiredly and 
£Z/ ioverfely : and when Xia remote, dire^lyas£M. For fuppoling all 
the incident rays to be traniinitted,, their denfity in the periphery defcribed 
by the point Z., will be to their denfity in the periphery dsfcribed by the 
point jit reciprocally as thefe pei'ipheries, that is diredly as the femidia- 
meter A'Tor MS,, to the femiaiameter LR^ that is as EMto EL : and 
the line EL will be invariable when L a remote, becaufe the point E ne- 

t Art.,515. vergoes far from the fphere *« 

519. 3ly.Itis obfervable that as Fis the focus of thofe rays which emerge, 
from the fphere in any one plane of incidence and emergence, fo E is ue 
focus of chofe that emerge m a conical furface defcribed by the revolution. 
of EL about the axis OE,. to which furface all the planes of emergence 
we perpendicular. 

520. 4ly. Whenafelidpencilofrayafensuponaplancfurfaceandarc. 
uniformly dcnfe in every part of it;, we may confider the incident rays as 
confifting of innumerable phyfical planes of rays, which fell upon the. 
furface in as many phyfical lines, parallel, to one another. Ana then i£ 
their denfity in any one of thefe lines be given, their denfity upon the fur- 
face will be as the denfity of the lines; and if the denfity of the lines be. 
given, the denfity of the rays upon the furfece will be as their denfity in. 
any one line upon it ; and confequently if neither the one nor the other 
be given, the denfity of the rays upon the furfece will be as their denfi- 
ty in any one line and as the denfity of the lines conjointly.. 

521. jly. To apply this rule to the denfity of the rays upon the circu^ 
Jar ring dcfcribedby the revolution of Z.^i fince its breadth Z,A.Js fuppofed 
very fmall in comparifon to its diameter, the planes of emergence will di- 
vide any fmall part of it into lines, as Z.A, nearly parallel to one another. 
And by confequence the denfity of the rays in djis little part, will be as. 

theii: 
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their denOxy in any one lineZx and as the denlity of the lines £ A con- 
jointly } that " ^s — X — by the jft and 2d of thefe rules; and when 
L is remote, as the redangle FK X £ M, as before.. 
■ 522. 6ly. Now let hetcrogeneal rays be refrafted through the iphere r 
and fince the whole quantity of refraftion increafes gradually as the rays 
go farther and ferther from its center', thcfe hetcrogeneal rays will there- ^Art-jij) 
fore be gradually more and more feparated from one another''; and upon >> An. 171^- 
this account will £iU thinner upon the eye at Z. \ than if they were all ho- 
inogeneal. 

523. 7ly. We have all along fuppofed that all. the incident rays are 
cranfmittedthrough,thefphere. But it is certain thatfome of them are re- 
Hedted both at the firfl and fecond furface, as in the cafe of the raia^bows. 
And it is acommon obfervation,that a& rays fall more obliquely upon an^i; 
Surface, the nwre of them will be refleacdj and therefore the rays thac 
-go farther and farther from the center of the drop, and confequently fall 
more and more obliquely upon its furfaces, will be more and more dimi- 
oilhed by refiedtions ; and fo the emergent light will decreafe ilill fa&er^ 
iOT in a greater proportion than of the decreafe of the re<^angle FK^ EM. 

^24. Sly. If the fun.be viewed through fa large a fphere as to fubtend 
an angle at the eye as large or larger than the fun it fetf would fubtend at 
ihe naked eye ; his body will appear biggeft through the fphere when k 
is held in a line drawn direAly horn the eye to the fun; and will appear, 
to decreafe gradually while the fphere is moved Hdeways from thax line^ 
Thisfhall be demonftrated in another place, and may be eafily tryed b]| 
looking at a lighted candle or any bright o^e£fc through a glafs fu 11 of wa- 
ter. In this cafe the apparent brightnefs of the fun, or the real brightneis 
of his pidture upon the retina, would vary diredUy as the denlity of the rays 
in any one pencil when they fall on the eye, and inverfcly as the magni- 
tude of the pi£hire i becaufe If the nu^nitude of the pidlure was invariar . 
t>le> its bri^tne£s would be as die denlity of the rays in anyone penciU 
and if the Mnfity was invariable, its brighmefs would be inverfely as its 
magnitude. But flnce the angle fubtendedat the eye by a globule in a cloud 
ha$ no fenlible magnitude, the pidure of the fun upon the retina,, formed 
by rays that come through it, can. have no variety of magnitudes ; being 
always but a point which a0eds the fenfe not by its magnitude but by its 
brightnefs only. Therefore while this globule is moved fideways the 
brightneis of the fun,,fecn through iii varies dircilly as the denlity of the 
rays at the eye which came from a, linglc point of the fun ; becaufc the 
deniity ofthe rays that come at once from all the points of the fun varies 
in the fame proportion as their denfity in any one pencil varies. 

.525- ' " ■ 



5. oly. Therefore when the fun Ihines upon a large cloud of fuch glo^ 
buTes, the li^t will appear ftrongeft in tho^ globules which lye diredtl; 

between. 
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betwetH the eye and the fun, asd will decay more and more in the glo- 
bules that lye farther and farther from that line or from the apparent place 
of the fun. In this conclufion I agree with Hugenius in his diflertation 
conceriiing Corona's and'Parhelia, printed in the next chapter j though 
I differ from him in the rcaftm he gives for it, namely bccaufe the drops 

fl Art. 530. jj^jjj lyg neareft to the fun make the largeft images of him'; (maximam 
folis imay;inem exhibent); whereas thefe images being lefs than rhe glo- 
bules have no fenfiblc apparent mngnitude; and therefore appear brighter 
or duller only becaufe the rays fall thicker or thinner upon the eye. 

526. Neverthclefs to think different from fo great a mafter of reafon a& 
Sir J/aac Neucton^ is but little better than a degree of uncertainty ; or at 
leaft a fort of pain whichthc mind would willingly be frecdfrom. I have 
therefore been very particular in demonftrating this conclufion becaufe I 

b Opt. p. 155. cannot reconcile it with one of his ••. Where he fays that the light which 
comes through drops of rain .by two refraftions without any refleflicm 
ought to appear ftrongeft at the diffance of about 26 degrees from thcfunj 

■fi£- 4"^* ^that is when the angle LMN'is about 26 degrees;] and to decay gradually 
both ways as the diifcince from him increafes and decreafes. And that the 
fame is to be underftood of light tranfmitted through fpherical hail-ftone*. 
And if the hail be a little flatted, as it often is, the light tranfmitted may 

trow fo ftrong at a Icfs diftancctLanthatof26 degrees as to formahaloa- 
DUtthefun or moon.IhavealreadyobfervcdthatHag-i?»/wJwasof a contrary 
opinion jandbefides he tellsus in ainotherplace of hisdiflertationthatthough 
he had examined all the refletSions and rcfradtions of the fun's rays in glo- 
bules of water, yet he could find no caufe at all for the appearance of a 

* ^^' 5*^' ring of light about him of the ufualbigncfsofa halo<^. And thence he began 
to fufpetft that they are formed by hail-ftones that have opake globules of 
friow in their centers. In this opinion Sir Ifaac Nekton feems to agree 

J Opt. p. 155. ^\^\^ h\m. For he goes on in thefe words'',— which halo, as often as the 
hail-ftones are duly figured, may be coloured ; and then it muft be red 
Vvithin by the leaft refrangible rays, and blue without by the moft refran- 
gible ones i efpecialiy if the hail-ftones have opake globules of fnow in 
their centers to intercept the light within the halo (as Hugenius has ob- 
ietved) and make the infide thereof more diftinftly defined than it would 
otherwife be. For fuch hail-ftones, though fpherical, by terminating the 
light by the fnow, may make a halo red within and colourlefs without, 
and darker within the red than without as halo's ufe to be. For of thofc 
rays which pafs clofc by the fnow, the rubiform will be leaft refraftcd, 
and fo come to the eye in the direfteft lines. The light which pafles 
through a drop of water after two refradions and three or more refledions, 
is fcarce ftrong enough to caufe a fenfible bow [as appears by the difterent 
ilrcneth of the firft and fecond rain- bows] but in thofe cylindcTB of ice by 
which Hugenius explains the parhelia it may perhaps be fenfiblc. This 
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i( all I can find of Sir I/aae Newton's concerning this fubje£t, excepting 
another fliort paffage where he feems to fuggeft a reafon why halo's ap- 
pear oval, an inftance of whichhe had mentioned jull before; and then 
adds thefe words. By its being oval, and remoter from the moon below 
than above, I conclude that it was made by refraction in fome fort of hail 
or fnow floating in an horizontal pofture, the refracting angle being a- 
bout 5 8 or 60 degrees ». In this alfo I muft confefs I cannot reft fatisfied v * Opt. p. 291, 
becaufe all halo's, though formed by fpherical hail with fpherical glo- 
bules of (how in theircenters, muft appear oval in thepofitionhementtons 
upon account ofihcilatciih figure of the fky, as it is explained in the 167th 
article. 

C H A P T E a. XI. 

Concerning Coronas and Parhelia^ commonly called Haloes 
and Mock-Sum. 

]\ N this chapter I have tranflatcd Hugenius's whole diflcrtation upon Dcfignt 
I this curious fubjeCt ; and as this excellent Author intended to demon- 
rate the morcdiiBcult things at the end of all, which the learned Editors, 
of his Pofthumous Works have fupplyed in few words, I have done the 
fame more at large in an Appendix tothis chapterj which contains alfo 
the ob&rvatioofi referred to in this diflcrtation. 

527. Though the caufes of corona's and parhelia, which fhall here be r. 
afligned arc much alike, yet I will firft treat of corona's, becaufe they are y^dSwlIige- 
eafier to be explained ; and being underftood, will facilitate the explana- 
tion of parhelia. Now corona's arc circular ringsof light, which by dzy ap- 
pear round about the fun, and fometimes by night about the moon;fomc- 
times white, and fometimes, when brighceft, adorned with various co- 
lours like the rain-bow. Their apparent diameter is generaHy about 44 
W 45 degrees, but ibmetimes a larger fort have appeared, about 90 de- 
grees in diameter or more. It is faid that a great many fuch rings have ap- 
peared together, with the fun in their centers. I my felf have often ob- 
ierved thofe rings of 45 d^rccs j the firft of which, being the mofl: live- 
ly, gave me occafion to take notice of the mofl remarkable appearances 
in it, in order to attempt their explication. I obferved this ring was made 
up of various colours, but fainter than thofe in the rain-bow -, that its 
inward edge was red and its ouiward a pale blue, much inclining to white ^ 
that the Ipace within the ring (called the area) was darker than that on the 
outiide of it, which appeared every way pretty clear, excepting rfiat it 
was covered, with fome fmsU pellucid and whicifli clouds. I found the 
diameter erf" the ring about 45 degrees, by a grofs manner of meafuring 
it, which VfM by holding my caoe ao arms length and oblerving what part' 

o£ 
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•of it covered the diameter of the area ; and thence t computed the aiTgle 
asnearaslcould. Thiscrfjfcrvation wasmadc30.Mar. 1652. I remember 
after this obfervation I looked into what Des Cartes had wrote concern- 
ing the caufes of corona's. He would have them to be generated by the 
rays of the fun refracted through flat ftars of pellucid ice: which I did 
riot like, becaufe it follows from thence, as he himfelf confefles, that the 
fpace within the crown flioutd appear brighter than chat without, contrary 
to what I had oblJerved. 

528. I therefore thought it proper to fearch after fome other caufe of 
this appearance, though Des Cartes aflerts, that no other can h found in 
the heavens to produce any thing like it. I examined all the refractions and 
refleftions of the fun's rays through globules of %vater, but found nothing 
that could caufe a circle of that bignefs. I therefore framed to my felf 
other figures confiiting of congealed drops, but in vain? fo hard it is to 
foFin an idea of a thing never feen. Bucbeing drawn into the fame thoughts 
by the appearance of 5 funs at Warjitw in the year 1658 ; and being dili- 
gently attentive to the figure of the corona defcribed above, at lail I hie 
i^pon their true caufe; and a little after upon that of the parhelia. For I 
make no icruple to call thofe caufes true, whofe efiedts agree io exa^y 
with obfervations, as to make it leem unneceHary to fearch for others. 
Confidering therefore that certain particles flying about among the clouds 
afforded materials for thefe meteors ; as appeared fufficiently from hence, 
that the corona kept in the fame place though the clouds were difperfedj 
confidering alfo that the dulnefs of the iky within the corona was an ar- 
gument tl^t the particles within that circle did not tranfmit the fun's 
light fo copioully as when they flew out of it; I foon apprehended that 
the corona might be formed, if each of thefe particles were round glo- 
bules confifting of a coat or ftiell of tranfparent ice or water, that con- 
tained an opake kernel within ic. For I eauly perceived, if a great num- 
ber of fuch particles were difperfed between us and the fun, that thofe 
which lay within a certain diftance from the fun, could tranfmit no rajB 
to the eye, whereas others more remote would let them pafs ; as will ap- 
pear prefently. Now it is not only probable but matter of fiidt, that fudi 
fort of hail-ftonesare difperfed among the clouds; becaufe as Des Cartes 
attefts, they fometimes fall down upon the ground. For fpeaking in his 
Meteors about the formation of fuch particles, he fays, hence it comes to 
pafs, that as the outward jhell of fuch particles ufually conjift of a continued 
pellucid ice, there is often found fome Jhow at their centers^ as appears bj 
breaking them. Nor will it appear improbable that particles of fnow fliould 
flick in the middle of globules of water, confidering that thefe globules 
are fuilained by exhalations or vapours raifed upwards ; by which means 
the water is hindered from defcending and from deferting the inow in its 
■center. Neither is there any re^fon, why the kernels which are of the ianae 

gravity 
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gravity as the water, fhould recwie from it either by afcending or dcfccnd- 
iDg ; at leaft thofe hail-ftones which defcend to the earth do plainly prove 
the matter to be fa€t Now allowing them to be fuftaincd by afcending ' , 
exhalations, it feems necefiary that they ihould be very fmall, perhaps 
not fo big as grains of curnepfecd ; neverthelcfs thisfmalnefs does not hinder 
the perfoftion of their figures, nor the juft proportion between the buUt of 
the whole and of the kernel within, whichi ftiall inquire into by and by. Ha- 
ving made it appear that fuch mixed corpufcles are formed in the air, I 
ihall {hew afterwards bow all the appearances of corona's are produced by 
them. 

520. The better to underihnd this matter, let us confidcr one of thefe nr. 
eld>ules under a larger form, in order to apprehend how the rays of the I" wh»t mA- 
iun are rcfrafted through it. Let AB CD reprefent a globule, with a ker- p^' g 
nel of fnow EF in the middle of it, and let us fuppofe the rays coming 
from GJfi to &H upon the fide AD. It is manifeil tney will fo be refract- 
ed at^e furface AD as to bend inwards; whence it follows that a great 
auoiber of them muft (Irike upon the kernel EK Let GAaixdHD be the 
nys which after refradlion tou^h the fides of the kernel E F, and let them- 
be refradled again at B and C,and emerg&in the lines it £, CiC crotHng 
each other in the point iC} whofe neareft diftance from theglobule is 
ibmewhat lefs than its femidiameter '. Therefore if B ^ and CK be pro- ■ Art 61, 6ij. 
duced towards M and L, it follows that no light coming from the fun p. g 
through the globule, can proceed to the eye any where placed within the 
angleZfXjlf, or rather within the cone reprefentedbyli^M Becauieall 
the rays which pafs by the kernel, will crofs each other under a greater 
angle than ZiiCAf, and at a point nearer to the globule than the point iC*, "An. 511. 
and therefore will pafs by the eye placed any where within the angle J'^' 

LKM, but will fall upon it when placed out of that angle. What is 
faid of this globule, belongs to all omers of th<; fame fhape. That is to 
iay every one of them carries a Ihady cone behind it, in which the eye be- 
ing placed can perceive no light coming through theglobule, but being re- 
moved out of it, wiUionmediatelyperceivethelightofthe fun. Let the eye 
be at N, and conceive a cone whofe vertex is N and whofe fides NR, N^ * 
are parallel to the fides KL, KM of the former cone. It is certain chat 
none of the globules which include equal kernels of fnow to that in the 
globule AB CDj and which are placed any where within the cone ^J^R, 
can diredt the rays of the fun towards the eye at N. For if from any fuch 
globule as iS', two linesSKandST'bedrawn parallel toiiCZ<andilcA/', re- 
prelentir^ in this figure the fides of a ftiady cone behind S, it appears 
that the eye at N, in the vertex of the cone ^NRf falls within the cone 
VSTy and confequently receives no rays coming through the globule S, 
The fame may-foe fiud of all the globules within the cone ^N^ becaufe 
C c tho 
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the eye at N is placed vidiia the ihady cone belonging to everyone of thern^ 
as appears by the figure. 
_, ^- 530. But if any odier globule, as ^.lying out of the cone QJ^R, be 

with^tta^* taken into confideration, it appears tliat the eye at iV lyes out of itsftiady 
bout ir, prov- conc TXZ; and confequently thofe rays of the fun, which arc more re- 
'^' fradted through the globule Xthan the ray-STZ, will come to the eye ; fo 

that this globule and all others out of the cone ^J^R will appear en- 
lightened ; whereas thofe within it will appear obfcure. It is plain there- 
fore that a certain area or fpace quite round the fun ought to appear dark 
or obfcure; and that the fpace round about this area mufl appear mote 
luminous ; and more fo in the parts that are neareft to the obfcure area. 
Becaufe it might ea5ly be denxNiftrated that the globules that are oear- 
■ SceArt.j-2s- eft, to the cone ^JiR exhitut the largcft image of the fun^ It is plain alfb 
tlut a corona ought to be produced in the fame manner, whatever he the 
fun's altitude, by reafon of the fpherical figure both of the globules and of ' 
the kernels witlun them. Whoever has a mind to make a jM-oper expai- 
ment to reprefent this appearance, let him expofe to the fun a thin gla& 
bubble filled with water, that has an opake fphere in the middle of i^ 
which may eafily be contrived; and he will find, that he cannot fee the 
fun's image in it, unlefs he removes it to a certain diftance from the line 
drawn from his eye co the fun : and that as focHi as Iw perceives the light, 
the image ofthe fun will immediately appear thet^ighteft, and coloured 
red, for the fame reafon as in a glafsprifm or rather a water prifm, if fuch 
Kij. 484.. a qne could be made. For the ray GA^ for example, fufiers the iame re- 
fractions, at its ingrefs into the globule at ji and at its egrefs at B, as it 
woulddo in pafling through a prilm, whofe fidcs^Q, BH touch the globule 
at ^ and B. And the kernel EF, which terminates the light on one fide, 
conduces much to the appearance ofthe colours ofthe rays ^S which 
pafs by it. But I have no defign to inquire into the cauies why thefe «>■ 
lours appear through prifms. I confefs I am entirely ^norant of their pco- 
dudlion, nor do I believe that any one candifcover it till we receive 
Ibme greater light into the knowledge of nature. AU that I would obferve 
is that the red colour which appears in the glafs bubble ought alfo to be 
feen in the globules that are neareft to the outlide of the cone ^NR -, which 
growing bigger in -the remoter globules produces other colours as in the 
rain>bow. 1 judge the breadth of the corona, equal to the apparent fpace 
through which the colours are fpread when the drops arc moft enligMea- 
ed; although in reality thebreadthisonly terminatedbytbefnowoncbein- 
fide next to the fun and not on the outlide i juft as in the rain<-bow, wfaidi 
alfo, as Z>^f Car/fi has explained it» isonly terminated on the red fideand 
not on the other. Thefe corona's do alfo often appear about the moon for 
ihe fame reafons as about the ftm: but the colouix are generally to weak 
as to appear only white : thefe white corona'a I have often &en about the 

ftU)> 
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^n> when the fpace within them appeared fcarce darker than that with- 
«ut. Now this happens when there is Icfs plenty of fuch globules. For 
4k ni(M% there are the raorelively thecolours appear, as is manifefl from 
«b&rTaci<ms j hy which it aroears, that when the area within the corona 
is darker^ that is when the globules are more numerous, the colours ap- 
pear more rivid. But the colours within the corona appear more lively 
whok parhelia and parafelenae, that is, mock-funs and mock-moons ap- 
pear wiib them, for another scaitMi to be given when I treat of theie ap- 
appearances. 

13 1. Let OS now confider the apparent diameter of the corona, whjc}i, v. 
at we Aid before, is generally about 4 c decrees. .This depends upon the '^'^ dwmeter 
nMgnitude of the dark kernel ER For the greater it is in comparifon to confidered. 
dw wbole globule ABCD^ fo much the greater is the angle BKC, to t'g- 4^5- 
m^ucb the angle oi the cone $J4R is equal and meafures the apparent 
ifiuKCeFof tbecoraia, as we have Hicwn above. Befides theraysG^BK*, Fig>4<^ 
ffl^CXt pacing through the globule ABCD^ and touching the kernel 
UkB and A draw from the center A#the line MKO, pafling through K 
As imef JeAi<»-ef the rays, and' meeting the line DC, produced in 0: let 
the fines HD and KG produced meet in L within the globule Now tn 
tbe triangle DLC^ die angles PDiL, P€L are equal, becaufe the ray 
BD' is refraAcd at i>, in entering into the globule, juft as much asat C, 
in going'Out oS ic. But the angle PDL is equal to- iX>if, becaufe HL 
ana I>0- are parallel ; therefore in the triangle KOCt the angles KOC^ 
KCOzn alfo equal ; andboth together are etpial to the angle CKM, which 
is half of CKB. Now fin<x CKB is obferved to be 4^ degrees, its half 
MKCis22^i andtbehalfofthis, thatis^OCisii^. Tha-efore in the 
trtai^e OMFy right angled at F, the ratio of the fides is given, and ta- 
king the radios OMtoconfiil of looooo pans, MF the line of ii^ de- 
creet will be i^fopand 0^98078 fuch parts. Theratioof OM to OD 
u the fiune as of the fine of the angle of refradion MD O to the fine of the 
angle o£ incidence AfiJZ. or DMiV* that is as 187 to 250. Therefore 'An. «i. 
fince 03f contains looooo pa.Tts,OD will contain 133690, from whence 
cakingOF98o78,thereremainsi^Z>356i2ibutMFwas 19509. There- 
fore the proportkm of the fides of the right angled triangle MFD being 
known, theratioofeidKrofthemto the bafeMi^ will be given, which 
Afi>willbefound4o6o5. TherefbreJlfi? the femidiameter of the globule, 
muft be to MF the femidiameter of the kernel of fiiow, as 40605 to 
19509 OT as 1000 to 480 very nearly, to make the diameter of the corona 
45 decrees. By the fame method, to make the diameter of a corona 90 de- 
grees, we fhall find the ratio MD to MF muft be as 1000 to 680 j and 
as toco to 473 if the diameter be 44 degrees. 

532. CtHiceming the formation of this fort of globules, it is probable vi. 
that at firft they were globules of foftfnow, which arc rounded by a con- JJ^J^^'^^ 

C C 2 tinual confi(ici«d. 
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ttnual agitation in the air, and thawed on their outfides by cbe hatt of the. 
fun. The appearance of corona's requiresanexafttemperatureof beat and 
cold in the air, that the globules of fnow may be gradually thawed a; 
^3 4^7- little, and be checked again by a fmall increafc of cold. But ^hetk 
they are thawed about half w ay through their diameters, or a liitle bkuv^ 
there is a cone of rays reBedled from their backfides inwards, whofe h/taa 
will prevent their being congealed again, though a greater degree of cold 
fliould follows Now by the warmth of thi%cone which is greateft at it». 
apex, the fnow in the center will be rounded and poliihedi bccaufe the 
globule is continually turning different 0des to the fuO} or rather bocaule 
the warmth of the cone fpreads round the whole globule. And chisrDundDei». 
is necelTary to the production of corona's. It is probable indeed that a grcM 
many globules may be unequally thawed, but if their kernels be -not. 
rounded they cannot produceany joint effe£t And perhaps by this exter- 
nal warmth, the cold is driven into the middle of the globule (as we fee 
it often happens In winter time) and prevents the farther di0blution of 
the kernel of ibow. I fuppofe the outfides of thefe globules to be wateiy^ 
as is moA probable, becaufe the furface of water is generally fmootbcT: 
and fitter to caufe regular refractions than if it was congealed. Yet fcMne* 
times it may happen that the globules, fo formed as defcribcdabove, mar 
be congealed again, and may ilill continue round and tranfparenc enough 
to produce a corona. Now befides this coUediion or cone of rays, which 
nielts the ihow half way through, there is alfo another cc41e^Uon, which 
may form and preferve other kernels of fnow that are larger in proportitm 
CO the whole globule} and which may produce another corona as broad 
again as the former ; for fuch corona's have fometimes been obferved as. 
will appear afterwards. It isalfotobe obferved that this coUedion of rays 
feems to be the reafon why corona's are generally obferved to be of fuch 
determinate diameters ; neverthclefs it is not impoffible that corona's may 
appear of any diameters ; fince nothing hinders the globules in a tempe- 
rate air, from melting very Howly, and after a certain part of them is di/- 
folved, from keeping that proportion fo long, that corona's may appear 
for hours together without fenhble change. Hence if a certain collection 
of thefe globules, dilTolved to a certain degree, and another coUe^on 
of them, diflblved to another degree, Ihallhappen to be ranged in a higho" 
or lower region than the former.and other colle^onsdi0blved to other de- 
a j«///« in grees be placed in other regions ; there will appear feveral corona's of dif- 
^^^^j^"^''"' ferent diameters at the fame time; and accordingly fome authors tcU ui 
i6is. they have feen fix fuch parallel corona's concentrick to the fun \ 

vil. 533. Having hitherto confidered the caufes of corona'c^ in the next 

^"iSL^ P^**^^ ^^ "^ ^° difcourfe upon parhelia and parafelcnae or mock-fups and 
lunfeiense. mock-mo<MiS} in whtch there is a greater variety of wonderful appear- 
ances, as may be perceived by the figures anacxcd. For beiidcs many fur- 

prifing 
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prifing circles, there is not only a |>arhdioh on each fide of the fun, (which 
two were the only ones obferved in fonner ages) but alfo two or three, 
and Sometimes four morej as.in die phaenomenon obferved by Heveliuy 
in the year 1 66 1 . One may wonder how it should be, that jiriftoth^ and 
Cardan, who wrote &> many ages after him, Hiould affirm, that there ne- 
ver appeared above two pariwlia together. Since it is not jnvbable that 
fix or feven parhelia fliould often appear together within a few years, 
and chat the litce fliould have never happened for fo many ages before. 
The reafon may be, that the two lateral parhelia which are always the 
brighteft, were only taken notice of as parhelia, and that the reft which 
are.more languid and" £aim were overlooked. But by more accurate c^fer-> 
ver»all thofe lights are called parhelia which keep fixt in a certain place, 
though fo j^int in appearance as by the unikilful to be taken for little 
white clouds. Now uiough there be a great variety of parhelia obferved 
at different times, yet there are fome things common to them all. I ihall 
therefore attempt the foludon of the molt remarkable phxnomenon that 
has been obferved, and mention others by the by ib ^ as any thing oo* 
curs that is common to all j leaving what is new and extraordinary .in »- 
ther phsenomena to be difculTed afterwards. I defign therefore to confidec 
tbeHoman Phxnomenon obferved there by Scheiner the 20th of March 
16291 whichi>iCi>r/«andG<2^Wwwroteuponaboutthat time, from 
vhofe writings I cake the following defcription. 

514. A the place of the oi/erver at KomCt B the vertex or pant over Ins Vlff. 
he^, C tbe true fun, .ABa vertical plane Pajjing through the obferaer't J^^^^wi. 
ifjF*', the true fun and tbe vertex B j which ere allprojeSed in tbefiraigbt y\%. 48IL 
line ACB. jibout tbe fun C there appeared two concentric k rings not com* 
pleat, but diverfified with colours. The lefer and inner of them DEF, was 
fuller and more perfeS ; and though it was open from D to F, yet tbefe ends 
D and F were perpetually endeavouring to unite i fometimes they did unite 
andcompleat tbe rtng and then opened again. fTbe other exterior and fainter 
andfcarce difcernable circle wasGYJl-^ it had a variety of colours but 
was very inconftant. Tbe third circle K L M N was very large and «// over 
of a tebite colour ^ fucb as are often Jeen with parafelena about tbe meoft. 
This was an excentrick circle pajing through the middle ^ the fun ^ 
atfirfi entire^ but towards tbe end of tbe appearance it was weak andrag- 
gedMtdfcarcedffcernablefromMtowardsJ^.In the common interfeSlion of 
this circle and of tbe outward Iris G K I, there broke out two parhelia N 
and K not entirely perfeB , K Wasfomewhat weak^ but N fiione brighter 
andftronger. Tbe bright nefs in the middle oftbem both refembled that of 
tbefun^ but towards their edges they were ttnged with colours like tbofe of 
the rain-bow. They were not terfeQly round and even at tbeir edges, but 
uneven and ragged. The parhehcn N was a Utile wavering, andfent out 
aJpikedtailNPofa colour fomewbat fery, which bad a continual recipro^ 

cation. 
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tafion. TheparbtUa at h tmd M, htyitd the xemtb B, wert fuajh bright 
as tiaftrrmr, but roundtr aad vtbife Hke the circle whicb tbey were placed 
M; they rejembled mtlk or clean Jher : theparbetion M was almofi quite 
extinSt at balfan bourpajl tvoo o' chck, exteftit^ that fame Joint remaim 
would revive note and tbmi and the ck-cie itf^vamjhtd in that place. 
The parieticn N difappeared before K. did^ miidwimU M became fainterTH 
grew brighter and vanijhed laft of all. 
Afiiiicrde- 535- To underftand perfaSly how thl& appearance was, imaguie the 
feripHon of grcac white circle KL MN, xhAi pafled through the true Ain, to be pa- 
S "^""^ rallcl to the horizon, having its pole B direaiy over the fpeftatcw'shead. 
Opl^.Toin 3. For as to the appearance of the %un: {in Ga^mdttt* aad Dea Caries] u 
t- ^5-- which the vertex B is put nearer to LMthna go KN', I take it to be a 
miftake la the drawing. Since in all other aMcm«i(Hi% wbesein the po- 
fitioo of this white circle is defcribed, it is alwaya reprafented id a fitu»> 
tion parallel to the horizon: although a fmalL inclination of it is not in- 
Ainiiftent with our theory. The fpedator^ muft therefiste be Aippoled 
to Aand dire£i:ly under the middle point B, tafbch a pofitica tbax when 
hs looks at the fiins C, K, N^ he may have the other two at L and if be* 
kind hia back. 
^ ^36. Itis&nhertobeob&rved, that the order of the colours mention* 

cd in the circles I>£Fj GKN, was theiasneaa in the corona's abovemen*- 
tioned : namely the red next the {uo, as appears by Scbeiner^sAsScripuoa 
tS the phasnomenon in the year 1630 to be Sosa in the appendix. From 
which it appears that the diameter of the inner circle was alfo aboitf 4c 
degrees, which istheufualbignefsof a corona: though I am apt to think 
dttt the exterior circle in the phsnomenon of 1629 woslcls than the ex- 
terior circle in the phznomenon of 1630, asappearsby the figure andmay 
be proved. In this %ure it is alfo to be ob&rved that the tail of the mock> 
fOnN muft be drawn within the great circle KL MN, as Hevtlius rigltf- 
kobfervcd in the year 1661, which phaeiuMienon may be feen below in 
Me j|6 1 ft anicle. But iSfr^WAfT has drawn it fb, to fhew it wasexcendod from 
ifae fun. The true fun and the mock-funs are alfo drawn too big in com- 
puiibn to the circles, and the circles too broad for their diameters. For 
the diameter of the fun fliouldbebutabouc the 90th part of the diameter 
«fthecoron» 2>£F, or of 4c degrees i andthebreadch ofthecircleifZ.if 
ftould be almoft equal to that of the fun. For by the exj^icasion of the 
phaenomenon in 1630 it appears that die breadth of that circle was not e- 
qual to the fun's diameter. 
^3tt ^37. Having confidered the defcripdons of theft wwiderftd amcar- 

^^i^Jt '^ccslcc US now inquire into their caufes. Tbowh Ifoon percavedthat 
tdoBaoat globules of water, or partly of water and partly ofmow^ could noc produce 
ArojfcHttfc xhnit efie^ yet confidering that parhelia are always> atGeoded with co- 
^ Koa's, 1 was latisfied that their cauic»muftbe]iuwh>aliki& Coaiidering 

there 
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therefore what other £gures hail-ftones might poffibly have in the air be- 
iides a fpherical one, I found no other fo fimple as that of a cylinder. 
And indeed I bad often obferved that fnow confifted of feveral llender ob- 
long particles mixt with chofe of other fliapes ; and feeing that fmall globules 
were fufficlent for the produdion of corona's, I imagined that a great 
many little cylinders, floating in the air, might produce fome efFei^ of 
the like fort. I remembered alfo that Des Cartes had taken notice of cer- 
tain fmall columns or cylinders which he had feen upon the ground, whoft 
extremities were bounded with flat ftars confiiling of lix rays or points. 
Having therefore confidered the pofition of thefe cylinders, and that they 
could not ealily be generated in any other but an upright pofture ; and 
that they muil fomettmes be partially thawed by the warmth of the fun 
or air as well as the round grains ; I foon found that all the particulars of 
the Roman Phznomenon might be produced by thefe fmall cylinders j and 
was plainly convinced of it, after I had filled a hollow cylindrical glais 
with water, and had fuljpended a folid cylinder in the middle of it. For by 
holding it in various poucions to the fun and to my eye, I found the large 
white circle vt2s produced by reflexion of the fun'e rays from the fides of 
fuch cylinders, and the parhelia on each fide of the fun by a double re- 
fra£lion through the fides of them, and the other parhelia partly oppofite 
to the fun by a double refradion and an intermediate rene<Sion, m the 
manner to be explained hereafter. 

538. But fomething muft be premifed concerning the generation, po- Xll. 
iition, figure and magnitude of thefe cylinders. As the globules which ^"Jj'^^'ii^ 
produce corona'smuAibeveryfrnall, perhaps imaller than tumepfeed, tobe denmaj*^ 
iuftained by afcending exhalations, fo I iuppofe thefe cylinders to be ex- gmemed. 
ceeding fmall and fiender for the fame reafon ; which minutenefs may be 
fo far from hindering the perfeAion of their figures, that probably it may 
rather contribute to it. Thefe cylinders as well as the globules moft b« 
Ibrmod at firft of the fofteft and fineft particles of fnow ; that is out of the 
mod minute and almoll inviiible particles of a congealed cloud ; (for fiiow 
is nothing but vapour congealed ;) now fo foon as a globule is formed, by 
a colledion of thefe particles, it naturally follows that many more parti- 
cles will foon aclhere to the bottom of it, but not to its fides. For fince 
the particles of the cloud are driven upwards by a current of afcending 
vapours, and fince on the other hand the globule tend downwards by 
their weight or at leaft afcend flower than the vapours } it naturally fol- 
lows that die particles of the cloud which flrike upon the bottom of a 
globule will utck to it and by degrees change it to an oblong cylindrical 
^ure, while other pu-ticles of tlw cloud will eafily flip by the fides of it. 
Andwhen.a vaft multitude of thefe cylinders are thus produced' at fitlall 
diftances from one another, it isprobable enough, that the current.ofal^ 
fending air and vapours, by pamog between them, will prefcrve them in 

the 
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the fame upright pofture in -which they were formed : but when they arc 
.-difperfcd by the wind or otherwire, they cannot continue upright, but 
will be turned into all manner of pofitions. Now when the warmth of the 
ibn or of the air fhall have melted the outfides of thcfc cylinders, in the 
■fame manner as was mentioned of the globules, afmallcrcylinder of fnow 
will remain in the middleofeach of them furrounded with water; and 
jifter a certain part is melted, the cylinders within will become round and 
^rfe<^, and will remain in this Hate forfome time, for the fame reafons 
that we gave for the globules. Neverthelefs if that coat of water fhould 
foon be frozen, it may poflibly remain fufficiently tranfparcnt and polite 
totranfmit, refradtand refloi^therayfiofthefun in the regular manner to 
be defcribed hereafter. 
xur. ^^39. To begin the explanation of the Roman Phienomenon, firft I 

"^M '*'^*T ^^y ^^^^ ^^® ^^^&^ white circle, which appeared in it, was produced by 

Wcaufal! the refle£tion of the fun's rays from the outfides of the upright cylinders. 
For when the fun ihines upon a vaft number of fuch cylinders fufpendcd 
in the air; it follows that a great white circle muil appear to pafs through 
the fun and tobe parallel to thehorizon, and to be equal in breadth to the 
breadth of the fun. To make this appear. Ice us fuppofe a larger cylinder 
ioilead of one of thofe fmall ones, and confider in what manner the rays 

Fj^. 489. of the fun are refledled from it. Upon the upright cylinder ABCD let a 
ray EFcoming from the center of the fun, be reflected Into the line EG'. 
I 4y that £i*'and£G are equally inclined to thehorizon. For let flTfiX 
be a line drawn through E upon the fide of the cylinder, and imagine a 
plaiie LI to touch the cylinder along the line HEK', and the ray EF will 

« Ait 19. be refie£tcd from this plane in the fame manner as from the cylinder*. 
Now fuppofing another plane pafTing through the rays FEy EG to ftand 
perpendicular to the jJane Z./, upon the line MJSA^, the angles of inci- 

hAttt. dcnce and reflctflion fEM^GEN will be equal *•. Imagine a fpherical 
iurfaee whofe center is £ to cut off eq^ual lines EF., EM, EO and alfo 
£G, EN, ER, and let EO and £Pbe parts of the line HEK; and let 
FO, FMy OAfbearchesjof great circles in that fpherical furface aftd like- 
wife GP, GN, FN. Therefore fince the plane FMNG ftands at right 
angles to the plane L I, and fince both of them pafs through E the center of 
(hefphere; in thefphericaltrianglei^MOtheangleJlfwillbearightonc, 
and likewife the angle N in the triangle GNP. But the fide MO is equal 
toiVP,becaufc the angle AfjEO isequal to NEP; and likewife the fide 
Afi^isequal tothefide GiVbecaufe the angles FEM, GEN are equal. 
Therefore the remaining fides FO, GPare equal, and by confequence 
zheaogle FEO is equal to GEP; whole complements to a right angle 
are alfo equal, and meafure the inclinatioiu of the rays FE, £Gtotheho- 
xaom which was to be proved. 

The 
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The demonftration is the fame when the ray FE k refle^^ from the 
infideofthe cylinder; by wluch I ihall fhew that the parhelia muA ap- 
pear in the great white circle. 

^40. Hence it appears, when the air is full of thofe minute uprlglK 
cylinders, that the rays proceeding from the fun's center or from any o- 
ther point of his dilk, will be reBedted from thofe cylind^s towards the 
hcM'izon in the very fame angle in which that point of the fun is elevated 
above the horizon. Bccaufeby reafonof the fun'simmenfediftance, eve- 
ry angle of incidence FE O upon every cylinder, whether higher or low- 
er, is of the fame magnitude. Confequentlythefpedtacor below can fee the 
iunxefle&edfrom thofe cylinders only, from which a line drawn to his 
eye makes tin angle with the horizon equal to the altitude of the fun. There- 
fore if lines be drawn every way from the eye of the lpe<^tor making e- 
qual angles with the horizon to the fun's altitude, it is certain that all of 
them together will trace out a circle in the heavens parallel to the hori- 
zon. It is plain therefore that the fpedlator will perceive a white circle 
parallel to the horizon and pafling through the fun. It is alfo eafy to be 
underflood that the breadth of this circle will be equal to the breadth of 
the fun. For every point of the fun's vertical diameter, as well as his cen- 
ter, will illuminate a circle of cylinders of the'fame apparent height as 
the illuminating point. By which means the upper and under edges of 
the broad white circle will be parallel, and at the fame diftance from each 
other as the uppermoft and undermoft points of^fun. It is alfo remark- 
able xhac while the fun afcends or defcends, this circle will alfo afcend or 
defcend, and fo will become b^er or le&. And moreover that diverfe 
fpe^ators, though never fo remote from one another, will everyone fee 
a different circle palfing through the fun, in like manna- as in the rain- 
bow. But this cannot be true of that circle which Des Caries pro- 
pofes to us as the caufe of this phxnomenon. For he fuppofes it to be a 
large folid ring of ice fufpended in the air, which cannot polTibly be di- 
reftly over the heads of feveral diftant fpeftators. Befides that no reafon 
can be given for its pafling thrdugh the fun, fometimes for two or three 
hours together, as we find in fa£t that it does. It isatfoobfervablethatno 
thick clouds are feen in the air when thefe circles appear, but fuch only as 
are very thin and fcarcc vifible. For we find it taken notice of in moft of 
thefe obfervations, that the iky was very clear and ferene. Which is no 
wonder in our hypothefis, confidering that thefe minute cylinders confti- 
tute a very thin cloud, uniformly extended, throus^h which the fun and 
even the blue colour of the fky may be feen. It happens fometimes that 
fome parts of this circle appear faint and fcarcc vifible, for no other rea- 
fon but want of matter or a fufficient quantity of cylinders: excepting 
that the part within the halo, though there be matter enough, islefsdif- 
cernable, and not taken notice of in fome obfervations, by reafon of the 
D d trigbt- 
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nef»of the neighbouring fun ; and chiefly becaufe the white circle is much 
brighter juft without the circtimfcrence of the corona, than in other parts 
of it. The rcafon of which will be underilood when we explain the lateral 
parhelia at Kznd N. 

541. As to thefe parhelia at K and N, I fay they are produced by die 
fame upright cylinders, which produce the great white citcle, by means 
yLTrK-n! " of ^ double refraftion of the says of the fun, exadUy in the fame njanner 
in which corona's are produced by globules with fnow in their centers. 
For becaufc a certain part of each ofthcfe cylinders is thawed, and con- 
tains a leffer cylinder of fnow within it, the fun canaot be feen through 
thole cylinders which conflitute the part i^N'of the white circle, but only 
through thofe which lye without it, foe the fame ceafen as in corcma's. 
From hence it alfo comes to pafs chat the interval between thefe pai^lia 
becomes fo much greater as the Internal cylinder of fnow is thicker in pro- 
portion t& the whole cylinder. Butthcftm appears brighteft ofalltbrough^ 
thofe cylinders on the outlides of the arch KN, that adjoin to it, and his 
brightnefs decays gradually in going outwards from thence to a certain di- 
ftance ; and this is the caufe of the tails of thefe [»rhelia. But fince the . 
colours appear moft vivid in thofe cylinders that arc next to the outfidc 
of rhe arch KN^ for the fame reafon as in corona's } thefe coFours make 
the parhelion dillinft from the reft ofthe tail,^ whichis leis bright and ve- 
ry little coloured i in like manner as the corcma and the rain-bow have but 
a fmalt breadth, although they are terminated but on one fidt. Now thefe 
tails and alfo the parhelia at the head of thera , always tend towards the 
white circle ( as will "appear prefently ) and make it brighter fo far as" 
they extend. The tail NP of the parhelion at N is drawn as appearing 
out of this circle, but this was either a miftakc or was defign'd to fliew 
that the tail tended direifHy from the fun : as Hevelius obferves more ac- 

Ait. ;6>. curately in the phenomenon in 1661*. Therefore though it is not related 
that the parhelion JC had a tail, neverthelefs it is plain that a certain part 
of the white circle was its tail,, though but a dull one } beeaufe this par- 
helion is faid-to be fainter than the other. And it appears by Heveliits's ob- 
ii:rvationsas-well as my own,, that all parhelia and alfo parafelens or 
mock-moons, on each fide of the moon^ arc conftantly adorned with tails. 
Laftly the extraordinary brightnefs ofthe parhelia, which was faid to ri- 

>*t- S3t- val that of the fun % will be eafily accounted for, by confidering that e- 
▼ery cylinder (bines throughout its whole length? whereas, the round 
grains in the corona or in the rain-bow emitbut a little light, fo that one 
cylinder may probably afford more light than ten round. grains. There- 
fore if there be great plenty of cylinders in the air, it is no wonder that 
thefe images of the fun appear fo bright. 1 fliall now demonftrate theie 
affertions, by an accurate confideration ofthe refratftion ofthe rays through 
the fides of the cylinders. And firft I fhall fhew that thefe parhelia and 
their tails ixhiil necefl"arily appear in the great wiiite circle 542. 
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542. LiCt ABCD be one of thefe cylinders hanging upright in the air ; xvt. 
and let the ray £ F ^ igwn its watery furface, and te refraded into the J^^''rhdi]''i*e 
cylinder along the line r G, and at G let it emerge by refradlion throngh in the white 
the watery furface in the line GH; I fay this ray Gfl^ will be inclined to Sif^'*- 

the horizon in the fame angle as fiF is inclined to it; that is in an angle '* '♦^' 
equal to the fun's altitude. For let ABCV be a plane parallel to the axis 
of the cylinder and pafling through the points F, G ; and it will cut the 
ibr&ce of the cylinder in equal angles in the lines AB, CD parallel to each 
tnher. And confequendy lince the ray FG is fituated in this plane between 
the parallel Vvnc&ABtCD^ it will be equally inclined to the cylindrick 
fu rface towards Fand G, fo as to make the angles G FC^ FGA equal to 
one another. Hence it is too plain to need any demonilration, that the re- 
' frafted ray G H tends downwards in the fame angle, as in going backwards 
along GF it would tend upwards along FE * ; that is tne angles which * ^"- "^ 
GH and EFAo make with the fides of the cylinder are equal. Imagine 
two planes to be drawn, one through CD and the ray EF, and the other 
through AB and the ray GH; and it evidently follows that thefe two 
«lanc8 arc equally inclined to the intermediate plane A BCD in which 
FG is fituated and that the angles, which meafure their inclinations to 
<hi8middleplane,areArC£,L£C,beingmadeby the interfei^ons of thefe 
planes with the bale of the cylinder j and confequently that cheic an- 
gles KCBt LBC are cclual. And fince we have fliewn that the an- ' 
ties DFEj BGHin equal, it appears from hence alfo that tlie inci- 
cnt ray EF and the emergent ray GH after both refradtions, are e- 
qually inclined to the horizon. Therefore the funs rays fo tranfmitted 
through thefe cylinders, cannot come to the fpe<£tator's eye but from thofe 
-cylinders, whofeapp^cnt altitude is the fame as that of the fun; or only 
"from thole very cylinders in which the great white circle appeared by re- 
fle6;ed rajB: andconfequently the two parhelia produced by fuch refrac- 
tions muft appear alfo in that white circle. 

543. To deccrmine at what diftance from the fun the parhelia ought XVH- 
ta.appejlr, we muft attend co that ray of the fun which, in paffing through |^^f *^! 
the water, touches the internal cylinder of fnow. For fuppofing FG to riom diftan«9 
be that ray, then BC will alfo touch the faid cylinder in the plane of ia ^j"'^*''^ 
bafe. Therefore drawing OilifiV in the plane of the bafc, through its cen- iTjg.^giL 
ter Wand parallel to XC which lyes under the incident ray EF, let if meet 

the line BL in Mwhich lyes under the emergent ray GH; and the angle 
BMN will be equal to the angle which meafures the inclination of 
two vertical planes, one of which pafles through the fun and the other 
through the parhelion ; and both of them through the cycof the fpeclator, 
Andconfequentlyin fig. 488 thcpartCA^'ofthe white circle, intercepted 
tween the fun and one of the lateral parhelia, will contain the fame num- 
ber of degrees of Its circle, as arc contained in the angle BMN. Now this 
D d 2 angu- 
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angular diiVance of the lateral parhelion from the fuir, is io much the 
{reacer as the internal cylinder of fnow is thicker in proportion to tha 
whole cylinder laBdmoreoverfuppofing theratioof the diameters of thefc 
cylinders to be invariable, that angular dtftance becomes greater, as the 
fim rifes higher ; as will appear by the following table , wbofe conftruC' 
rion, which would have been tdOte4iou8 here, may bcfeen iath&appen- 
dix te-this chaptec. 

The lit column fhews the fun'ft 
ahltude ; the 2d the angle made 
by two vertical planes,, one paf* 
fing through the fun and die other 
through the lateral parjwlion,. 
when the diameter of the whole 
cylinder is to the diameter of thi 
internal one as 1000 to 473 ; the 
3.d column ihews the fame angles- 
between the verticals when the ra- 
tio of the diameters is- 1000 to 
480 ; the 4th when that ratio is 
1000 to 680. Suppofing this ratiOi 
as 1000 10714, then thefaid an- 
gle of the vertipls will be 88 deg^^ 
48- min. when the fun is 25 de- 

— — ■ ■ grees lugh ; and can be no bigger in. 

this altitude; and this relates to the two parhelia oblerved by HevtliutK 
544. If a fuffictent number of cylinders be placed above one anothen 
fome of which are melted more and kajiz lefs, it appears by thefe tables^ 
chat befides the collateral parhelia next the fun, two or more may appear: 
. farther firom him,, but ilill in the iame white circle : which is alio con- 
firmed by the obfervations of Hevelius in the year i66.ii Feb.. 20. ando£ 
jSr^ffVrin the year 16307 ofwhich more hereafter. It appears alfo from 
the fame tables, that while the cylinders, remain in the iame iituation, an^ 
the fun. rifes higher , the intervals between him and the two parhelia will 
increafe, and will decreafe again while hedefcends lowers the very thing 
that I ob&rved and fliall mention in my account of that obfervation. Bug 
a gteaiet alteration of thefe intervals may happen if the cylinders be far- 
ther meltedi and from hence there arofe a very remarkable phaencMnenon 
in former days. For Julius Obfequens relates that in the time ofAuguJitts 
CaJoTy when M. Lepidus and Munatiui Plancus were Confuis,. there ap~ 
feared three fun! i together y which foon after were contrasted- into one orb. 
This is fuch an appearance as I never met with any where elfe ; but the 
cau& of it is eafily underftood, and is nothing elfe but the warmth of the 
fflE^ w-hichincreafing upon the former, temperature of it might prefently 
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melt all the fiiow in the cylinders, and by diis means Eoth the parhelia; 
would draw nearer to the Ain till they coincided with it, when the whole 
cylinders were melted and changed int^ round drops. And feeing this a- 
grecs foexaftly with our theory, it cannot be doubted but we have taken 
the words of Ohfequem in their true fcnfe; although Gaffendus has endea- 
voured ac another interpretation ■ ; as if the parhelia appearing at firft^ tOp-Tom-jt- 
there prefentiy broke out a corona which contained them within it. For P- ^55* 
then it would not be fo proper to {ay that three funs were contradted inta 
one orb, but two rather ; neither would this have been fo uncommon » 
fight. Belidesthis. they imagined that a reprefentation of the Triumvirate 
was fignified by this prodigy; as appears by the following pafiage of i)fon 
Caffius compared with that of Ohfequens. Dion fays , book 45, that the 
light of the fua appear«i fometimes to be diminimed and extiHguifhed, 
and fometimes to break out again in a trifHe orb; (for fo I interpret his 
words -n-n 5 at Tijm »wxAoi( iprt»1a^«,^T3n) one of which was furrounded. 
by a radiating fiery crown ; by which future events were foretold. We might 
Accurately determine the lengths of the tails of thefe parhelia; but the 
^ther they recede from the parhelia the fainter they grow, and therefore 
the true extent of them cannot well be obferved. It is therefore fufficient 
to know that they are extended throughout a whole quadrant f^ the whito 
circle beginning from the true fun; andfomewhat&ther, as the fun's alti- 
tude may happen to be greater. Butyet^iheirlightisfreqjiently foweakas 
by obfcrverfttoTK taken only fora partof the £iid circle^ 

545. I am now going ta confider thofe corona's which alineft always XIX. 
appear with the£: lateral parhelia. For though corona's are fometimes ^l^^- 
iieen without parhelia, yet parhelia never appear without a corona palling the piriwii> it 
through them^ unlefs it be fo weak fometimes a& to efcape obfervation ; notn>»deby- 
and this appearance being not accidental muft proceed from a certain '" " 
jcaufe. When fmatl cylinders are produced in the air, it is probable that 
half-thawed globules are lodged there at the fame time, for the pi'odtjo- 
tion of corona's. But yet it i& difficult to conceive by what caufe uiey can 
be thawsd in fo exadl a proportion, as to produce a corona that (hall pafs 

{>recifel/ throi^h thefe very parhelia. For fuppofing the round and ob- 
ong hail to be thawed exadly alike in diameter, neverthelefs it appears 
by the foregoing t;able8 that the parhelia would lye on the outfide of tho 
corona. For when the. ratio of the diameter of the outward to that of the 
inward cylin'Her is as 1000C0473, the difkn(x of the parhelia from the 
{im at various altitudes will be 2Z, 28^.36, £i, and any more d^recH of 
the white circle, though the femidiameter of the corona be but 22 at aU 
altitudes. of the fun,, when the globules are thawed in the fame ratio. This, 
alfo is farther to be obferved that while the parhelia continually approach 
' towards each other when the fun defcends, and recede from each othoc 
when he afcends, as we.obferved above} the corona £hauld alf^ con^a<3; 

ani 
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and enlarge it felf, iince it alwaj-s pafles through the paiheUa > but in the 
round grains no caufe can be afligncd forfuchan effc€t. 
b '^' r 546. But befides the round grains, it is certain that thoie very cylinders, 
dws c^liqueiy wmch I obfcrved may fwim in the air in uncertain pofitions, arc capa- 
Ctuared. J)le of producing corona's. For by reafon of the fnow within them they 
"do jiot tranfmit the rays of the fun, unlcfs they lye wide of a certain di- 
ilance from him ; which angular diftance is determined by thofc cylin- 
ders on whofe lides the rays of the fun fall perpendicular? forthe reft of 
them upon which the rays fall obliquely muft be ftill remoter from the 
fun to tranfmit his rays to the eye : as appears by the tables above, takii^ 
the altitude of the fun in the table for his altitude above the plane of the 
bafe of thefe cylinders. So that thcfe cylinders as well as the globules may 
produce a corona bounded with a red colour on its lide next the fun. And 
probably the corona's that appear with the parhelia may proceed from 
tlus caufe. Firft becaufe thefe little cylinders are alone fufHcient. Second- 
ly becaufe the corona's that appear with parhelia are often brighter co- 
loured than without parhelia. Becaufe the cylinders fend rays from their 
whole lengths in greater plenty than the round grains, which fend them 
as it were but froma point. But to return to the purpofe, there k no rea-i 
fon at all why this corona produced by cylinders {hould pafs through the 
parhelia rather than that which proceeds from round grains. And the 
iame difficulty in the alteration of the diftance of the parhelia ftill remains 
as before. There k no reafon therefore to maintain that tro corona which 
|>afle$ through the parhelia is produced by thofe cylinders that are placed 
m an uncertain order. Indeed as to the Roman Phaenomenc«i 6g. 488 
I do not doubt but the corona DEF, within the parhelia, was produced 
by cylinders difpofed in the manner abovementioned. Biu ftill as to the 
otherpart of the phenomenon there feetns to be fome difficulty. 
^P'L 547' Ncverthelefs we may be able to conquer this difficulty by attend- 

towJcadt or*"g moreclofely to the figure of thofe cylinders. Hitherto we have only 
upright cjHa- confidered their fides ; now let us fee what fort of extremities they are 
^'^ likely to have. To fuppofe them terminated by plane bafea, isby no means 

agreeable to nature. But becaufe their tops and bottoms are thawed as 
well as their fides, and to the fame degree quite round, moft certainly 
the water at their extremities will afFe£t a round figure; whence alfo the 
inner cylinder of fnow will be formed at each end either into an hemifphere 
or an half fpheroid j and then the fhape of the whole cylinder with the 
included kernel ought to be fuch as this figure reprefents in a larger fize. 
^'8- 49»- Hence it will come to pafs, that not only thofe upright cylinders, which 
lye on each fide of the fun and produce the collateral parhelia, will tranf- 
mit his rays to the eye, but alfo thofe that lye above and below and quite 
roundhim beyond a certain diftance; which therefore will produce a co- 
jona. Through thofe above him the raya will pafs as die ray DCBAAoa 

and 
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and will touch the top of die kcmel in H; and the rays will oafs in likc- 
manncr through the bottom of the lower cylinders as EFGA does, and 
will touch the bottom of the kernel in K. But fince the exa£t figure of the 
coDTcxities BCL and FGM'n unknown, it would be in vain to attempt 
an esaJdi determination of the quantity of rcfradion of the rays that pafs 
through it ; and much more of thofe that pafs towards the fides of thefe 
ov^folids. Nevcrthelefs havbg ordered a glafs cylinder to be made in the 
Ihape reprefented by half this figure } and having filled it with water and 
fufpended an opake cylinder within it, that might in all places be equally 
diftantfrom the glafs; and having placed this compound cylinder in va- 
rious pofitions between the fun and my eye, I found by experience it tranf- 
mitted the rays in fuch manner that the angles BAN, GAF were nearly 
equal to one another and to all other angles under the rays that touched- 
theopakecylinderin paflingby it;takingtneline-^iVfbraline drawn from^ 
the eye to the fun ; or for a line parallel to it. 

548. Now fince the little cylinders in the clouds muff have the fame xxit 
power and property as this fiiflitions one, they vnW form a corona which 
will be nearly circular, So-that thefe upright cylinders, which formed the 
great white circle l^ tefleftion, will alfo form thofe corona's byrefraftion 
that pafs through die parhelia, Confidering therefore the neceffity we- 
have fliewn for the fliape of thefe cylinders, and that the rays paffing 
through their extremities will produce coloured circles, I do not doubt 
but thefe circles are thofe very corona's; otherwife fome irregular and ill- 
(haped circles muft necefl*arily be vifible. And though the eye may not 
be able to difcern a fmall defedl of roundnefs, yet it may happen that one 
diameter of a corona may be different from another. Wiich I find is con- 
firmed by obfervation. For in an obfervation made at Rome in the year 
1630, when two circles about the fun are faid to crofs each other above jpjg ,-2- 
and below him; and that parhelia fhone out from the outward arches on 
each fide of him ; it feems more probable to me that inftead of two circles 
croffing each other, we muft firft conceive a circle pretty oblong, in 
which two parhelia were produced by the upright cylinders, and then 
another circle not quire fo oblong, touching the other above and below, 
produced either by cylinders in a confufed fituation or by round grains. 
For the figure made by thefe oblong circles is fo very like the figure made 
by two perfeft circles, as not eafily to be diftinguiftied from it. And be- 
iides it iscxceedin^ly probable that one and the ^me circle contained two 
parhelia. 

549. The circle that palTes through the parhelia frequently appears xxiil. 
fainter above and below, and brighteft next the parhelia ; as Hrvehus has The pan* of 
accurately remarked in many obf'ervations. The reafon of this is alfo plain rtiiieownaare 
by our glafs cylinder. For the rays palling through the round tops and the^pl^heil"* 
boccoms of them produce only a fmall round image of the fun, as round 

grains 
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grains do; but thofe which pa{« towards the ends of the cylindrical fur- 
faces where they juA begin to turn roundiih are formed into a broader 
and brighter pencil ; in the fame manner as diofe are which produce the 
parhelia,; which m^ces the corona grow gradually brighter and br^ter 
towards the parhelia both above and beIow;~ and more inten&ly coloured. 
xxrv. 550. Having explained the caufesof the two corona's in uie Roman 

"7^' /^^i/"' Phenomenon, let us proceed to account for thofe two parhelia L, M 
howT>roduccd.-Vi'hich appeared in the back part of the great white circle. Thefc I iky, 
:are produced alfo by the upright cylinders ; by the fame refractions of 
the fun's rays which produce the rain-bow. It muft be obfcrved and fhall 
fbc demonftratedby andhy, that the inner opake cylinders arc fo far from 
contributing to the produdion of tfaefe parhelia, that fometimes they hin- 
der their appearance. But yet the inner cylinder of fnow is abfolutely ne- 
■celTary, whether the outward ihell that contains it be made of water tx 
ice. For without the fnow the watery cylinders would immediately be 
'Changed to round drops ■» and the whole cylinders cannot he all ice^ be- 
caufc we cannot conceive them to be every where tranfparcntj without 
fuppofing them quite liquid before they were frozen; which I have juft 
now fhewn to be inconfiilent with a- cylindrical figure. 
XXV. ij^i. But before we confidcr the manner ofrcfra^ion through cylinders, 

iuie i^n^w " ^'^^ ^ convenient firfl: to confider it in round drops, to fti-sw the caufe 
anfwertotwo of the rain-boWj which i)« Car/fj firft » difcovered. Let^^Cbea glo- 
*"^'' PH**''* "bule of water, J)^a ray of the fun falling upon it, and refraded from /i 
^irthehor^ to B, and then rcfleded from J5 to C; fo that^BandBCmay beequal; 
zon. ^nd at C let it be refra<aed again towards the eye at E. Again drawing 

^^■^+93; CHand EF parallel to the ray DA and making the angle FEG equal 
b See the re- to FEC, it appears by D« Ctfr/c/'s tablcs ^ that the angle HC£ will va- 
mariu upon jy jjg magnitude according as the ray JD^f is fuppofed to fall upon diffe- 
^r^°' rent parts of the drop ; but fo as never to exceed 41° 30'; and therefore 
the angles CEFznd FEG never exceed that quantity. Hence it follows 
that no drops that lye out of the cone CEG can tranfmit any rays to the 
eye ; and of thofe that lye within it, the nearest to the conick furface will 
tranfmit them moft plentifully ; and by this means the brighter drops 
which boarder upon the dark ones will be more apparent and will make a 
round ring; which would be vifible quite round but for the furface of 
the earth; whereas one half at moft can only be feen when the fun is in 
the horizon. This is the true caufe of the rain-bow, which any one may 
examine experimentally, by expofing a glafs globe full of water in the 
fame pofition to the fun as the globule jiBC. Suppoic now the circle 
ABCxo be an horizontal fedlion of an upright cylinder, and thai innu- 
merable others are placed upright upon the plane of the horizon, .and that 
the rays of the fun being alfo in the horizon are refradled through tbera 
;in the fame manner as through the drop AB C, fo as to make the ^eateil 

angle 
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angle HCE or CEF equal to 4i» 30' : and it follows that no cylinder 
out of the angle CE G can tranfmit a ray to the eye ; and that thofe which 
are neareft to the furface aforefaid will tranfmit the moft rays. Therefore 
afmall portion, like the bafe,ofa rain-bow will appearin the cylinders to- 
wards C, and another like wife towards G; and the intercepted arch of the 
horizon will contain as many degrees as the angle C£ Gdoes, that is 8 3 °. Thus 
we have two pairhdia much brighter than the parts of the rain-bow, as 
being broduced by cylinders, wmch tranfmit more rays than globules do, 
as we nave oftert obfervcd before. Thus much for the appearance of par- 
helia when the fun is in the horizon. 

552. But the fun being elevated, thefc two back-parhelia will appear in wj,y ^Je^tiA 
^ white circle. To demonftrate this, let ^SCD be an upright cylinder p^rheiuap- 
in the air j EFn ray of the fun felling upon it ; FG the fame ray refraft- P*" •" ''5 
cd into the cylinder, GM the fame ray reflefted from its furface at G, ctreL" 
and HiC the fame ray emerging by refraction at if : I fay the incident and F'g- 494- 
emergent rays £F, G H will becqually inclined to the plane of the horizon. 

553. For by the laws of reflcftion the ray FG will be fo refleaed into n,'^'^' 
die line Gff, that two planes drawn through. i^G, Gff parallel to the axis ,io^° "^ 
of the cylinder, will cut the bafcs and fides of the cylinder in two paralle- 
lograms PA^, AB D^equal to each other In length and breadth j and 

the rays FGy GH will be equally inclined to the fides of theie parallelo- 
grams. This is plain enough by what has been demonflrated ana obferved 
at the end of the 539th art. Therefore fincethe raysFG, GiT are equally 
inclined to the lines PC, BD, therayGHin going forward will emerge 
by refra(ftion at //along HK^ and G Pfuppofed to go backwards will emerge 
at F along FE * in fuch manner that the angles PFE^ DHK will be e- ' Ah. 9 
qual.NowletthelineCXIyeinthepIancofthebafedireifUy under £F, and 
alfo DM under HK^ and the angles ^i, ^M will be equal j and 
fince the angles PFE, DHK are ec^ual, the rays EF and BK will be e- 
qually inclined to CZ. and DM^ that is to the plane of the horizon. There- 
fore the fun's rays tranfmitted along thefe lines that bend about the cylin- 
ders hanging in the air, cannot come to the fpe^tor's eye, but from thofe 
cylinders only whofe apparent height above the eye is equal to the appa- 
rent height of the fun ; that is from thofe only which caufed the white 
circle to appear by reflcftions from them. And fo it is manifefl that the 
parhelia thus produced can appear no where elfc but in the faid white 
circle. 

554. Now chereafon why thefe parhdia appear in certain determinate .^P^y^^' 

_ places of the white circle, is altogether fimilar to that which we gave for tcHtcen ti^ 
the rain-bow. For if in the plane of the bafe the lines D W, MO be drawn back pariicH* 
paralleltoCLwhichlyes under the incident ray £i^i I find that the an- J,^^"'""'"* 
gle MDNoT DM0 cannot exceed a certain determinate magnitude j '="'*^^' 
and that its greateft magnitude will vary while the fun's altitude varies. 
E c Tor 
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For example, when the fun is 25 degrees high this angle is 3V iS'at- 
moft ; and fince the rays which faUupon the cylinder emerge in the limit 
of this greateft angle more copioufly than when it is Acnaller ; this greater 
quantity of rays is the caufe that the parhelia appear on eadi fide of MO 
at that angular diftance. Drawing therefore MR in the pUne of che bote 
fo as CO make the angle OAfA equal to OMi>, the angular diftancec^ the 
two parhelia will be equal to the whole angle J) MR : fo that two verti- 
cal planes flanding upon the line£ MD, MR wiU pafs through the parhe- 
lia; and the arch of the horizontal circle and Ukiwife that of the white 
circle parallel to it and intercepted between thefeplancsy will contain ex- 
s&\y as many degrees as the angle D MR does. The number of degrees in 
half this angular diflance is computed in the following table for feveral 
altitudes of the fun. But the manner of making the computation, being 
too prolix for this place, is taught in the appendix to this chapter. 
■— The fecond column of this table fhews the angle be- 
tween a vertical plane, palling through che fun, and 
another pafling through one of che parhelia, anfwering 
to the uin's altitude put over againfl it in the firii 
column. 

555. By this cable I find the diflance between the 
back parhelia of the Roman Fhaenomenon to be about 
60 degrees. For the height of che pole at Rome being 
42* 2', the fun's altitude there at three o' clock in the 
afternoon was about 30 degrees ; and in this table half 
the diftance of the parhelia anfwering to this altitude 
is 29° 36'. Indeed in Scheifter's fchcme as it is drawn 
in Gj^»<^f's little book % rhediilanceofthere parhe- 
lia exceeds 90 degrees; hue it was neither meafured nor 
eftimated, nor fo much as mentioned^ and therefore I 
'_! dare afiirm ic is reprcfented too big in the figure. For 
the diftance between any two points m the heavens appears fo much the 
greater as che points are nearer co the horizon ; juft as the diftances be- 
tween the ftars in the great Bear, for example, feem to be twice as big 
when theyare near the horizon as when they arc near the vericx. For the 
like reafon the diftance between thefe two parhelia feemed to bear a great- 
er proportion than it really had, to an arch, which paifing through the 
vertex,, defined the magnitude of the diameter of the whitccircle KL.MN. 
But this could not happen in, che diftance between the parhelia X, N, be- 
caufc of the known magnitude of the circle DEF, whofe diameter is 45 
degrees. The fame fallacy in the diftance of the back parhelia will appear 
plainer in fome of the following obfervations. It is alfo upon the fame ac- 
count) chac the dilk of the fun appears almoft twice as big in the horizon 
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as when he is higher elevated; and likewise that the rain-bow appears 
to be apart of thegreateii circle of a fphere, whereas it is not half To big. 

556. Now the caufc of this fallacy in fhort is this; ihat we think the xxx, 
fun or any thing elfe in the heavens to be remoter from us when it is near ,^h='*lv*a*p. 
the horizon, than when it approaches towards the vertex. Becaiife we pear larger 
imagine every thing in the air, that appears near the vertex, to be no farther "«"^ '*'* *l°^- 
from us than the clouds that fly over our heads. Whereas on the other l°^i " ^ ' 
hand, we are ufed to obferve a large extent of land, lying between us and 

the objeifts near the horizon, at the far end of which the convexity of the 
iky begins to appear ; which therefore together with the objects that ap- 
pear in it, is ufually imagined to be much farther from us. Now when 
two objects of equal magnitudes appear under the fame vifual angle, we 
always judge that objeA to be larger whidi we think is remoter. Ajid this . . 
is the true caufc of the deception we have been fpeaking of. 

557. But to return to the parhelia; it muft be obferved, that in the Ro- xxxi. 
man phenomenon they are faid to have appeared white, whereas they ofthc'^blck" 
cught to have been coloured, for the fame reaf<Hi as in the rain-bow and parhelia con- 
in the glafs cylinder filled with vrater. I take the caufe of this whicenefs "d««^ 

to arifc from the weaknefs of their light, as we faid before of corona's that 
fometimes appear white ». This alfo happens to the lateral parhelia, as » ^"- 53«- 
appears by the accurate obfervation of Sam. Kecbeliui to be feen in the ap- 
pendix: in which the parheli(»i C, which was fainter than the other, is ^*- i°h 
faid to change from yellow to white, which is the fame as the fllver co- 
lour obferved in our parhelia. Now the yellow and white colours, which 
the cylinders tranfmit by the rcfraftions aforefaid, being far more fplen- 
did than the red, it muft ncceflarily follow, that when biit few cylinders re- 
main, the red will difappear before the yellow and white ; and fo the 
light of the parhelia will remainwithoutanytindhire of colours. But that 
thefe back parhelia do fometimes appear coloured, is evident from the 
Englifh observation, taken from Math. Paris's Hiftory, to be feen in the P'S- S©*' 
appendix. Where we are told that befides the true fun, four mock-funs 
appeared red in a great circle of the colour of chryftal ; and that two of 
thefe were back parhelia, is manifcft from thefigure, though faulty per- 
haps in other refpeAs. 

558. This fcarcity of cylinders may perhaps be the reafon that in ma- ^ '''^'^"■ 
ny obfervations thefe parhelia have not appcMiid, although the white cir- ^TL]h6on\ 
cle was plain enough to be feen : as in a phenomenon at Rome in the year appat fomc- 
1630 and in that feen by Hfajf//aj in the year 1661 Feb. 2o'>; andinfome v"^ -e,. 
others : in which the parhelia did not appear by reafon of too faint a light. 
Nevcrthelcfs there is another thing which may hinder their appearance ; 

namely if in the back part ofthe white circle, the inner cylinders contained 

in the water be too thick in proportion to the water ; for then they will 

ilop the rays which fliould produce thefe parhelia. For I find when the 

E e z fua 
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fun is 25 degrees Ligh, if the diameter of the opake cylinder fhall bear a 
gj-eatcr proportion to that of the whole than 590 to looo, that no back 
"^■oW"- piirhtliii can appear. Hence in a phenomenon obfcrvcd at R^me in the 
year 16^30, when the fun was 28 degrees high, if the cylinders that pro- 
ducf J the parhelia Af and A^ did not extend fo far as to the back part of 
ihe white circle» and no others lay there but fueh as produced the parhc- 
1 ia O and P, no back parhelia i:ouId appear in t^t region : fiuce in thefo 
cylinders the ratio of the internal to the external diameter was as 624 t« 
ri^. 495, 1000. Likewife in HeveUus\ obfcrvation when 6 parheliaappeared, tho 
ibn being 25 degrees high, if the cylinders that produccd-the lateral par- 
helia B and C did not extend to the back part of the white circle, and no 
oiiiers lay there but fuch as produced the parhelia E and X), the back par- 
helia could not appear. For the ratio of the diamecers of the& internal and 
external cylinders was 714 to looo. 
m'^th^baek ^59* "^^^ reafon why the back parhelia in the Roman Phfenomesoa' 
patheiu have appeared rounder than the lateral ones is this. Although fome cylinders 
no tsiii. in the arch LM, that lye not far from L and Af, fend fom« rcfrafted rays to 
'^' ^ ' the eye, yet they are not near fo numerous as thofe which come from the 
• Alt. sji. oylinders at L and M*i and therefore thefe parhelia have no tails that 
ss^- arc far extended, like the lateral ones. Beiidcs this, the refraOdons through 
the cylinders that produce the back parhelia, are more regular. For the 
rays are not confined in their courfe by the opake cylinders within, but 
receive their dircftions from the refraftions at the moft exadl figure and 
poliih of the outward "watery furface of the cylinders. For the dark cylin-^ 
ders within not being exa^ly equal to one another, are the caufe 01 the 
irregular and inconftant ihape of the lateral parhelia. The reafon of the 
reciprocation or fluftuating motion of the tail of the parhelion AT, was 
that fometimes fewer and. fometimes more cylinders were carried intothac 
place; which is alfo the reafon that the corona Z)£F was fometimes en-p 
lire and fometimes open below, and that, the parhelion K grew brighter 
while iVgrew duller, 
xxxrv. j^p^ J faavcnow gone through the ej^Ucation of every particular of 
the Roman Phenomenon, referring the caufes of all the parhelia and cir- 
cles in it to half-melted cylinders, partly upright and partly ina confufed 
order; which caufes,foagrecabletothepha2nomenaandalfotooneanother, 
do every where confirm one. another j fo that 1 think the reality of them 
cannot be doubted. 
XJCXV: 56 1; Having accounted for every particular in dw Roman Phxnome- ^ 
"'''^^""'"1° non,let us now proceed to Hevelius's obfervation, 20th Feb.. 1661 j in 
mry phino- which mote funs and. circles, were obfcrvedHand fome of them in a di&- 
menonof? rent pofitiou from thofe wehavc hitherto confidered. But fincethecaufc 
[Uxtl^^i by °^ them is not to be found^ither in the upright cylinders, or in thofe that 
Utntiiut. fly about confufedly; (for our glafs cylinder viewed in all pofitions dif- 
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cevcrs nothing elfe but the particulars of the Roman Ph»n<Jmenon i) it 
fhould follow that fomething elfe muft happen in theair: and yet I fliall 
Ihew it to be nothing more th^n a certain pofitiwi of thofe cylinders, 
which has not yet been confidered. But in the firft place let us reprefent 
the phenomenon itfelf, by Hevfiius'&^guTedcCcnbcd'm his. own words, 
taken from the appendix to his Mer^urius in Sole vtjus. pag. 174,. 

On Sunday in^be year of our Lord 1661. Feb, 20. New Style^ a Utile r',t.^$: 
before eleven 0' clocks the fun being towardt tbefoutb and the sky 'oery clear^ 
there appeared feven funs together infeveral circles^ Jome white andjbmf 
coloured J and thefe with very long tails, waving and pointing from the 
true fun, together with certain white arches crojjing one another, u The 
true fun at A, being about 25 degrees, high wasfurrounded almoji entirely by 
a circle wbofe diameter was 45 degrees, and which was coloured like the 
rain-bow with purple, red and yellow ; its under limb being fcarce 2^ de- 

■ grees above the horizon. 2. On each fide of the fun, at ^ anaC towards the 
wefi and eafi there appeared two mock-funs^ coloured, specially ,towards the 
fun, with very longjpiendid tails, of a whitijh colour and termijzating in a 
point. 3. ^far greater circle Y X H V Z afmo/i ^o degrees in diameter en- 
xsmpaffed the fun and the former lijfercircle GBIC, and extended it fe^ 
down to the horizon. It was very Jirongly coloured in its upper part, but 
wasfomewhat duller and fainter on eacbjide. 4. ^ the tops of thefe two- 
circles at G andiLwere two inverted arches, -wbofe common center lay in 
the zenith, and thefe were very bright, and beautifully coloured. The diame- 
ter of the lower arch QG R. was 90 degr. and that of the upper one T H S 
.was ^^ degr. In the middle of the lower arch at G, where it coincided with 
.the circle BGC, there appeared another mock-Jiin, but its light and colours 
were dull and faitttijb. 5. There appeared a circle BEFDG much bigger 
• than the former, of an uniform whitijh colour, parallel to the horizon at the 
difiance ofze degr. and i-^o degr. in diameter -, which arofe as it were from 
the rollateralmock-funsB andCy, and pajfed through 3 other parhelia of an 
uniformwbitijh colour like fiver; one at D alm^ 90 degr. from the. true 
fun towards the eaf ; another at E towards the weji;. and a third at F in- 
.the not^by diametrically oppofte tothe true fun-,, all of the fame colour and 
brightnefs. There pajjed aljb two other white arches EK, li'Pofthegreatefi 
circle of tkejphere, through the eajiern and wefiern mock-funs Ej D, and 
. alfo through K the pole oj the ecliptick j they went douon to the horizon at N 
. and P, croJRng the great white circle obliquely, fo as to make a white cro/i 
at each parhelton. So thatjevenjuns appeared very plain at the fame time; 
and if I could have feen the phanomenon fooner from an eminency,J donot 
quejiion but I Jl^ould have found two more at H and I> which would have 
made nine in all. For there remained in thofe places Jitch marks as made this . 

fufPiiion not improbable. 

This 
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9l&/j «tf/? delightfui and extraordinary Ji^t lajkifrum 30 minutespaS 
loto ^i mitt, pajl 1 1 ; though it bad net the fame appearance all that lebile^ 
^ut fometimes one and Jbmetimes another. It appeared in the perJeSion of 
tbii defcription at about eleven a clock, and then degenerated by degrees. 
The nbrthernmock-J'un at Fvanijhedfirji of all together with apart if its 
circle i the other parhelia with their arches lafied till ten minutes paf ele^ 
••uen , tbfn the taftern mock-fun and after that the ive/iern ■oanijhed with 
.both the crojjis. Soon after this the collateral parhelia C, Dfufieredfeveral 
-changes, fometimes one "was krighterthan the other in light and colours, and 
fometimes fainter and darker. For at 18 min.paft 10, the eajiern parhelion 
C vanijhed while the ivefern parhelion at B remained very confpicuous -, and 
24 min.paft 11 theeafiern one was very bright again ana remained fo while 
ibe weftern one difappeared at 40 min. paft 1 1 ; although this teeftern one 
bad almofi always the longer tail. For the tip of it wasfrequently extended 
for 30 degr. and fometimes 90, as far as the parhelion E j but the tail of the 
eaflern one C was fear ce above 20 degrees. At -^,0 min . pajl 11 the great ver- 
tical circle Y X H V Z was d^royed ; but the inverted arches H and G to- 
gether with the collateral parieliaB andQ, continued to the laft. 

'Tbefcheme of this phenomenon is drawn in the fame manner as the con- 
fielletions are drauon upon an artificial globe, to be viewed by the eye on the 
outfide of it. For by this means every thing is reprefented much clearer and 
dijlinSler. Nevertbelefs the place of the obferver 'was nearly under the ze- 
nith within the circle parallel to the horizon -^fo that the true fun appeared to 
.him in the mendian, the mock fun F in the north, and the other two at D 
and E on each hand. But if you defire to have this extraordinary pbanome- 
non reprefented a little plainer ; upon an artificial globe whofe pole is eleva- 
ted to our altitude at Dantzick, with the center A, in the 2a deg, ofpifces, 
where the ^n then was, and with a femidtameter of 22^ degrees^ defcribe 
the circle G B I C j 2 . and then the circle Y X H V Z with a radius of 45 de* 
^ees; 2- Of d with the fame center and femidiameter if go degrees, arav> 
the circle NEKDP through the two white mock-funs E, D. 4, And with 
afemidiameter of 22 j; the zenith being the center, draw the arch THS; 
5. and alfo the arch QG R with a radius of go degrees upon the fame cen- 
ter; 6 . and lajily the circle B E F D C parallel to the horizon with a radius 
of go degrees. And the draught being finifhed in this manner •milt appear 
very beautiful and harmonious-, and, by the grace of God, may afford an OC' 
cafion ofdifcovering the natural Caufes of alljbrtsof parhelia anafarafelena. 
'^^^'^- 562. In this phEEnomenon, as well as in that 2.xRome, wc have the large 
AvSpiS- ■white circle ; the collateral parhelia B, C and the corona BGCI; all which 
im of this are produced by cylinders in an upright pofture, as we have explained 
phstnomenon. ^bove j and likewife the parhelia D, E, with the arches NE, P D paffing 
through them, for the reafons given in the xxi and xidi ieftions. And by 
what has been faid in xxiii and xxxiv ledions it appears why this circle 

NEKDP. 
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NEKDPt whicbhasche fun for its center, had a little openusg at tl» 
top of it: and in the xxxiifeAioa it it expkined how ir happened dut 
DO back parhelia appeased^ The diftance of the tvra parhelia E and JOt 
from the fun ^» ought to haveheen within 88° 48'. For when the fua vas 
25 degrees iugh the lateral parhelia could not appear at a greater diftaaee 
firwn him* j and being at tlvs limit, they ought to appear very feuat and * ^"^^ ^*^ 
Unguid in comparifon to the two parhelia B and C. For this reafon thejr 
appeared white as well as the arches EN, DP accwding to fedt. xxa^ 
The circle ZHT" was produced either by round grains or by cylinders ^- 
ing about eonfuiedly according to fe£k xx v or laiUy for another jreafoa to 
be mentioned in the xli fedioo. 

563. But the chief thing tobe inquired int(\ is the caule of the arches XXXVIT' 
THS^ ^ S and (rf the parhelia G and H that appeared in them. For the * iSh'^ 
prhelion F, diaanetrically oppoUte to the true fun, {ha.\\ be confidercd ^Hzoouir 
laft of all. We obfcrved above that the cylinders were fuppwted in the 

air by vapours afcending from below like a wind > wluch contrtttmed both- 
so their i^'odujflion and to their upright Htuation. Now be£des this up- 
right poAure I find that moft of the cylinders ought to ajfeiftan horizon- 
tal one; and it appears by experiments that they really muA do> fa For 
if a parcel of cylinders be funered to defcend with a gentle motion either' 
through the air or through water ; they will almoft always fall down ia 
an horizontal pofture ; that is as foon as they have defcended fo far that 
their celerity cannoc be farther increafed. Now if the water or air tbroughi 
which theie cylinders defcend, be fuppo&d to tend upwards with the fame, 
velocity as the cylinders tended downwards ; the cafe conies to the fame: 
as that of little cylinders fupported in the atmofphere : fo that no one can 
doubt but a great number of them lye horizontal. Indeed from the expe- 
riments above mentioned it might be inferred, that almoil all of them- 
fhould be horizontal, and fcarce any of them upright, fiut it muft be eon- 
fidered that our experiments are but an imperfei^ imitation of what na- 
ture does in the atmofphere j for the upright pofture is abundantly atteft- 
cdbythofeedefts which have been clearly demonftraced to foUawfrora it. 

564. I fay then' that thefe invenedandcolouredarches,.fuchas^Gi2,. xxxvm. 
TiiS, are produced by thofe cylinders, whofe'axes are parallel to the Hence foiiowi 
plane of the horizon, though nee to one another. To underfland this thaurecower 
matter, firft let us fuppofeavaflnuniber (^cylinders lying promifcuoully, towards the. 
with their axes pointing towards the eaft, fouth-eafl,^ fouth, wefl, and all ''"^ 
ether points of the compafs ; and then let us confider that thc: rays which 
produce thcfe arches arc tranfmitted thtough the cylincfcrs by tvma refrac- 
tions, in Like manner as thofe were which produced the collateral parhelia. 

Now^ fuppulijig the fun to be in the fouth, for example, it will follow that 
thofe parts of thefe arches, at H and G, which lye nearefl to the fun, will; 
be produced in thofe cylinders. whofeaxespointdire<^tycaAwards or weft- 
wards i 
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wards ; that is tn thofe cylinders whtchreceive the Tun's i^ys at rightan* 
gies to their axes. For of all the cylinders in all pc^tions, thefe that point 
eailward or weilward arc the near^ to the fun that can tranfmit his rays 
* Art. 54 J. jp jjjg gyg »_ ^fjj fg^ other cylinders to do the fame thing in other pofi- 
tions, it is requifite they fhould lye -farther and farther from the fun ; ac- 
cording as their axes point farther and farther from the caftwveft. Be- 
caufe the rays of the fun are more and more elevated above the planes of 
their bafes i and confequently produce the feveral parts of thefe inverted 
arches, which lye farther and farther from their middle parts at G Mid H. 
rt-s^j- Havbg. carefully confidercd what fort of ihapes thefe arches will have \ 
I find this difference : viz, when the fun is in. the horizon the inverted ar- 
ches, oneof which touches the circle of 4c degrees and the otherthatof90 
degrees, are like the horns in the 496th figure. But the lef&r of the two 
« minor lutem horns ihews the fliape [of the arch =] ; ana the red colour is always next 
Bu^'fig^Ln thefun. The fame figure fhewsalfo the faid arches when the height of 
^cihibet. the fun is 10, io, 30,- 40, degrees. From \ihich it appears that the mid- 

dle of thefe horns arp like pieces of circles, buttowards their extremities 
they are bent the contrary way. And fincethe fun ihines more dire^ly 
upon thofe cylinders which produce the middle of the arches, and more 
obliquely upon thofe which produce their extremities, it is no wonder 
chat only the middle partsarevifible, as being brighter than the reft. 
XXXIX. 565. Now the parhelia which appear exaiflly in the middle of thefe ar- 
b thcinvemd *^^^' ^ " ^' ^^^ nothing elfe but die brightcft parts of them j and thcre- 
aTdid <£• fore never appear qu ite diflin^ nor much brighter than the adjoining parts 
piMned. 0f i^e arches. Accordingly Hevelius in all his obfervations of this kind, 

^^" ^^^' diat is, of two parhelia and one parafclenae, has taken notice that they ap- 
peared fomewhat dull, heavy and &int. And he was not fure whether 
there was a parhelion at Hor not. Now the reafon why the middle part 
of the arch appears a little diftinA from the refl may be this. That though 
there be great plenty of horizontal cylinders in the air, yet they may be 
Jo ihort as to have but little of a cylindrical furfacc, or perhaps may be like 
oblong fpheroids. Befides we find it perfectly agreeable to Hevetius's obferva- 
tions, that the higher the fun or moon and the corona are elevated above the 
horizon, the inverted arches appear the flatter. For in his obfervation of 
Fig. 499 to the parafelenx, in which the moon's altitude was 26 or 27 degrees, the 
5°'- arch over the firft corona was part of a very large circle ; as likewiJfe in 

the phaenomenon of 7 funs fig. 495. But in that of Apr, 6. and Decemb. 
17. 1660, in which the fun's altitude was but 12 or 13 degrees, the in- 
verted arches were parts of much fmaller circles. It muft be confefled 
that the upper parts of thefe arches are reprefented much lefs by Hevtliui 
than according to the following calculation. But the reafon is, that arches 
io highly elevated above the horizon do neceffarily deceive the fight ; fo 
.as to appear to be parts of much lelTer circles than they really are. For by 

what 
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'what has been £tid in the xxix fe^lion> it is evidoit that the Tame circle o- 
verhead appears but half as big as when it is near the horizon^ which is 
true likewife of the parts of arches. 

566. As to the arches whi^h according to our hypothefis ought to ad- ^^'■ 
hen; to the lowefl part of the interior corona; in Hevelius's two obferva- gs'beiow.Ae' 
tioos upon Mar. 30. 1660. fig.499.and in that of the 7 funs, thefc arches corom-.. 
might have been obferved; and indeed chey did appear in feme meafure, 
-efpecially in the laft obfervation. For he fays there -wasjome remains of a 
parhelion at I fig. 495. but it appeared very faint for want of matter which 
ieldom extends fo nx. 

567, The way to find the ihapes of thofe inverted arches is this. Upon ^^- . 
a fpherical fiirface AB C with the pole B defcribc a great circle AD C re- the ftipcAf 
preiesting the horizon} then let BEDhc a vertical circle pafllng through the inverted 
the fun at £ ; fo that DE may be the fun's altitude at the time of obfer- pTglloT. 
vation. Now to find the inverted arch which touches the leffer of the two 
corona's} in the vertical S£Z>cake£i^and£G each equal to 32 degrees, 

and the points F, G will be the higheil and loweft points of the corona, 
and likewife the middle points of the inverted arches which we are going 
to determine. To find any other points of them by means of the horizon- 
tal cylinders in various pofitions, let us imagineagreatmanyof them to 
have their bafes parallel to a vertical circle B M, and let the circle HEK 
be parallel to it and pafs through the fun. Now if we recolle<^ what has 
been demonftrated above concerning the efFeiSs of upright cylinders', and * ^^' 5"**' 
if we im^^ine the circle 5M to be our horizon in Whofc center N the fpe- 
(ftator isplacedjandif wcfuppofethe circle HEK, parallel to BAf, to be 
the white circle palling thrqugh the fun ; the arch HM will be the fun's 
altitude above the horizon BMand alfo his altitude above the planes of 
the bafes of the cylinders we are now concerned with y for we fuppofed 
their bales parallel to the circle BM. Things being thus conceived we 
have nothing elfe to do but to determine the points K, L in the circle 
HE A^ where the lacu-al parhelia would appear ; which is eafy to be done 
by the table in the xvii feaion. For example let the arch HM, which is 
imagined to meafure the fun's altitude above the bafes of the cylinders, 
^ 30 degrees J and the table Qiews that each of the arches £ A^, EL are 
28" 48'; and one of the points iST, L fo determined, will be in the upper, 
and the other in the u:ider inverted arch : and by the fame means we may 
jind as many points as are neceflary to difcover the ihape and bending of 
the arches FK, G L. And by the fame method we may determine the in- 
verted arches that touch the higheft and loweft points of the larger corona. 
But before we difmifs the confideration of this phenomenon, let us obferve 
that the circle ZHT, fig. 495, might alfo be produced by thefc horizontal 
cylinders, although in the xxxvi ledion we afcribed its origine to the cy- 
linders in all manner of litugition!:, or to the half thawed grains. For as wc 

F f have . 
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have fhewn in the xxi fedion how the upright cylinders produce a corona, 
fo the horizontal ones may do the fame thing ; becaufe their extremities- 
may be terminated by hemifpheres or half fpheroids. And it is very pro« 
bable that this was the true caufe of the circle ZHTva this pbxnooKnon ^ 
becaufe we fee it proceeds downwards on each fide from the parhelion H; 
and we Ihall alfo obferve the fame thing in other parhelia. Fw this fcems^ 
to intimate that the fame horizontal cylinders produced both the cirdei 
we arefpeaking of, and alfo the inverted arches. 
P^^}- 568, Thefe things being underftood we (hall find no difficulty in ex- 

fcrMtloniii plaining that other obfcrvation o£ Schei tier's in 1630 in which there ap- 
1630 expiiin. peared fix funs as defcribed in the appendix. We need only obferve that 
Fi' 4qs the parhelia O and Pappearedin theinterfcfticmsof the larger corona and 
^ of the white circle, becaufe this corona was produced by upright cylin- 

ders according to {cQ.ion xxi. Neverthelefs fince the higher parhelion R 
is alfo in this corona, the upper part of it may alfo be produced by hori- 
zontal cylinders in the manner abovemeotioned. There vras no inverted 
arch obferved to pais through the parhelion ^ becaufe it might not be 
much extended on each fide of ^ j and therefore might not recede far e- 
nough from the corona Z^fi to appear diftint^lrom it. For the fun's al- 
titude being 28^ degrees, diis arch was bent upwards but very little; be- 
caufe we have already obferved it was very flat when the fun's height was 
27 degrees. The caufe of the double circle that compofed the inner co- 
rona has been mentioned in the xxii feAion. 
LXlir. J69. The caufes of three other phsenomena in the appendix, obferved 

*o£°h^-^ byif^f/f'w the 30 Mar. the 6 Apr. and the 17 Decemb. arc fufficient- 
nomena obfer- ly evident from what has been faid. Except that in the lail of them there 
vedby Hpw- appeared a white crofs, madebytwo bcamsoflight,. one vertical and the 
j-ig' 499 to other horizontal, that croflcd each other in the difk of the moon. The rea- 
jo [ . fon is evident from thofe vertical and horizontal cylinders which produce 

the pacafclenae and circles pafiing through them. For the horizontal beam 
was nothing but a piece of the large white circle that ufually pal&s through 
the fun, as explained in the xiii fciftion. The reafon why this horizontal 
beam does not always appear may be the want of matter,, that is of up- 
right cylinders ; or it may be extinguifhed by the fuperior brightnefs of 
the fun or moon, as we obferved in the xiv iedion. 
^^^Y' 570. The other beam that was perpendicular to the horizon was pro* 

"" "'""""' duced by reflexion of the moon's rays from the cylinders that lay hori- 
zontal j by which alfo thefe inverted arches were made, as explained a- 
bove. Now fince the fides and axes of thele cylinders are parallel to the 
plane of the horizon though not to one another i. it follows when the fun's 
altitude is fo fmall as in this obfervation, (for it was but 12 degrees), that ft 
great mul titude of thofe that appear to be fpread from the horizon up to a 
certain diftance above the moon, will reflet the moon's rays to the eye as 

/if 



The vci tiral 



d by Google 



CAHP. U. AHOVAIIASBLBIIJC. "^ 22/ 

if they came from this perpendicjlar beam: which will be the harroweft 
and better defined at its edges next the moon than any where elfe; and 
the lower part between the moon and the horizon will be more perfefl 
than the other part above the moon; where it ought to be dilated till it 
vanifhes. Which feems to be agreeable to the phsenomcnon, fo far as ap- 
pears by the draught of it. In one thing indeed there is a difficulty in the 
theory j that is how an upright beam, caufed by thefe reflexions, could be 
fo neatly terminated on cadi fide as the figure feems to require ; becaufe 
many of the horizontal cylinders that appear out of this beam mayreflctft 
rays to the eye ; but the number of them is far lefs than the number of 
tfiofe that lye in the beam. Whathasbeenfaidofthisbrightbeammay be 
dcmonftrated by the 497 figure. For let ^DCbe the horizon, asbeforc; Fig. ^97. 
B the thoon whofe altitude, meafured by the vertical arch ED, is 12 de- 
grees i BM another vertical fuppofed to be parallel to the bafes of a cer- 
tain portion of the horizontal cylinders ; HEK a Icffcr circle parallel to 
BM; and of this portion of cylinders thofe only that appear to lye in this 
i:ircle HEK will refleft the moon's rays to the fpc&tot at N. In like 
Qianner every other portion of cylinders that have other particular direc- 
cions, will have a lucid circle palling through the moon and extended 
down to the horizon. And as this circle KEH, in the parts next the moon 
at^approaches very near to the vertical pafling through the moon, fodocs 
a great number of cdier circles j fo that by all of them taken together there 
is formed a bright fort of a column palling through the moon's vertical 
BED. And this ccdumn will be fo much the brighter and more confpi- 
CUOU5 asthemoonislower. Becaufe more of thefe lucid circles are«rowd- 
cd into a narrower fpace, and are produced by a greater number of cylin- 
ders when chc moon is low tluui when (he is higher elevated. 

571. This was alfo the caufe of another meteor obfervcd at Cajfel XLV. 
Jan. 2. 1586, by CAri/opber Rotbman ; which he relates in this manner, ^*'^^ 
in hisdefcripticmofa comet in the year 1586. ^e iky being very clear in rame'fortEx- 
tbe e&fiy jufi before fun-rife there appeared an upright column exa^hftu- phined. 
uted in a vertical circle. Its breadth was every where equal to the fun's 
•diameter \ and it looked as if fame village -was on fire beyond the mountains. 
For it appeared like a column offiame^ excepting that its thscknefs was eve- 
ry where the fame. Soon after tn the fame column there arofe an image of 
tbefunexaBiy refembling the true fun. ^fbere isasfcarce one digit of this 
intake under the horizon, when the truejun began to rife in the fame column^ 
tvhtcb was followed in like manner by another image. T'he column with its 
three funs touching one another continued always upright or in a vertical 
circle^ as appeared by the plummet of a quadrant. Thefe funs had ail the 
fame appearance except that the true fun in the middle was brighter than 
the refi, this appearance of the column paffing through three funs lajfedal- 
■ F f 2 wS* 
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mojl a quarter of an hour, till tbey 'were covered by a black cloud defcendit^; 
from a&ove. 

The refieftion of the fun's rays froni the horizontal cylinders was the 
caufc of this appearance J unlefs upon account of the images of thefun^ 
it be more reafonablc to iuppofe there was a large quantity of upright cy- 
linders in the atmofphere, whofe extremities were bounded by flat ftars, 
luch as Des Cartes has obferved to fall down upon the ground *. For thefc 

.. lig. 504.. cylinders fwinging feparare from one another (as I fuppofe) and being 
fupported by a current of riiing vapours, ought to continue fufpend^ 

b An- ,-33. for the moft part in that upright pofture in which they were geoecatcd'^i, 
not exadlly perhaps, but lo as to decline but a little from it. Thefe fiat 
ftars are therefore fo many fmall planes, from which the rays of the fun. 
arerefle^ed in fuch a manner, that the fuperior part of the column with its 
par]}elion, may be produced by reflection from the inferior bales of the 
cylinders j and the inferior part of the column with its parhelion from, 
the fuperior bales. I obferved that thefecylindersmight not beexadlyup- 
right but might Incline a little, perhaps a degree or two; for if their bafes 
were exa^y plane and parallel to the horizon, they couldnot reflet any 
of the fun's rays to the eye. 

The reft is wanting la the original. 

AN APPENDIX 

Containing the Ohfervations quoted ab&ve^ and a demonjiration 
of the Tables. 

I. Scheiner's Obfervation of Corona' sand Parhelia^ A. D. 1630. 

TAmi from S7^' T^ ** ^ diameter of the corona M^N next to the fun was about 
Ge^/,^\ \ 45 degreesi andthatof theremotcrcoronaO/ZPwasaboutp^'. 

W^TksTom. 20'; they were coloured like the primary rain-bow, but the red vnis next 
i'^- 4oB- ^^ ^""» ^^^ ^^^ other colours in the ufuat order* The breadths of all the 
arches were equal to one another, and about a third part lefs than the dia- 
meter of the fun,, as reprefented in the fcheme. Though I cannot fay but 
the whitifti circleOGP parallel to the horizon^ was rather broader than 
the reft. The two parhelia M, N were lively enough; but the other two 
at O and P were not fo briik i M and N had a purple redncfs next the 
fun J and were white in the oppolite parts ; O and P were all over white. 
They all difleced in their durations, r or P, which ftione but feldom and 
but faintly, vaniflied firft of all, being covered by a collection of pretty 
thick clouds. The parhelion Ocontinucd conftantforagreat while though 
Ie was but faint. "The two lateral parhelia M, N were feen conftantly 10c 
three hours together: iVf vt^as in a languiftiing fta^and dyed firft, after 

fevo- 
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fcvetal ftrugglcs ; but TV" continued an hour after it at leafli TfioMgJi I 
did not fee the laft end of it, yet I was fure it was the only one that accom- 
panied the true fun for a long time, having efcaped thofe clouds and va- 
pours which extinguifhed the reft. However jtvanifhed at laft, upon the 
fall of fomc fmall mowers. This phEEnomenon wasobferved coiaft4houK 
and a half atleaft ; and fince it appeared in perfeiflion when I iirft law 
it, I am perfwaded its whole duration might be above five hours. 

The parhelia ^, R were fituaied in a vertical plane pafling through 
the eye at F and the fun atG, in which vertical the arches CRH, ORP 
either crofied or touched one another. Thefe parhelia were fometimes 
brighter, fomecjmcs fainter than the reft ; but were notfo perfetSin theii: 
fliape and whitifti colour. They varied their magnitudes and colours ac- 
cording"to the different temperature of the fun's light at G and the mat* 
ter that received it at^and R ; and therefore their light and colours were 
aknoft always fluftuatmg and continued as it were in a perpetual conflifl. 
I took particular notice that they appeared almoft- the nrft and the laft of 
aU the parhelia excepting that at N. 

The altitude of ^ above the horizon, in the morning at the be- 
ginning of thcobfervation, was 49° 40' j that of R was 76° 10' } that of 
the true fun was 28' 30'. Hence the height of ^above the fan was 21* 
10'; and the height of R above the fun was 47° 40'. There was a north 
wind at the beginning of thefe obfervation% but by degrees it changed to 
the eaft and at iaft to the fouth j yet it brought no very great nor kftiog 
rains. For near a fortnight after thd fky looked always vapourifti ; and 
every day before dinner the fun endeavoured to create new funs, but in 
vain, either for want of matter or of a due difpofition. For in the vertical 
circle I faw plainly fome iketches of parhelia for a long time. 1 iaw alfo 
very manifeft reciprocations of the lateral parhelia. The iris ORPHtcms 
to have been a portion of a fingle circlf concentrick to^-the fun, but to- 
wards X and d it did not quite touch the horizon j4B ; and the lengths of 
the arches Ox, P8 were variable. The arches Z^, iS^y, Jf ^, that imme- 
diately furrounded the fun, fecmed to the eye to compofc a fingle ci^- 
cumference, but it was confufed, and had unequal breadths^ nor did.it 
conflantly continue like it felf, but was perpetually fluctuating. But in 
reality ii cenfiiled of the arches expreiTed in the fcheme, as I accurately. 
obferved for that very purpofe. The horns HR C fecmed to be a portion of 
a fmaller circle touching the greater O R P in a contrary pofiiion in a com- 
mon knot at R. The arches Z^a, ^^ cut each other in a knotat^and. 
there they formed a parhelion. The parhelia iV, Af fprung out from the com- 
mon interfeflions Af, iVof the Iris Jei^ and of the whitifti circle ONMP. 
The north part of the iky was clearer than the fouth, which being ovec- 
cail with flender vapours afforded more matter for this appearance. 

U. 
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11. Heveh-us's Ohfer'vaiion ofParafeUna^Jien at Dantzick A.D. 
1660. Mar. 30. 

'""'S- ■)99- 573- In the beginning at one a clock in the morning the moon ^was 

furrounded by an entire whitiih circle BCZ)£i in which there were two 
mock-moons at£andD,oneateachfidc of the moon, confiiUng of various 
colours and (hooting out very Jong and whitifti beams by fits. That on 
the left hand extended its tail towards the thigh of Serpentarius, the other 
on the right extended its tail towards Jupiter, as repreicnted in the figure, 
Afterwards, at two a clock, a larger circle furrounded the leflerand reach- 
ed down to the horizon. The tops of both thefe circles were touched by 
coloured arches like inverted rain-bows. The inierior arch at C was a por- 
tion of a larger circle, and the fuperior a portion of a leiTcr. Thisexiraor- 
dinary fight laAed near three hours ; the outward gteac circle vanished 
Jirft of all, then the larger invened arch at C, and prelently the lefler i and 
lail of all the inner circle £CZ)£difiippeared. The diamecer of this in- 
ner circlc-andalfoof the fupcrior arch was 45 degrees; thaeof the exterior 
circle and inferior arch was 90 degrees. 

HI. Hevelius's Obfervation of Parhelia A. D. 1660. Apr. 6. 

jFig. joo. 574- A.t half an hour paft j in the evening while the fun was dcfcend- 

ing towards the horiz(Hi , he vras crowned wim arches of circles of various 
'ccdours like the rain-bow. In the corona on oppoficc fides of the lun there 
were two parhelia varioufiy coloured, with pretty long and whiciOi tails 
pointing from the fun. Near the zenith, where the corona was a little 
feint and imperfeft, there (hone out another inverted arch, having a third 
paihelion in the middle of it, which appeared fomewhat obfcure. This 
{^nomenon lafl:cd half an hour, till fun-fct, the iky being very clear. 
Tl»e inverted arch and the upper parhelion difappcared firit ; and then 
^ parhelion on the left hantl ; but the third parhelion fet widi die true 
fun. Thediametcr of thecorona round aboutthe lun was about 45degree5 
AS I guefied by my e^e. 

IV. Hevelius's Obferoation of Parafeiena feen at Dantzick A. Q, 
1660. Decent. 17. 

•S\t- $01- 57f ■ On the firft day after the full moon at 30 minutes paft 6 in the 

linornrng, the moon being 12 degrees high, X faw the moon in the weft 
with 3 mock-moons about her, in this manner. The air being very clear 
at firft I obferved the moon furrounded with a double corona, [near ha 
hody as the figure feems to reprclent,] tinged with very bright ana beauti- 
£\iX colours. On each fideof the moon there was two arches of a large cir- 
cle 
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cle about 45 degrees in diameter, which wore atfo coloured like the rata- 
bow, and exended down to the hwizon- In which were two mock- 
moons with very long white tails. That on the left hand was near Procyon 
with a fliort tail ; the other on the right hand had a longer tail. In the 
upper part where thcfc collateral arches concurred, there was another arch 
invertedadd varioufly coloured, with s^ third mock-moon in the middle of 
it, andfomewhat duller than pother two. Moreover what wasvcry extra-> 
ordinary, there paffed a large, white, reftangular croft through the dilk 
of the mQoa;whofelowerpartreacheddown to the horizon ; butoneach 
fide it did not quite touch the corona ; as appears by the figure. It was 
fo very bright and Arong that it Hione dillin^ly and clearly till fan-rife. 
But the mock-moons difappeared a little before. 

V. ^ ObfervatioH taken from Matthew Paris's Hijiory. 

576. A wonderful fight was feen in England A. D i23.3.Apr. 8. iathe Fig■;oz■ 
I7thyea^of thereignofHENRv III. and laftcd from fun-rife till noon. 

At the fame time on the 8th of April about one a clock, in the 

borders oi Herefordfhire and Worcejierjbire^ befides the true fun there ap- 
peared in the Iky four mock-funs of a red colour ; alfo a certain large cir- 
cle-of the colour of cryAal, about two foot broad, which encomp^jled 
all England as it were. There went out femicircles from the fide of it, 
jn whofe interfeftions the four mock-funs were fituated j the true fun 
being in the caA and the atr very clear. And becaufe this monftrous pro- 
digy cannot be defcribed by words I have reprefented it by a fcheme, that 
ihews immediately how the heavens were circled. The appearancewas 
painted in this manner by many people, for the wonderful novelty of it. 

VI. A true delineation of a parhelion feen at Leyden A.D. 1653. Jjn. 14. ' 

between one and two a clock in the afternoon; and obferved in the Acade- 
demical Obfervatory by ^AVi\Jt.L Char. Kechelios (3 Hollenftein. 

^jj, BDC was a white circle almoft 35 min. broad; the alticude of Fig. 503. 
its higheftpointZ)was38'' 23'. Its center was in the fun, whofe height was 
1^*48', that is at 36 minutes pail one; his Azimuth being 23''4o'to- 
Yirards the wed, and the angle made by his vertical circle and the ecliptick 
6o'54'. The mock-funs .B, C were oblong and unequal, at the diftance of 
22° 35' on each fide of the fun, and had the fame altitudes as the fun. The 
weflern parhelion at C was tlw fainter of the two and changed from yel- 
low to white and difappeared firft ; the eafiern one at B was brighter, 
with a lucid arch ihooting from the fun, and was coloured with purple, • 
red and yellow J the fliapcof Us tail BFwtis conical, 27 degrees long, the 
parhelion being the bafc of the cone ; the part fi£, 13° lo' long, confift- 
ed of bright yellow and red light, the other part jEFbeing whitifli; which 

vaniflied 
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vaniihed before the parbelioa did. It appeared for half an hotrr and lafl- 
ed one quarter longer than C. And the corona disappeared a Uctle after. 

VII. HuGENius's OBfervathn 13 May 1652. 

^•fi. I obfcrved a circle about the fun in its center; its diameter was 
about 46 degrees ; and its breadth the fame as that of the common rain- 
bow; it had alfo the fame colours, though very weak and fcarce difcem- 
able, but in a contrary order, the red being next the fun ; and the blue 
very dilute and whitiih. All "the fpace within the cirde was pofleifed by a 
duller vapour than the reft of the air^ of fuch a texture as to obfcurc the 
iky with a fort of a continued cloud, but fo thin that the blue fky-colour 
■appeared through it. The wind blew very gently from the north. 

A Demonstration of the Construction of the 
Table s, and offome other Mathematical Propofitiom re- 
lating to the foregoing Dijfertation, 

Proposition I. 

S19- A ^^y Df the fun refleSiedfrom am vertical plane makes the fame 
^\^ angle with the horizon as the tncident ray does; or^ thefunfeen 
hy reflet ion from any vertical plane appears of the fame height as when feen 
■direBly. 
F%. 50s- Let £ Fand £ G be an incident and refledted ray from the vertical plane 

hl\ and let a plane MFEGN paffing through the incident and rcflcft- 
■cd rays, cut the rcfleaing plane LI at right angles in the line MN. 
From any point G in the refleililed ray draw GiV perpendicular to MN 
and produce it through the plane LI till it meets the incident ray FE, 
produced through it in G, LaftlyletPGiV^reprefent an horizontal plane 
cutting the vertical line 0£P in P. Now fince the angles Jtf£Fand 
NEG or NEg, which are the ccimplements of the angles of incidence 
and reBe£tion, are equal ; and fmce the line G Ng is perpendicular to 
and bifeded by the horizontal line P JV, the triangles NP G, NPg arc alfo 
equal. Hence alfo the triangles PEG, P Eg being both right angled at P*, 
are alfo equal ; and fo the angles P^£, PGE, tluc is the altitudes of chc 
incident and refleded rays are alfo equals ^E. D. 

580. Corol. I, Hence the vertical planes PEg, PEG pafling through 
the incident and refteded rays, are equally inclined to the reflefting plane 
Lli their inclination to it being meafured by the equal angles NPg, 
NPG. 

581. Cerol. 2, And if thefunbc feenby raysfucceffivelyrefleded from 
the concave or convex fides of any number of cylinders, whofc axes arc 

vertical. 
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vertical, he wilt appear of the lame altitude^ as if feen by direGt rays. For 
^the plane X. 7 be conceived to touch the Iide of the cylinder along the 
vertical line EP^ the refle(Sion at E from the fide of the cylinder will 
bejuft the iame as from the tangent place'. 'A^- '9- 

582. Carol. ^. Hence alfo if tlie fun be feen by rays fucccffivelyrefle^- 
•ed &om any number of vertical planes, he will appear of the fame height 
as if feen by diteCt rays. 

P K o F o s I T I N n. 

583. If a ray of the fun be reJraSed through a vertical plane in any po/t- 
tion, the fine of the altitude of the incident ray above the horizon^ will be 
io the fine of the altitude of tberefraBed ray above the horizon^ in the given 
ratio of the fine of incidence to tBefneofrefra&ion. 

For let MAT te the refrafting vertical plane; £jFan incident and FG? Fig. s»6. 
die refraftcd ray ; £f being fuppofed on the forelide and FG on the back- 
fide of the plane MiVj and let a plane fi/i^G ^oaffing through the rays 
£f, PG, cut the plane MN at right angles inthe line /^ This being 
die plane in which the refraction is made, takeF£ and FG of any equal 
lengths, and drawing £/andG^perpendicularsto the plane AfiV", the an- 
gle /Ei*" will be equal to the angle of incidence, and FG^to -the angle of 
refradtion; whofcfinesarcF/,?i^ Draw the vertical line Di^C, and let 
rwo horizontal planes, paiTing through the horizontal lines /£, G^ , be re- 
prefentcd by the triangles DEI^CG^ and the angles FDI,FDE, 
and alfo FC^ FCG will be right angles ; and therefore the triangles 
FDA^C^willbefimilar, Therefore /="/ is to F^as FZ) to FC. That 
Uy the fine of incidence is to the fine of refrai^on, as the fine of the angle 
FEDt the altitude of the incidcntray, to the fine of PGC, the altitude 
of the refrataed ray. For FE and FG were put equal, and FDE^ FCG- 
are vertical planes- ^E. D. 

584. Corol. Hence the apparent altitude of the fun feen by refraftion 
through any vertical plane, is always the fame as it would be when the 
refra^ing plane is fo lituated that the plane of incidence is alfo a vertical 
plane; in which cafe the finesof the altitudes of the incident andof the re- 
ira^d ray, are the very fines of incidence and refrsflioa. 

__ Proposition liX. 

585. In any given altitude oftbefun^ the fines of the angleSy which the 
vertical planes drawn through the incident and the refraSledray, do make 
with a vertical plane perpendicular to the refruSiing vertical planCy are 
in a given ratio ; compounded of the ratio of the fnes of the altitudes of the 
tncident and of the refra^ed ray dire£lly and of their cofnes inverfely. 

G g Things 
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fig. so6- Things rcraaining as they were, produce the incident ray Bi^'along^ 

the plane of refraction J* G^till it cus G^in L; and the line joining the 
points Z., C i* the horizontal feSion of the vertical jrfane FCL pafling 
through the incident ray £Fi and CG is the horizontal feaion of the ver- 
tical plane FCG palling through the refrafted ray FG^ and laftly G^i» 
the horizontal fe^ion of a third vertical plane conceived to ftand perpen- 
dicular to the rcfrafting plane MN. Therefore theiBclinationaof the two 
former planes to the latter, are mcafured by the angles CL^ CG^ 

• Art. 221 Now in the triangle CL G^ the fine of the angle CLG or of CL^ is to 
the fine of CG^. as CG, to Ci* oras DPxCG to (Z»P>cCX=:) CP 
■/.DEi bccmk D F is tfx CF as DE to CL. Nowthcratioof DFxCG 
to CF)(.DBf is compounded of the ratio of DF^ the fine of the angle 
DEF which meafures the altitude of the incident ray^ to CP, the fine of 
the angle CGF which meafures the altitude of the refraited ray; and oi 
the ratio of CG, the coiine of the latter angle, to DE^ the codne of the 
former. ^E.D. ^ 

586. CorvL Hence putting J to i2 for the ratio of the fines of incidence 
and rcfradion, the radius FE or FG = r, the fine of the fup's altitude 
FD—S; we have the cofinei)£ = y'rr— J j^and the fine of the altitude of 

■Art.s8j. the refrafled ray FG, thatisPC=- f\anditscofine€G=y'rr-— w. 

Hence putting P to ^for the ratio of t he fines of the angles CL^ CG^ 

by this propofition we have s" = i; ^ — =^=— » which will be of ufe 

hereafter. To compute this ratio, when s 'a-the fine of 25 degreerand / to 
Risz^o to 187 (which is the cacio that ii£^tffff»f ufes in the conftrudion- 
of his Tables) we have 

Log. fin. 25- or the Logarithmick fine s- ----- 9. 62594 

Log. - .--.'--.--.---. 0^12610: 

Hence Log. j s ------__--_. p. 49984. 

The Log. fine compfcment of liiis laft fine>.is the log. yrr—^^j 9. 977 13 
.Log. fine compl. 25° is the log. y'rr— jj ----- 9. 95727 

RR 

Hence Log. — =:- ----.--.., o. 01086 

LoQ' jVf&s - 0.12610 

___ 

Vrr :-« 

Hence L(^.-=-X —-=^i» -..--. 0.14596 



^ 
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Proposition IV. 

587. If a ray r)f tbefun^ E TyfalUng obliquely upon the mtfide of a pet- pig. 567. 
lucid upright cyhnJer, AC, "wboje bafes are parallel to the horizon, be re- 
fraBedinto it atV,^ and be refe^ed within itatG, any numBer of times or 
no times at all, before it emerges out again by refraSion at H j tbefunfeen 
by at^ emergent ray •whatever, as H K, will appear of the fame altitude as if 
he wasfeenhy direBrays. 

Through the points of Incidence, rcfledion and refraftion, F, G, H, 
idraw the vertical lines PC, A^ BD; and fuppofing vertical planes to 
touch the cylinder in every one of thefe lines, the refratftions and reflec- 
tions at thefe planes will be juA the fame as if they were made at the cy- 
lindrical furface. Put /to R for the ratio of refraction, and the ratio of 
the cofines of the angles PFEt CFG, (that is of the fines of the altitudes 
of the incident and rcfrafted rays) is the fame as/toii*; and the ratio of "An. s^j- 
the cofmc of CFG or AGFox^S^Hov GHB (which are all equal') is »■ Art. s8"- 
to the coiine of KHD as i2 to /* ; therefore by compounding thefe ra- * *«■ $H- 
tios the coiine ofPFE is to the cofine of KHD in a ratio of equality, and 
c'onfequently the angles themielves and their complements are equal. 

Another Demonstration. 

5B8. XiCt the parallelogram AB CD be a vertical feftion through the Fig- s^** 
axis of the cylinder and through an incident ray EF, and fince the refrad- 
cd and reflefled rays, FG, GH, HI, IK, &c. make equal angles with the 
parallel lines AB, CD j it is evident that theincident ray £ F and the e- 
mergent ray GL^otHMot INov KO, &c. will be all inclined to the ver- 
tical lines in the iame angles. And all other rays which ^11 obliquely' 
on the cylinder, will alfo, after refradlions and reflections, be inclined 
to their vertical lines in the fame angles \ ^E.D. b Att. 581. 

Proposition V. 

■ 589. Whentbe rays of the fun are fo refroBed through the fides of an 
ereSi cylinder, as to touch the fide of a leffer cylinder upon the fame axis, it 
is propofrd to find the inclination of the vertical plane of incident rays, to 
the vertical plane of emergent rays, when the fun has any given altitude 
and the ratio of the diameters of the cylinders is given. 

Let three vertical planes paffing through the incident, refraCled, and Fig- 509. 
emergent rays £i^, FG, GH, be reprefented by r^e parallelograms Z)CX. 
DCBA, ASL, and let them cut the horizontal plane of the bafe of the 
cylinders in CK, CB,CL. From 2V the center of the bafe draw iVO per- 
pendicular to the c-hord £C and join NC; and having produced CK, BL 
G g 2 till 
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tiTl they meet in R, the angle KRL or its rupplement KRTvf'iW be the 
meafuTC of the inclination of the planes D CK, ABL. And Once NC !» 
the horizontal fedtion of a vertical plane NCF perpendicular to the re- 
frafting furface at Cor F, or to a plane that touches the cylinder in tha 
line C^i byart.585 the fine of the angle iVCiZ is to the fine of the angle 
NCOj in a ratio compounded of the fines of the altitudes of the incident 
and of the refraftcd rays dircftly and of their cofines inverfely ; and con- 
fequently is given by art. 586. But A''0 the fine of the angle NCO is given 
from the given proportion of iVC to NO, that isof the femidiameters of the 
cylinders ; therefore the angles NCO, NCR arc both given, and alfo their 
difference B CR or CBR, which are equal j and the Turn of thefc angles 
equals the external angle KR 7*. ^E.y. 

590. For example, to fhew the conilruftion of the Table in the xvii fee- 
' ^^ SS3- tion ' J when the lun's altitude was 25" we computed the Log. of P to ^ 

or of the given ratio of the fines of the angles NCR, NCOy and found it 
Mt. $96. Q 14^96'*. Now putting the ratioof the femidiameters of the cylinders, 
that is^Cto/»''Oas 1000 to473,. theangle W^CO willbe28° 14', whofe 
Log. fine is 9. 674.92; to which adding o. 14596, the fumis 9. 82088,, 
which is the Log. fine of 41° 27' = ang. W^CH. Hence the difference of 
theie angles is 13' I3' = ang. OCJ?, whofe double 26° zt'zzang.KRT^ 
the diflance of the lateral parhelion from the fun. 

59 1. To find the grcateft quantity of the angle iCiiT'^.Iet us fuppofethe 
plane KCD to touch the cylinder, or the angle N^CJ? to be a right one,. 
whofe logarithmick fine is 10. ooooo. Hence fubflrai-ting o. 1459*^ ^^ 
tog. of the ratio of the fines f^NCR, NCO, there remains 9. 85404 for 
the logarithmick fine of the angle NCO = ^s'Z^'- Which being taken 
from A"CiJ = 90" gives 1JC0 = 44"24', whofe double 88"48' = Xiif,. 
the greatefl diflance of the lateral parhelion from the fun. when he is 25* 
high. In this cafe therefore NO i.NC: : 714.1 1000.. 

Propositiou VL 

592. ^en the rap of the fun are refraBed through the fide of an ercS 
(ytinderfoas to touch the fide of an inner concent rick cylinder of a given 
diameter, and are refieSed at the furface of the outward cylinder any num- 
Ber of timei before they emerge out again, by refraSiion; it ispn^qfeatojini 
the inclination of the •oertical plane of the incident rays to the vertical plane 
of the emergent rays. 

fig. 507^ Cafe I. Let EF, FG^ GH^ HK, be the courfe of the incident, refraft- 

ed, reUeded and emergent rays, and let as many vcccical planes pafiisg 
through them cut the horizontal plane of the bafe in L C^ C^ ^J), D M 
refpeiStively. Through N the center of the bale produce N^ and let ic 
meet LC produced in J?. Now from the given lemidiamcter NO of the 
inner cylinder, and thegivearatio of the fines of the angles NCR, NCO^ 

tbeic 
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their difFereoce OCR will be given, juftas in the fbregoin; prcf Ofi.uon ; ^ 
which being taken from NC^qt iST^C gives iVJJC, which is half the 
angle LR M. For fuppofing the ray to be refleifted at G by a plane touch- 
ing the cylinder along G$, this tangent plane and confeqnently the pkne- 
G^J^ perpendicular to it, is equally inclined to the planes G^p,- 
G^DcoT. i.prop. I. that is, the angles A'^^C, iV"^JD and confequent- 
ly ND^ WC^are all equal. Hence it follows, that the angle NDJt: 
k equal to NCR. For if the emergent ray be fuppofed to go backwards a- 
long KH, iince by prop. 4. the altitudes of the incident and refradedj 
rays at A^are equal to thoie at F, by propofition 3 the ratio of the fines 
of the angles NDR, iVZ)^will alfobe thefame as that of the fines of 
NCR, NC^ Therefore as tlie angle ATD^s equal to NC^Jo NDR 
is equal to NCR and confequentty NRD to NR C Q^E. J. 

593. Cafe 2. Now whatever number of rcfletaions be made before the 
tay emerges again by refradion, fioce the chord C^was proved equal to ' 
^J^, for the fame reafons ^JD will equal the chordlying under the next 
refleftedray, and fo on; and fince the fines-of the angles iVCiZ, ^C^ 

are in a given ratio*, they may be confidered as thefinesofincidenceand ' Am. jSj.- 
refraftion of an horizontal ray L C ; and therefore the uigle under thefe 
incident and emergent rays, or under the planes that i\zad eced upon 
them, will be given in all cafes by art. 488. ^. E. J. 
Proposition VII. 

594. I'he fun Jhining upon an ereSl cylinder 'wboje axis is vertical, io f^s-507- 
. find the greetefi angle which a "uertical plane of emergent rays, after any- 
given numier of rejIeBions, makes with a vertical plane of ike incident rays. 

Suppofing the conftriidion and demonilration of the lail propofition, 
fince the fines of the angles ofincidence and refradlonof the vertical planes, 
of incident and refradcd rays, that is of the angles NCR, NC^n'm a gi- 
ven ratio* when the altitude of the fun is given; by fubllttuting,**'**^^' 
the terms of this ratio inft:ead of the ratio of the fines of incidence and 
rcfraftion, this problem. is folved by the fame rules as were given forthc 
rain-bow *. Thus putting m for the number of rcfle£tions increafed by an > ^it. 49^, 
unite, P to ^for the ratio abovementioned, the fine of the angle NCR 
will be i^ y =^1-'. and the fine of JVC^will be ^ /r^^'. 
For inFig. 470 vitladBCq:BPj::mmRR—RR: II- RR.airidiC- 
jo'mtiy BCj-.CF^:: mmRR-RR-.mxiRR-II*. Whence CFj= •Em.tn-- 
££?x'"' ~ -. Hence the angle required is given by art. 491; ^E. y. 

^9^, Coroi. When there is but one refletftion, m = 2 ; 'and therefore 
putting ArC=r, the fineof ArCJi=W'^^~^-=.l t/rr-— rr, 
which is an eafier form for the following calculation. . 

H9. ■ 
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596. To flifiW the conftruaion of the Table in the xxviii feaion. For ex- 
• Art. 586. ample, when the fun's height was 25° we found the Log. ^* o. 14596 

The Log. of r, or of the whole fine, is - - - - 10. 0000b 

Whence Log. of— r is --_______ 10.14596 

Log. of the number 2 is -_-______ ©. 3010J 

-Hence Log. -^f"h ---_______ 9. 8449J 

Mb 

The fine compl.ofwhich log. or the log. of yrr — T-^rr is 9» 85398 
i-og. —is -------___--- o. 06247 

TheLog. of ^yrr-^rr is 9- 9^645 

The angle NCR anfwering to this fine, is 55" 35' 

Log. -was .--_-__.-..- o, 14596 

Remains the log. of the fine of NCO _ - - _ - 9. 77049 
The angle NCO anfwering to that fine, is 3 6" 07'. Hence their difference 
^CiJr: 19" 28', which being taken from iV^C or iVCO = 36° 7', gives 
^RC= i6» 39', wbofe double LRM:= 33" 18', the diftance of either of 
the back parhelia from the vertical circle oppofite to the fun, when his al- 
titude is 2 c degrees. 

597. Hence it appears that if the femidiameter of the inward cylinder 
of fnow, be greater than ■j^'oVv ^^ ^^* femidiameter of the whole cylinder, 
it will hinder the appearance of the back parhelia, by ftoppiog the refrad- 
ed rays when the fun is 25° high i becaufe in this cafe NO^ the fine of 
the angle ATCG =36" 07', isalmoft JJj°y o£ NC. 

Chapter XIL 
To determine the apparent JhapeSipofitionSj magnitudes and di- 
fiances of large objeBs-ifeen by rays that fall upon refieBiing 
or refroBing Jurfaces, not only perpendicularly or almoji 
perpendicularly^ but with any degrees of obliquity. 
Proposition L 
598. ^jIThen -a Urge piSiure or a plane objeSt «f any given fiape, 
WW fi^ndi perpendicularly to the common axis of any numtr 
efrefraSling or reJleSiingfurfaces^ its apparent Jhape^ Jtuation^ magni- 
fvde and d0ance from the eye^ at any point of tbi axis, may be found as 
follows. 

Lei 
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Let OABP be the axis of the reflefling or refrafting furfaces AR ^k- 5io-;ii- 
55; the place of the eye ; O/SiS'^anyrefleiaedor refraftedray; ^P 
a line perpendicular to the axis; k the interfeaion of a line ^, drawn 
parallel to the axis, and of the vifual ray OR produced; rix a curve 
fine d^fcribed by the interfcftion x while the vifual angle AOR is dimi- 
nilhed to nothing. Now while the whole figure is turned about the axis 
Oi*n, the curve fix will defcribe a curve furface and P^a circular 
plane. Let any part abc d of this plane be the given objeift or pidture ; 
and while an indefinite line is carried round the out-lints of the pifture 
abcdt and is kept parallel to the axis Pn, it wilt trace the out-lines of 
a correfponding pifture upon the curve furface at fix. I fay the plane 
pifture ahcd will appear by the refleiled or refra<3:ed rays, in the fame 
fhape, fituation, magnitude and diftance, with which the curve piflure 
ac n )t would appear to the naked eye at 0; fuppofing the eye to be in- 
verted and turned about when the curve fix falls behind it *, as in fig. " ^""^ 'J*- 

For imagine a phyfical circle defcribed by the revolution of any point 
^ about the axis P, to be removed into the place of the equal circle 
defcribed by the revolution of the correfponding pointx; and if the fur- 
faces ^22, BS were taken away, its apparent fliape, fituation, magnitude 
and diftance would be the fame as before*. For fince the vifual rays as • ^^j ,._ 
RO, xO arc always in one continued line, the ftiape, fituation and mag- 
nitude of the piifiure upon the retina would be the fame as before. And 
of confequcnce all the phyfical circles that compofe the plane at P^, 
when thus removed till they touch the curve furface atrix, would fe- 
vcrally and jointly appear to the naked eye at O, in the fame fhapc, fi- 
tuation, magnitude and diftance as they did before. What has been faid 
of the whole circles, is alfo true of any given parts of them that com- 
pofe any part aScd of the circular plane at P^ namely, that their 
feveral arches, which compofe the plane figure aScJ, when feverally 
removed, by a motion parallel to the axis Pn, till ihey touch the curve 
fiirface Hx, will there compofe a correfponding part of it, which would 
appear to the naked eye at in the fame ftiape, fituation magnitude and 
diftance, with which the plane aicd appeared by the retieiSed or rs- 
frafted rays. ^ E. D. 

599. CoroL I. Hence if the plane furface at P^and the curve fur- 
face ac nx, be both cut by any plane pafllng through the axis PCI or 
parallel to it, the ftraight feftion of the former will appear in the fame 
ihape, fituation, magnitude and diftance, with which the curve fetStion 
of the latter would appear to the naked eye remaining at 0. 
■ 600. Carol. 2. Whenever the interfe^tion x defcribes a ftraight line 
perpendicular to the axis O n, the objeiSl at P^will then appear in its 
proper ftiape ; that is, in the fame ftiape, fituation, magnituJc and di- 
ftance 
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lUnce with which it would appear to the naked eye viewing h upoa* 
perpendicular plane at the diftancc O fl. 

Lemma I. 
60 1. Lei there be any number of indeterminate finite lines x, y, z,. 
whoje fuxions bear any finite ratio's to one another^ and let another line 
V = — i I fay tbefiuxion ofy will alfo bear a finite ratio to thefiuxion of 
xor y or z. 

For by the known rule for finding fluxions we have i> = ^_^-!^_— 
whofe feveral parts bear finite ratio's to one another, as being com- 
pounded of none but finite ratio'is j and confequently the ratio of the 
whole value of v to any one part of it, is alfo fihite; and therefore the 
ratio of t) to ;c or^ to z isalfo finite. ^K D> 
Lemma IL. 
P^ ,, 602. If all the refraSling orrefiediing curves AK, BS cut their axis 

A B n at right angles, the curve n x 'wHi alfo cut it at right angles. 

For let Ra.^ S0, %w be perpendiculars to the axis, and let the rays 
RS, iS^be produced till they cut it in ^ and y. Then fince the triangles 
OaRt OwK are fimilar,, and alfo etipRy jS^5,, and likewife ^yS, Py^ 
we have Oa: Ow:: a^: wx, or P^, that is, in a ratio compoanded. 
of <tJ? to0S, )35 to P^ that is, of ctf to 0ip, 0y to Py. Hence 

Osr = Oa.%— X. —. Now when the angle AOR k diminiflied to no- 
thing, the interfeftions ^, y will move to the focus's fg and coincide. 
with them; and 0«r will become Oil =:0^)C-~X -^.Therefore when 

Jf Bg 

the abfcifs Flar is vanifliing, the vanishing increments or- decrements of 
the finite lines Oa, ctf, &<p, 0y, Py are thefe rcfpediVely, «_rf, *-<4=± 
(ffliB7=±:<j:f, kB=± ygiyS- But the aberration^/ is as <lA*, andy^ 
•An. 64^ as ^B*, and confequently all thefe vanifhing increments or decrements 
bear finite ratio's to one another. Therefore vT\ the vanifliing incre- 
ment or decrement of O tr, bears a finite ratio to (u4, by the firft Lemma, 
becaufe the vaniihingincrementsof quantities are as their fluxions. But 
the ultimate ratio of a^ to o 22 is a ratio of minority infinitely great, be- 
caufe the curve aR, is fuppofed to cut its axis at right angles, and the 
ratio of ai? to wx, being the fame as Oa to Ow, is finite. Confequently 
the ultimate ratio of trfl to trx, being compounded of wfl to ttAt oA 
tOARtaRtovK, isaratioof minority infinitely great, and therefore 
die curve Hk cuts the axis of the other curves at right angles, which is 
alfo its own axis, becaufe the curves AR^ BS are fuppofed to he fimilar 
and equal on each fide of it. 

603. 
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603. Corol. I. Hence it follows that the curve Tlx cannot form an an- 
gle of contaa with its axis at n. - 

604. Corol. 2. The focus's/,^ being given, the vertex fl of the curve 

Hb is found by taking O El = O^ X ^ ^. 

605. Corol.,%. Though the curves y^B, fl 5 were fuch as could rcflea 
orrefradtall the rays of a large pencil fo accurately as to belong to the 
focus'syi^.yetby reafon of the increments aj^.jSfi the line Oo- would be 
variable, and confcquently the interfedion x would ftill defcribe a curve. 

606. Corol. 4. Though the rcfrailing curves were clmnged into 
their tangents, yet the interfeftion % would ililt defcribe a curve, by 
reafonof theaberrations/(p,^7 by thefcrefraftions*. • Art.647' 

607. Corol 5. But if the rcflcfting curves were changed into their 
caiDgents, the interfedion » would defcribe a flraighc line perpendicular 
to the axis at n ; there being no aberrations by thefe refle&ions. 

608. Carol. 6. Therefore an objefl: at P^appears exaftly in its pro- 
per fhapc by rcfledions from plane furfaces *. * *"■ ***• 

Proposition II. 

609. 7he refieBin^or refraSiing curveSy and their intervals from each 
tthgr and from the eye and objeS^ being given ; // is fropofed to find •whe-. 
thtr the otje^ will appear convex or concave towards the eye. 

Things remaining as they were, let ^r, Bs be tangents to the curves ''8- S" *• 
jiRt BS i and let one of the remoteft rays OR cut the firft tangent in S'5- 
r; join/r cutting the next tangent in s j join alfo gs cutting the objeft 
. iaLi and laftly draw the refle^ed or refrafted rays RS, S^ either by 
an accurate conftru^on*, if needful, or only by obferving which way ■ Art. 469. 
their aberraikms/Ip, gy tend from the fucccffive focus's/", g ; which will 
always be evident by the ihapes of caufticks defcribed in Art. 69 &;c. or 
452 and 478 &c. 

610. Caf. I. Then If it be evident from the pofition of the ray 5^ 
and of the line sLy that P^is longer than PLy and will continue fotill 
die vifual angle I^OR is reduced to nothing j the objetfi jP^will ap- 
pear convex towards the eye: and on the contrary, if P^be always 
h^ than PL, the ot^e^ will appear concave; and in both cafes more 
or lefe curved, cateris pariln/s, as the ratio between P^ and PL is 
greater or lefs. 

Forlet the lines ^,Z,X, drawn parallel to the axis, cut the ray Oi?, 
^produced) in » and \ ; and let An be perpendicular to the axis -, and in 
like manner as the valueofOv- was found by (imilar triangles, in Lem- 
ma 2, weihallfindOn = O^X.— Xj. Which being invariable, ihcws 

that while the angle HOk is decreafing to nothing, the interfeftion \ 

defcribcsa fixt perpendicular AH. The Cune point fl is alfo the vertex 

Hh "^ of 
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• Art. 604. of the cui^e defcribed by the other intcrfcftion x *, and confequently 
n\ is a tangent to it by Lemma 2. Therefore if P^be always longer 
than PL, and confequently Ox always longer than Ox, the curve n» 
*Art. 60J. muft be convex towards the eye*. And on the contrary, if P^bc al- 
ways fliorter than PL, and confequently Ox always ihorter than O ^., the 
curve fix muft be concave cowards the eye. 

611. Caf.z. Let 5 ^and J /, (produced) interfeiSonc another in ^,' 
and if the objcft be placed near their interfeftion , the curve defcribed 
by </, while the angle AOR is diminilhing, may crofs the objeifl; and 
then the curve defcribed by x will alfo crofs ik tangent tlx and form 
contrary flexures as reprefented feparately in Fig. 516. For when i 
touches the objeft the intervals L^, ax will be reduced to nothing, and 
will become negative, lying on the other fides of iand A, after ^ has paf- 
fcdby the objedt. But by reafon of the quick decreafc of the angle Ld^ 
or gdy, the negative intervals Z.^ Ax will be become fo fmall that the 
contrary flexure of the curve fix may fcarcebe perceptible by the eye. 
And if fo, the objeft muft appear convex or concave towards the ey«> 
according as the greateft P^ cut oiF by the remoteft ray i'^, is longer 
or fliorter than thegreateftPZ., as in the foregoing cafe. 

6ia. Caf. 3. Confequently if the objedt touches- the iacer&^titm J. 
when remoteft from the axis, it may be reckoned to appear ftraighc in. 
that fituation or fomcwhere very near it: which is farther evident^bccaufe 
the objeft being carried for a confiderable fpace from one fide of </ to the 
other, muft change its apparent figure from concave to convex, or on che- 
coDtrary by cafe i. 
v\i ^t^- 613. Caf.d^. If the objeft is. fa placed that the points y»^ are on con- 

trary fides of the point P, the points ^ Z. muft alfa be on contrary fides 
of it. But by diminiftiing the angle AOR, the point y in approaching to- 
wards g will pafs by the point P, and then the points ^ L wiTl be 
both on tlie fame fide of the axis ; and fo the rule in cafe i will foon 
take place. But the o^e<5t will appear in a manner double, as might cafi^ 
ly be explained,, and lo confufed that its- apparent, ihape will l^rce be 
difcernible even through a pin-hole. 

Therefore the rule in the firft of thefe cafes i&generally f«flicicnc for 

determining the apparent convexity oc concavity of an obje^ .eipecially^ 

when it appears moft evidently fo. ^ £. D. 

ji!g 51s to 614. Corel. Hence if we imagine a ficticious kind of raysasOT-j.£,co 

5 ■ s ' flow from the eye> and co be aU rcflefied or refradted at ch& tangents' 

-4r,Bjfo accurately as to belong to the fucceflive focus's yi^; the ob- 

. jedt P^feen by fuch rays returnii^ back in tlic fame linesXirO, would. 

•Art. 600. always appear accurately in its proper Ihape at the tangent HA*. The 

deformed appearances of objects are therefore caufed both by the de- 

fleiflions of the curvci. AR,,BS from their ungcnaand by toe abem-^ 

tions 
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cions of the rays. Upon both thefe ^counts the minuter parts of large ob- 
jects lying in order from the axis, become unequally or rather improper- 
ly magnified or diminifhed, and therefore appear at improper diftances 
from the eye* and from each other ; and thus the plane of theobjcftis *-^'^'- '3"-' 
changed into a curve furface. For while the vifual angle AOx or AO K 
decreafes uniformly, the equal lines PL, Cl^decreafe. uniformly very 
nearly, or rather properly as they {houlddoin vifion with the naked eye, 
but P^does not J therefore improper decrements of P^appear under 
equal angles, and confequently are improperly magnified or diminiihed;. 
Proposition III. 
615. Lettbeplaneof this fchemereprefent a plane paffir^ through tbe^''i-V7- 
tyeat O, andtbe center S of a refradiingjpbere ABCD ; andlet ithepro-' 
duced till it cuts tbefun^s diikin any line Ppj and out if an infinite num- 
ber of rays fuppofed to flow in this plane from the eye at O, upon the great- 
circle hBCl>^ let two of them; tfiOBCFP, OhcT^, fall upon the ex- 
tremities of the chord Y "^ after refraBions at the arcbei Bb, Cc, and after- 
having crojfed each other in tbefoeus F ; then from the center 3 let SkK be 
perpendiculars to the incident rays Ob, OBproduced, and SVh perpendicu- 
lars to the emergent rt^s ; and while the quantity of the refraffions at B b,. 
C c, is varied by any lateral motion ofthefun^ eye orfpbere^ in that plane of 
refraSion^tbe apparent niagnitude of the given chord Fp will vary direSlly- 
esFh and inverfely as OK. very nearly^ if the diameter of the jpbere br 
veryfmall in comparifon to its dulancesfrom the eye and fin. 

For then the angle LFl or PFp being but little more than half a dc.^ 
gree at moil, the angle KOk will alfo be but fmall, and confequently their. < • 
perpendicular fubtcnfes Ki, Z>/ will be v^ry nearly equal. For drawing . 
5Af« perpendicularstothe rays jBC,^c within thefphere; vrchavc Mm 
mKk andalfo toLli in the given ratio of the fines SM, SKocSL that 
determine the rcfra^ions*. Therefore ^ equals L/ and the an^^JCOA is to " Art-'4»4i' 
the angle LFl as FL to OK*. But fince the chord Pp is given, the angle- * *^ "■•*■ 
PFp or LFl is very nearly invariable, by reafon of the immenie diftance 
and fpherical figure of.thefun } and coniequently the apparent magnitude 
of Pp, meafured by the angle KOi^ is nFL direi^ly and O K inverfely 
very nearly. ^.£. D. 

PROP^O s I T To N IV, 
616. Things remaining as they were, let the ray CP cut the axis O S in E> Fig. s tt.- . 
and be produced till it meets the ray Oh produced in \i and let the conical 
Jurface defcribed by the ray CE P, turned about the axis O S into the pofltion 
•y E q, cut the disk of the fun in the arch Pq ; and while the ref rations of the 
•vifual rayjPCBO, qy^O, that lye in this conical furface^ are varied by 
any motion ofthefun^ the eye or thejphere, the apparent magnitude of the git 
•uen arch Ftiwill vary direWy as IE and inverfely as \0 very nearly. 

H h a Fiirr 



d by Google 



^44 AT? A RENT SHAPE* BOOE I. 

For let the point /defcribe the arch It by the revolution af<x«fatd ; and 
fince it is a common fubtenfeof the angles IOt\ IEi% the angle 70/ is to 
lEiot PEq as IE to 10. But when the arch Pa is given, the angle PJSj ii 
very nearly invariable, by reafon of the great diftances of the fun and eye 
from the fphere, and confcqucntly the apparent magnitude of Py, meafur- 
ed by thcanglc 70/, is as7JSdiredly and 70 invcrfely very nearly. ^E.D. 
^ Proposition V. 

''SS'7'S'^- fii-r. Tbifigs remaining as tbe^ wrre, let the refraBiam of the •oijual 
rays be varied by any motion ofthejun^ the eye or the inhere ; and the appa- 
rent magnitude of the Juris disk will vary direSly as the reSangle under FL, 
E I, and ittverjely as the reSlangle under O K, O I very nearly. 

fiiS'9- For let innumerable planes of incidence and refradUon cut the fun'* 

difk in the lines Pp^ Pp, &c. all^cbuVergin^ to a point R in the axis OS 
produced ; and lee the fame planes cut the pi^re of his diflc upon the rc< 
tina in as many correfponding lines nir,nv, &c. all converging co the 
point f in the faid axis produced backwards. Again let innumerable coni- 
cal furfaccs, conceived to be defcribcd by the revolution of innumerable 
vifual rays about the axis OS, cut the diflc in the arches Pf, P^, &c. and 
its pii!^ure upon the retina in as many correfponding arches nx, Ilx, &c 
Then fince every one of the lines tl w, in the whole pifture, is as the ap- 

•Art 91. parent magnitude of the correfponding lines P^*, in, the whole dilk, tlat 

•Art.6is. isa8-j^*i themagnitudc of the picture would alfo be as ^, if the ar> 
ches n X were invariable. And in like manner fince every one of the ardi- 
cs riK in the fame pi£hire, is as the apparent magnitude of the corref* 

• Aft 61B. ponding arches Py in the difk, that Is as — * ; the magnitude of the pic- 
ture would alfo be as — , if the lines tlv were invariable. Therefore when 
^e lines riv and the arches IIn both vary, it is eefy to underftand that the 
m^nitude of the fun's pifture upon the retina, *s as — X — » that is, at 

the rcAangle under FL, IE direOJy, and as the redangle under OK^ 10 
invcrfely very nearly. ^ E. D. 
yig.{t7,5r8. 618. Carol, i. Let the refraining fphere be moved fideways from the 
rays that come dire<aiy from the fun to the eye, fo as to defcribe a circle 
about the eye in any one plane of incidence and refraflion ; and if the dia- 
meter of the fphere be but fmall in comparifon to its diilanccs from the eye 
andthefun, the apparent magnitude of the given chordor diameter P^ will 
decreale perpetuaHy, and very nearly as FL does, till it vanishes when the 
vifiial rays arctangents to the fphere. For when the vifual ray QB touches 
the fphere, the line 0£ becomes eq^ual to 05, and is then the leail of all, 
and yet will differ but very little from its greateft magnitude OS. Therefore 
OK may be reckoned invariable, and confequeody the apparent magni- 
tude 
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tudeofP^isagFL*-, v^tichdecrcafcs perpetually and very fidl till it be * An. 6ij- 
reduced to nothing'. • Art. 459. 

619- Carol. 2. Upon the iame fuppofitions, the apparent magnitude 
of any given arch P^upon the fun's diik, and confequently of the chord 
or diameter which joins its extremities> will dccceafe perpetually, and ve- 
ry nearly as- IE docs ^ For whea the angle which the refrafting fphere ** *"■ ■*'*- 
fubtends at the eye is but finally IE decreafes perpetually during the mo- 
tion above mentioned <. * *"■ 5'** 

620. Carol. 2- Hence upon the fame fuppoGtions as before, the appa- 
rent magnitude of the fua's difk will decreafe perpetually and very nearly. 
as the rectangle under FL, IE. And its apparent (hape will grow more 
and more oval while the fphere is moved Adeways more and more ; its 
diameter P^, in theplaneofincidenceandrefradion.appearingfliorter thai> 
the diameter perpendicular to it. Becaufe FL decreafes failcr than IE ; 
being always contained within It, except when they are both fituated in. 
the axis O S, and then they are. equal to one another. 

621. Corel. ^. Let be the conjugate focus to O, and the area of the o- 
val pi(!lure of the fun t^on the retina^ will be taits circulair area when 
thefphereiscxadtlybetween tbceyeandthcfun, as.PI.X/£to5o*. For 
when the fphere is exactly between the eye and fun^FZiand/Ebecome e« 
qual to each other and to So. 

bzz. Corol. 5. In the ray PCBGO let G be-the focus of the rays that 
flow from P in any one plane of incidence and emergence; and Hike fo* 
cus of the rays tliat flow from P in the conical furfaces defcribed by the 
fame ray PCBHO turned about the Ime PSfl", the pointifbeing the tcp- 
tex of the cones > and the denfity of all the rays flowing from P» where 
they fall upon the cornea of the eye at 0, will be aa GX x H/dircftly, and 
as GO XOHinverfelyd; and confequently as GiCXif.^ when thefphere <lAn.;3i< 
18 fo remote as to fubtend but a fmall angle at the eye. 

623. Corol.6. Hence when a remotefphere fubtends buta fmall angle at the. 
eye, thelAiD*$apparentbrightneLfE,fcen through any part of it, is invaria*- 
blc. For the apparent brighmefs.of any objc(ft is as the dcnfity of the rays 
in any one pencil direAly, and as its apparent magnitude inverfelyj that 
is as — — r-t *. But lince the rays that come from O and P, fal? paral- • Art 6zzi 
lei or nearly parallel upon thecirclc>^SCi),theJinesGiLandFZ.arenear* 
ly equalj andfoareH/and/JS. For the line 5 /bifefts the angle £/fl^ and 
fince SE is fuppofed to be nearly parallel to /H,and SHto /£, the angle 
£75 equals 75 if, and H75 equals /5£ ; andconfequently the triangles 
£75", HIS are equicrural and equal to one another very nearly. 

624. Corol. 7. Hence when the centers of innumerable refrafting fpheres 
are placed at equal intervals from one another in a large fpherical furfacft: 
whofe center is the eye ac Q ^ this, iiirface. will appear illumioated by, in^ 

numerablt 
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numerable Images ofthe fun, all of thefamebrightners; but lefsandlefs 
in magnitude as ihey lye remoter from the fun. And confequently if the 
magnitude of the fpheres be diminiHied and their number be increafed-fo 
infinity, the light of that fpherical furface will appear uninterrupted, and 
ftrongeft next the fun, and weaker perpetually in the parts that lye remo- 
ter from him; which agrees with our fonner demonitracion in tbe 525th 
article. , 

625. Corol.B. What has been demonftrated of the fun is applicable to 
the moon, or to any round body, fo fmall or fo remote from the fpherc 
as to fubtend but a fmall angle at any point of it ; and is alfo agreeable to 
experience in viewing a lighted candle through a round bellyed }ugg or 
decanter full of water, while it is moved iideways from the rays that 
come diret^y to the eye. 

£26. Carol, -g. While the apparent magnitude of the candle decreafes, 
its apfarent diftance will be found to increafe, and on the contrary; and 
£0 its fucceflive apparent places will appear to defcribc a curve ; which in 

* Art. 62s. (Jig cafe abovementioned ' is convex towards the eye. And the apparent 

diftance of the candle will vary reciprocally in a fubduplicate ratio of the 
apparent magnitude of its furface, that is, reciprocally as a middle pro- 

* Art &" portional between FI, and /£*; or rather reciprocally as ZE, tmt is 

'goz! reciprocally as the apparent height of the candle^; becaufeits apparent 
breadth appears oblique to the vifual rays, by reafon of the curvity of its 
fucceflive apparent places. 

627. Corol. iQ, For this reafon any large plane furface, like a fa(h-win- 
<low, viewed through a fphere will not appear plane but convex towards 
the eye. And befides this convexi^ towards the eye, the top and bottom 
ind ddes, and alfo the wooden bars that ctmtain theglafs, will appear con- 
cave to^rards the middle of the window, where a line drawn from 
the eye through the center of the fpherc would fall upon it. So that the 
niiole appearance will be like the meridiansupcm a gl<^ to die naked cyt. 
For fince the interior fquares of glafs are more magnified than the exte- 
rior ones, the intervals between the bars will be gradually diminilhed in 
eoing outwards from the middle j which agrees with the manner of defcrib- 
mg th«fe appearances by the laA propofitioa. 

Proposition VI. 
Fit. J«>- 628 . jitty line Pp titherjiraight or crooked, which iifeen'from O by rap 

refit&tdfrom ajiraight lineBh^ drawn upon a plafiejurface ABCcb A, 
*r upon the^e ^ a cone or a cylinder, will appear in its proper Jhape; and 
the apparent di^ance of any point ^ it from tbe eye, will Se equal to tbe laboU 
tcurj'e ofihe vifuaJ ray. 

'• For let the refleftlng plane ABCcbAht generated by the motion 
of the line AB C about the axis OAo perpendicular to it. And let a fu- 

perficial 



d by Google 



CAHP. la. P O B J E C T «. 247 

perficial pencil of rays Bi be fuppofed to flow from the ^e at 0, and 
after reflection from the ftraight line Bb let them fell upon thefurface of 
an ob)cft in the line Pp, either ftraight or crooked. From every point of 
dkeobjeA Pp draw the lines Pn,pv parallel to OvitiU they meet the vifual 
taysproduc«lian> v^andtheaf^rent object risrcompofed of all their in- 
terfedtionsvrill be fimilar and equal to Pp. For taking ^o equal to AO, all the 
refleficd rays will flow from©*, and fince all the triangles Ofio, O^o, arc * ^' "** 
equicrural, all the triangles Pfifl, Pb », being fimilar to the former, wiU 
alibbeequicrural. Therefore the compound line OB-f£P equals OBH 
cqualso^P, and UkewifeOdv equals o^^i and confequently the plane 
figure Oritr, ccmlifting of all the former lines, will be iimilarand equal to- 
the figure oPp confifting of all the latter. Therefore the Line nv is umiktr 
and equal to Pp ; and confequently is feea by refledtionin the fame place 
andfliape as fl tr would appear in, to the naked eye*. » Art. 159. 

The furface of a cone is generated by the revolution of one fide of an Fig. 520. 
angle about its other fide, and the furface of a cylinder by the revolution 
of one fide of a parallelogram about its oppofite fide. Confequently fup- 
pofing the reflei^ing lincB^tobe laid upon either of thefe revolving tines^ 
lb u CO coincide with it, the refle^ing plane BjH may be conceived to 
touch the conical or cylindrical furface in the lineBi; and the rcflefl:iona 
from Bt being the fame whether they be made from the curve furface» 
or frcMQ the tangent plane, it follows that the line Pp will appear ftraight^ 
orm itspropcrihape, by refleftion from the cone or cylinder, as wellasfrom. 
the tangent ^ilone. ^£. Z). 

629. Carol. I. Hence one may determine the apparent magnitudes^ 
diftanccs and ibapcs of a feries of given objedts feen by reflcdion from a 
cylinder, in thismanner. Let the circle ABCD, whofe center is £, be the ^■^„ -2,, 
bafc of an upright cylinder, or rather a circular feftion of it, parallel to its 
baie and pamng through the eye at ; and let this plane be extended and 
cut a row of trees, for example, in P, R, T^ X, &c. Join OE and let 
9a.l^yi be a cauftick by reflexion of innumerable rays fuppofed to flow 
^-om O; and let the lines Pa, R&y Ty^XS, &c. be fo drawn as tO' touch 
the cauilick in ct, i3, y, J, &c. and let them cut the refleifting circle in A^ 
B, C, A &c, join OAy OB, OC^ OD, &c. and in each of them produced,, 
take Aw=:.AP, Bf—BR, Cr=CT, D<p=DX, &c. Then fuppofing 
the trees P^ RS, I'V^ XT, &c. to be removed and planted upright at 
trir, f (7, T«, 9;^, &c. they would appear to the naked eye at O, if the 
cylinder was removed, of the fame magnitudes, at the fame diftances and 
in the fame fhapes, as they a|^eared in by reflection from the cylinder 
when they ftood in their proper places. And if regular curves be drawn. ' 
through the points o-, p, T,ip, 5cc. and through », r, u, -x^, the crooked furface 
that lyes between thefe curves, will be the apparent place and fhape of the 
furface P^JCT.^m the readieft praftical way is firit to draw any ray O Sand 
thenitsrefledtionfii?, cutting PJriaanypoiatP,anduji:ake Zig=SR&c- 
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630. Ccrol.2. In like manner if another row of trees be parallel CO the 
former, either on the fame fide of the cylinder or on the oppofite one j the 
fpace that Jyes between the re prefen cations of the bafes of both rows, will 
be the apparent figure of the walk between the rows. Thus we have de- 
termined the reprefentations of any planes either perpendicular or paralld 
to the bafe of the cylinder. Confequently the r^refcntation of any ob- 
lique plane, as of one fide of a roof of a houfie or the like, may be found 
by determining the reprefentations of the top and bottom of it. 

The manner of drawing deformedpii^ures, which fhall appear regular 
in a cylinder placed upon theplane ofthe draught, is partly the reverfe of 
the foregoing method. In order to describe it more diftin^y I premiic 
the following lemma's. 

Lemma I. 

Fig. (12- 631. A roAangular parallelogram ^J3 CD being divided into any num- 

1)er of little parallelograms, and being placed upright upon a plane ABR* 
(the line AB in one figure being placed upon AB in the other), it is pro- 
pofed to defcribe its ihadow ABcdt cail upon that plane by rays flowing 
from a given point O, placoi at a ^iven height R above the plane of 
the ihadow. 

From the point R which lyes direi^y under the luminous point 0> 
through the extremities and the divifions ofthe bafe^£, draw the lines 
JiAd,RBc, &c. Then placing the linc^A equal to the height of thegiven 
parallelogram, and alfo2?/equal to the height of thcluminous point, upon 
the plane of the Ihadow, at right angles to RA; from / through the ex- 
tremities and divifions of AD^ draw ID J, JF/y IMm, &c. cutting the 
line RA produced in ti,f,m, &c. And through thefe points d,f, m, &c. 
•draw the lines dc^ft^ m\ &c. parallel to AB j and the trapezium ABcd 
to divided into tefier trapeziums, will be the Shadow of the parallelogram 
ABCD and of its divifions. 

For conceiving the plane of the triangle IRd with all its lines, to be 
turned about the line RAd, till it Hands at right angle? to the plane RABj 
the point /will then coincide with theluminouspointin the air, and thedivi- 
fionE of the lineal/ will be the Ihadows of the divifions of the fide .^D of the 
given parallelogram. And for the like reafon the lines extended from R 
are the fliadows c^ all the lines in the parallelogram which are perpendi- 
cular to ABi and the fliadow /> of any line FE, parallel to ABt being 
the common interfiftion of two planes pafiing through the parallels AB, 
FE, is alfo parallel to .<rf 5. ^E,D. 

632. Corol. 1. If thegivei>i«(aangley^BCi)becontra<ftedtoafquare 
ABEF, divided into any number of lefier fquares, its ihadow may be 
found more expeditioufly} by drawing RO parallel toAB and equal A 
ilie height of P, and then by drawing O^ cutting the ihadows of the 

perpcn- 
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perpendicular Knes in the points y^^, b, t, through which the parallel 
ftiadows muft pafs. For fince AF equals AB, the pointy is the fame in 
both conftrmaions ; becaufe RJ'is to Af2.s-RI tO A For as JRO loAB, 
And iince BF\^ a diagonal of all the little fquares, its Ihadow BJ' muft 
be a di^onal of all their ^adows. 

633. Coml. 2. This conftrudtion is alfo applicable to a parallelogratn, 
provided it be divided into little fquares; by placing its fide AD along 
the bafe AB, produced if need be, and by ckawiog OD cutting /J^and 
RB produced in (/and/. For (//is the ftiadow of the diagonal Z>Z.df the 
fquare DCLM, cut off from the parallelogram ABCD. 

634. Carol. 3. Hence it follows that the Ihadow of the center of any 
fquare, may Ik found by drawing the diagonals of the oorrelpondiDg 
trapezium. 

. 635. Cora/. 4. If the length of the ftiadow iW and the point i? be gi» 
ven or affumed, the luminous point O may be found by drawing dD whicli 
will CM off the jjerpendicular RO re(|uired. 

636. Carol. 5. Hence we may utiderftaad the method of drawing a co^ 
py of a piiaure, which thall appear deformed when viewed diredtiy, and 
yet (hall appear injuft proportion when viewed from a certain point. For 
having defcribed a parallelogram or a fquare about the original pi«^re, 
add having divided it iato any numbers lefierfquares, the more the bet- 
ter, and iallly having divided another fquare ABEFofany fize into the 
fame number of lefler fquares; firft project its ihadow ABef, and then 
transfer the {>arcs and lineametits and colouring in every little fquare of the 
original pi£ture, kiEo the correfponding trapeziums of the ihadow ABef. 
For to the eye of a fpedtator placed in the luminous point O, the deform- 
ed pidhjre will appear reformed into the true proportions of the original; 
becaufe the ftiape of the image of the whole piiflure and of all its parts 
i^on the retina, is the fame as if the rays had come to thti eye tirlginally 
from a regular picture drawn in miniature upon a fquare placed upright 
u{>on its l^e AB^ And if the fhades and colourings in the deformation be 
thefamealfo as in the original pidturCythefpoSator will judge it to be regu- 
lar rather thandeformed; -by being more accuAomed to view regular. pic- 
tures in an upright petition than deformed ones in an oblique poiition. 

Lemma II. 

637. When a ray OB falls obliquely at B upon the convex or concave fig. s^tjM^ 
jfurface of an upright cylinder B FG^ it is propofed to find thcjpoint C where 
thcrefledted ray BCwill cut the^aneof the bafe of the cylinder. 

Draw BD perpendicular to the bafe cutting its circumference FG in 
X>t and let i) i? be a tangent to it at £) ; then let the incident ray O B be 
produced till it cuts the plane of the bafe produced in E, and tkaw £i? 
perpendicular to DH, and produce it till CH equals H£, and Cwillbe 
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the point where the refle(^ed rays B C will &U upon the plane ef the bale 
produced. 

For joining DCy DE and alCoBHy the plane af the triangle DBHvr'i)! 
touch the cylindrical Airface in the line BD ; and fiace the perpendiculars 
HC, H^ to this plane are equal,, if the point C be fuppofed a focus of in- 
cident rays upon this plane produced, the point E will be their focus after 
•Art. so*, reflexion*. Therefore on the contrary, the ray 05 tending towards £, 
will be refleAed to C; and the reflection from the tangent plane is the fame 

* Art- 19; asfrom thecylindrickfurface atB*. ^E.J. 

638. CoroJ. I. Amorc commodious practice in ordcc to the folutlon of the 
following problem^ is to produce 0£ to^E, and to draw DE cutting the 
circumference of the bafe in F,. and toinfcribein it a chord Z)G equal to 
X^Fi and in DG produced to cake DCequal to Z)£,. which- gives the 
point Cwhere the refledted ray will fall, upon the plane ef the bafe. Be- 
caufe the equal chords DF,I>G are equally iaclined te the tangent DH. 
Pg» si5> 639. C»roL 2. Hence feveral rays flowing from O upon the line BD, 

(^wn along the fide of the cylinder^ will all be refle£ted to the ftraight line 
DC-y where their intervals are equal to the refpeftive intervals of the ia- 
cident rays produced tiU they qut the line D E. Becaufe each twodifbnces 
i)C,2>£ arc equal. 

640. Carol. 3. Several rays- ffowing from € upon B X>». will all di- 
verge from E i aod theref(»% but one of them can fall upon the fame 
point 0. 

641. Carol. 4.. Any incident and cefleJtedcay05,££^produced,inake. 
equal angles with the Ijne BD produced, and alfo with the plane of the 
bafe. For the triangles BZ>C^ BI?£areequaU 

Proposition VIT. 

Fig ja6» 642. To paint upon a plane a Reformed copj ABC fy'EKlHGFt ofan 
529- . original pi5lure, •wbicb^all appear regular when feen from a given point 

O, by rays rejfeSied from a polijhed cylinder^ placed upon the circle Inp, 
equal to its given bafe. 

From the point R which lyes directly undo* O the place of the eye, 
draw two linesfi(7,i2f, which fhalleither touchthebafeof thecylinder, or 
elfecuroffcwofmall equal legmentsfrom the-fides ofit} according as the 
copy is intended to be more or lefs deformed. Then taking the eye raifcda- 
bove R to the given height RO, fomewhatgreater than that of the cylinder^ 
for a luminous point; defcribethe ihadow^f AjTof afquacc «fx^(or paral- 
lelogram), Handing upright tipon its bafe a? any where Behind the 
arch l^p, and divided alter a limilar manncc to another fquarc (or fimilar 

* .4rt 63P. parallelogram) drawn upon the original pi<aure». Letthelinesdravrafrom 

i? to the extremities anddivifions of the bafe tf,^,i:,i/,/, curtheremottftpa- 
lallcl Ihadow in the B«nts_/i^,*&J,<&,, and the arch of ^ bafe in ^«, 
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», e,/; from which points draw thclincs/^i^,WjBG, nCH,oDI,pEKf 
as if they were rays of light that -came from a focus R, and were rcfleft- 
ed from the bafe Inp ; fo that each couple as /^, IR produced may cut off 
•equal fegments from the circle. Laftly transfer the lines laf, mSg, &c. 
■and all their parts in the fame order, upon the refpeftive lines /-^i\ mBG, 
&c. and having drawn regular curves, byeftimation, through the points 
^t B, C, X), E, and through i^,G,H,/, A!, afld through every intermediate 
order of points j the figure ACEKHF &> divided will be the deformed 
copy of the fquare drawn and divided upon the original pidturej and will 
appear fimilar to it when feen in the poliflicd cylinder, placed upon the 
bafe Inpt by the eye put into its given place 0. And the fame ditet^ions 
that were given in art. 637, ferve for painting the deformed copy of thepic- 
cure upon the deformed fquare AK. 

Forfuppofing the eye at 0» raifed to the be^ht JSO, to be a lumlaous 
point; every fuperficics of raysemitted from it (bwards every line of th« 
iquare and confequently to wardsevery line of Its Ihadowuy^^ being intercept* 
cd by thefurfaceof the cylinder, will be refletSed to every correfponding line 
of the deformation ^Xi as will eafily appear by comparing the folutionof 
the lemmas and their corollaries with tha:t of this problem. Therefore 
on the contrary, the rays which flow backwards from every line of the 
deformation AK^ will be reflected to the eye as if they came diredly 
irom the lines of the flaadow akov &om the lines of the fquare it ^f. 

643. C&rol. I, If the ratio of the fides of the original pi^bire, and cob- Fig. sjd^ 
fequcntly of the fimilar parallelogram otxtt be given; and nR be given 
©raffumed; andw^, theheight of thecylindcr, ot of the higheft point of 
reflei^ion, be alfo given; the height of the eye may be determined by pla« 

cing »^ perpendicular to nR^ and by placing the pu^elogram aext up>- 
onits bale tz^^atany convenient diibince behind tbearch/^, and by pro- 
ducing its bafe it^j tilt c8 be equal to its height; then the line fl? produced 
will cut off the required height iZ ; as -will appear by conceiving the tri» 
augle ROt^h to ftand perpendicular to the paper upon the line Rncb* 
And if the data be varied, the reft may be eafily determined by the rela* 
xion of the lines we have been confidering. 

644. Carol. 2. If the portion of the cylindrical furfacc, which rcflcta* ^ 
the light, be extended into a plane, the deformation AK will become ex- 
z&Xy equal to the flwdow ak. The 527, 528, and 529th figures belong 
CO a concave cylindrical furface. 
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Chapter XIIl. 

7%t theory of the oBerretions of rays is. refumei aad carried, 
farther, in order to difcover the limits of perfeStion of re- 
flecting and refracting Microfcopes ; and to determine far 
them -what was, ditermiaed for Telef copes, in the fiventh 
chapter^ 

Proposition L 

^45. T "f A T I N e tbefocut ofhomogeneaVrays incident upofraJpBericat 
_|_ J_ furfacey tofnd the aberrations of the refraSed or the reJU£ted 
rap. 
nr- $5^532* Let^andy be conjugate fbcufes of incident and refbdted or refledcd 
s.An. *ii. rays«i ^/an Incident rajr upoathe iplierical furface /O, whofe femidia- 
meter is 5.0 ; IK the T&n.e«A or cefledcd ray (produced) cutting the axis 
OSqSJaK; /Xthe fine of the arch lO ; and for the diftances O^ OS, 
OXputting^ S, X; andffitonfortheiratioof refraftionjinbeingbig- 
gcj: than n ; and' 9 for^ffl — a j. I iay^, if the cay be cefta Aed at J, the a berra- 

iimqK='^y."^"'~"' X; «idifrefleaed.yK= i^l'xiX 

8%. nt. Draw B SZM parallel to J^ cutting IK produced \uZ„ and let SJ 

he peijendicular to S^I; and kt < aod M be the focufes of refcadted rays, 
fuppofing the iqcidbot ones to have come parallel and' the nearell to the 
femidiameters SO, SB; and by. art. 224, SM.= £t=~S;andiftheiay 
^ vras parallel to SO, then would its abeiratibn ^Jr = — jf by art. 3291 
and by art. 3 3 3 the^bcrsationMZ: ty : ijS-rf fqua re 1 I X fquare : ; ^ fquare 

•AK.J04. r^iquareor^O rquape».HeDceilfZorZ=^3lx^jr. and SZ= 

- ^- Z. Now. betaufe the triangles ^KF, SKZ are fimilir ; it is as ^ 
u.^g:.:^:Sgi and conjointly as gjC:-^-,:^J:^-+S2: Whence 
putting / for ^I, we hare ^JC= ^"~ , and therefore when the 

point / comes to O and K to j, the conjugate focus to ^ w e have^= 
^^ ' > and fothe abemition jX= (^-C?=i^^X 
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-;^^ . With the iemidiameter ^ dcfcribe-' 
thearch/£cuttingSOm£i and calling 0£, £, we have^J=£and' 



^-s«az--sr 



becaufe^-+^sl'isvaftljr greater than ^-+ J- SxZ-+£. Now by art, 
328. XQtXE:-.^:SO, and diqointly X0;£0 ;.: ^or^O: ^S. 
Whence E=^-xX Por£and2fubftitute their Talucs,and theabcr'' 
ration ,K= Jcll' x "g.— » jjjf. 



Now if the ray be refleOed at /, for » fubftitut e —m and confequehtly Klg. sji. 
am foe l^and the theorem changes intothisj j}C= '^~ t' X i X For the 

calculation- i& the lame whether the refraded ray goes backward or for^ 
ward in the line IK; and to change the angle of refraftion S IK into an 
angle of reflexion, it (and its iine ff)-multb:-diminiflied to nothing, and 
then be made negative and equal to ( — m the fine of), the angle of in- 
cidence SI^ And during this change the methodof calculation continues 
unaltered. ^E.J. 

6 ^. Co nl. I. Put J"for IX, and for a refraaed ray the aberra tion qK 

= ^" X "^-"»---» rn and for a refleaed ray £«= ±± ' 

Xl^. ForOX:Xr::jrr:2-0^veixnearly^ 

647. Corol. 2. Let S become infihite, and by the Uft corollary the ab- 
erration of a ray rcfraded.at a-planc fuF&.ce, that is ^X= X — ; 

and- the aberration of a ray refleded at a plane fur&ce is nothing at all. 

648; Carol. 3. When the point of incidence is given, the longitudinal 
aberration yXofa reficflcd ray, from its focus q, is as 5y*, thefquarc of 
the diihmce of that focus from the center of the furface. For by this pro- 
pofition qK is-to -i- X, the aberration from-T* the focus of parallel rays», as » Ait 3^4. 
^5» to^T"*, <was Sq^ toST^i becaufe ^r, 57', yT, being continual 
proponionals ''^ arc proportionable to their fumswto their differences. *> *"• 207, 

64a. 
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649. Corol. \. When ^and 5 are given the longitudinal aberration of 
theoutmoll reHedlcdor refradted ray is as 2^ thcfquareofthelcmiaper- 
lure of the furfacc, by corol. i. 

Lemma I. 

650. When the terms of a ratio involve iwoforts of quantities, one of 
■which is incomparably fmaller than the others the magnitude of that ra- 
tio is not altered byany-alterations madein tbofc infinitely foiall quantities. 

This will be evident when applycd. 

Lemma II. 

Fjg. 534- 651. In the produced femidiamcterorof the spherical fijrfacee£, let 

w and^be conjugate focufesofrefraited rays; alfox and ^ two other con^ 
jugate focufes ; and when the interval wx of the focufcs of incident rays 
is exceeding fmall, the interval/i of the focufcs of the refrafted rays will 

fee -""^ - X mx ; fuppofing m^ n^ S to fignify the iame as in the former 

propoution. 

For let / be the focus of parallel rays coming the contrary way to the 

incident ones that flow from ir, and by art. 224, e/ = - or and '"' = - 
cr; and by art. 238, «■/: wr :: wo: w/, and conjointly vt:tr:ivoi 
/c, that is (for pr,off,o/, (7^ putting r, w,^,^)- r—w:-r :: flr:ji = 

— ^I — ; and confequently putting k and x inftead of/ ^d ir> we have k 

— -i^I^j andibthcdiftancc*i=(^— j6=) — ^^^1 — , * = — *'^ ~ — 

•Art. 650. X«**=T=~=- Xwx, becatrfe the fquarc of any quantity istfac (amc 

whether its root be affirmative or negative. ^E.D. 

Proposition II. 

652. Having the focus of homogeneal rays incident upon any lenSi it is 
propofed to find the aberrations of the refroBied rays. 

Fig.535,S36. Let 0/£o be the given lens, whofevertcxesareOandoj iSthecenter 
of the firft furface 0/;r the center of thcfecond o£j and in the axis oOrR 

a Art. 211. let P be the focusof incident rays, and /the geometricaP focus of tbere- 
frailed ones ; it is propofed to find// the aberration of the ray P IE I. From 
the pointsofincidenceand emergence /, £, draw/F,£^ perpendicular to 
the axi^ andputting D for the difierence of the thickneffes O 0, r^; i P, i?,r 
ibrthelincsOP,OK,friand2to3forthc«uioofrefra(ftioninglaifi,Iiay 

the 
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-+ 6RripP -+66RRrlp 

— 7rr > -+I4i2rr 5^-52iei2rr 

^ aberration ^/= — ^ _ ■ ■ -^— i)» 

6PPy(.R-r\^-24.PRrX.^^-^.2^RRrr 
fuppofing the lines P, R, r to lye all on one £cte of the glafs i and when 
they have difierent pofitions in difTerent glaf&s, their figns in the theorem 
muft be ahered accordingly. 

For let v be the conjugate focus toP aftec the Brft refradlion at I, andl 
/k the firft refracSicd ray ; then calling FI&advE^ /and £>.and in cor. u 
prop. I. for ^ Sy m, n^ 8, 3^put P, R^ 3» a, i, /, and the firft aberracloit 

«K = ■ ' — J X " -■•■--. X //. Again taking xIB- for the incident rajr 

upon the fecondfucAceoEi let ^ be the conjugate focus to k after the ie- 
cond re&adion; then calLox and O«^xandv;andincor.i.prop.i. for 
^, 5, OTi ff, S, i^put X, r, »> )», — fl»£or /, (for they are e<iual,bcingihthe; 

ratio of )tvta)c/^,}and the fccond aberration^/r; ~ — ', % '""''~^ ^ '^ 



Xi/=-J^r X il^-^/7=: .^:— If X .111—^ Ji*. But / is the coniu- 'AAes*. 
gatefbcttsto.ar,andfobythc 2dlemnia^^^= — ^^^ X (y k) ~ 1 K- 
l^^I/j and by art. 236,.^';^ = w= ^, by putting r for P H- 
ail Subftitute this vahie for or j then, t k^ S- '^ .~ ' "' — 5_ JI^ and 
i/ — 5_ ^:::^'l_ "i/^'r^? — .//, By adding /j6 and kl together and re- 



ftoring the Value of^ and dividing all by 3,, we have the total aberrration 

— 2yRy -y 

-+33fi^'"L pp -f66i2»rp 

— i^RrrQ —52R>^r^>P ^S2R*rr 
^ 7r» J; — i4i?r* 3 -4-52iJ*r> 

fi= :— ■ — II. 

l2RrPP/.R-r\' -^iR.RrrPx.R-r-nSR'r' 
Now 0V= — and o« = — j whence yv=(0y-+Os-i)v=) — -i- 
Oo--, and CoD = (0(,-V-a=) ~- II, and //= p- D. By 
putting this value inftead of //and dividing every term by iJ - r, we have 
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_ yrr )i ~+i,^Rrr^^ —^zRErr 

//= —— — D. ^£.D. 

6PPX.R- r\^ -24PRry(.R-r~4.24.RRrr 

.653. Core/. I. When the incident 4ay is parallel to the aas, its j^rra- 

ration 6/ = — ■■ _„ -f/ or = — ^^ -~ V. For when 

IzRr'^K — r 6xJl^» 

J* is infinite the terms of thcgMienU theorems which contain-P J* are in- 
comparably greater than all the reft. 

j'i^'ij?"' '^^^' Suppofing a «>nvexlens to havenarfiicknefs at its edgcsandacoo- 
cave one to nave none in the middle j when the ray ialls upon the edge of 
citherlens,thenZ)becomesequalto thediflference of the verfed fines of the 
-half arches that compofe it. This I call the thickncfs of the lens, which fac- 
ing given we have the aberration nf the excream-ray .by either of the the- 
lOrems. 

Jig. 538- i>S5- Corel 2. The thicknefs i), focal diftance fi, and femidiameter R 

of the firft furface, being given, the aberration of die extream ray coming 

parallel to the axis, that Is / / = -^ — IT^^^"*"^^^ D, when the centers 

■«f the furfeces of the glafe lye both onone fide -of it-; but if they lyeon 

contrary fides,// =: ^^ — ~^J~*^^^^ -D. Forhy art. 234, the focal di- 

ilance p zz tS whencer = -, which being put for r in theiheorcm 

^ R~r* f-t-iR °^ 

of cor. I, gives the prefcnt one. 

.656. Corol. 3. The thicknefs Z),, focal diftance /> and femidiameter r 

of the fecond furfece, being given, the aberration of the cxtream ray com- 

, iiig parallel to the axis^ will be// = . * ■ "^ - ^ D when the centers of 

jhe furfaces lye both on the fame fide of the glafs ; but if they lye on 

contrary fides, it will be lJ~~^''f-*-'^'' j) . found by putting -— - for R 

in cor. 1. 

657. Carol. 4. "When the focus of incident rays upon a given lens is 
given, or when they are parallel, the aberrations of the rays from the con- 
jugate focus arc as, //, the fquares of the diftances of the points of inci- 
dence or emergence from the axis of the lens. Few in this cafe P, R, r be- 
ing given, pi is as //. 

L £ M M A II. 

^58. The focal diftance, half the breadth, and the thicknefs of any lens, 
are continue proponiofials. 
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Attbc lauer end of the dcmonftration of prop. 2. we had 7/— J-^ i>, 

andby art. 232 Ac focal diftance /= ^ ; whence /7=/2), w /, /, 

Z> arc continual proportionals. ^ E. D. 

■ 659. Carol. I. Hence in glaffes of all forts of fliapes, (that is whatever 
be the ratio and pofitJon of the femidiameters of their furfaces, ) if any 
two of thefc three things, focal diftance. breadth and thicknefs, be tlic 
foQie, the third is the fame alfo. 

Proposition HI. 

6601 To cempare the aierrattons caufed by tbejpbericahefs of the figure 
vfallforti of glaffes : and to determine the femidiameters of a glafs 'wbicb 
Jball make tbe leaf aberrations. 

To make 2. juft comparifon we muft fuppofc all our glaffes to have the 
fame focal dilbtnce, the fame breadth, and confequently the fame thick- 
nefs by art, 659 j and to differ only in their ftiapes, arifing from the va- 
rious magnitudes and portions of the femidiameters of their furfaces. 

66 1. Firft then, I lay, that when parallel rays fall upon the plane fide 
of a plano-convex glafs, the aberration of the extream ray, which is ^ of 
the thicknefs, is lefs than the like aberration caufed by any menifcus glal^ 
whole concave fide is expofed to the incident ray. 

663. Secondly, I fay that when the faid glaffes have their convexities 
tamed to the incident rays» the aberration of the extrcam ray in the pla- 
iio-convex, which is now but |^ of its thicknefs, is leis than the like aber- 
ration of any menifcus in this pofition. 

663. Thirdly, I fay that a double convex glafs, when the fcmidiame* 
ter of the firft furface, upon which the rays fall, is to that of the fecond 
from whence they emerge as 2 to 5, is juil as good as the plano-convex 
in its beft pofition } the aberrations of both being j- of their common 
chicknefs. 

664. Fourthly, I fay that when the femidiameters of a double convex 
are equal, it is not fo good as a plano-convex in its heft pofition , its aber- 
ration being i of its thicknefs : but if the femidiameters of its firft and 
iecondfur^ces be as s to 6, it is the beft glafs of all ; the aberration of 
the extream ray being now but -j-Jths of its thicknefs j which is the Icjait 
poflible i there being no fuch thing in nature as a glafs compofed of two 
Ipherical furfaces that has no aberrations. But if this beft glafi be inven- . 
ed it becomes much worfe j few the aberration will then be ^-^ of its 
thicknefs. 

665. Laftly, I fi^ that when a plano-concave has its plane fide expofed 
to parallel rays, the aberration of tlw extream ray is alfo f of its thicknefs, 
and that when it is inverted, the aberration becpmes only iths; wbicb is 

K k lefs 
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lei's than tlie aberration of any concavo-convex gUfs; and equal to that of 
a double concave glafs the femidiameter of vrhofe firft furface is to thai of 
the fecond as 2 to ^ } and that the befl of all double concave glafles has 
thefemidiameters of its firll and fecond concavities as i to6; and confe- 
quently this is the beft figure 6f aglafs to help {hort-fighted perfocs, as the 
double convex one of the like figure is the beft for fpciSacles. 

Demokstration. 
666. Firft then, by article 655, the aberration^auied by a menifcus Is 
|Z)-f"^i5-f j^-Di which decreafa continually as J2 increafes, till 

when R is infinite and the menifcus becomes a piano- convex, the aberra- 
tion becomes equal to ^ £>> the other terms being incomparably lefs than 
this. 

66y. Secondly^after Aisinfinite letit becomenegative} andafterthac 
let ralfo become inflnice and then negacivc> though bigger than i?, that 
R may belong to the firft furface whofc convexity is now expofed to the 
incident rays; and by arc. 656. the aberration, now caufed by the menif- 

eus, namely J — jD-+— Z>-+^i>*decreafe8Continuallyasrthelemi- 
diameter of its fecond furface increafes, till ic equals ^ D, when the glaf» 
becomes a plano-convex: which is lefs than its aberration -J D» in the con- 
trary poficion, in the ratio of 7 to 27^ or almoft 4 times. 

668. Thirdly, to change this glafs into a double convex, after r is infi- 
nite let it become negative, ' and iuppc^ing it vaftly bigger than fy the ne- 
gative term — Z>, in the prefeot aberration J— i>——i>-+ii), will 

be bigger than the affirmative one -j- — i> ; (the root of any prc^r fraftion 
being bigger than its fquare in a duplicate ratio of the terms ;) confo- 
quently their neg&tivediffi>rence will make the aberration of a double con- 
vex lefs than |^^, the aberration of a plano-convex; fo long as that dif- 
ference continues negative j but fupp^ng r of filch « magnimde as wilt 
make that difierence nothing, or-^^D — — ,2>=0,theabe|Tatieaofclus 
double convex will be ■( D, the lame as that of the p4ant>-convex. Now 
Tor^ put its value ^-^ and you havef X j— -— 1=»» whence iR = 
ar, thatisi^ir:: z:^. 

66^ Fourthly, the aberratioa of any double convex gUfi Whofe 
femidiameters are given may be found by computing this quantity 

— ■ "^ ' :_I7 ' ^'^' ' -Dsr/Zby art. 653, the ffgaof roriZbcing changed, be- 

* Sec the bUe of EmtK fw p. c^S.. 

caufc 
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caafc they now lye on contrary fides of the glafs. Thus fuppofing R = 2. 
r=5, the ^>eiTation come« out ^ D, as was proved juilnow; and fup- 
pofing R =r, it comes out f i>. To find the ratio of i2 to r when the aber- 
ration is the Icaft poflible, putiZn i, then the aberration is '7 -^6'->-7'-'- ^ 

jD —fl. Now when any quantity tx fradion comes to its leaft (or greatcfl:| 
m^nltude, it varies that magnitude but veiy little, or rather not at all 
while T varies but little. Suppofe r increafed by an exceeding fmall in- 
crement », and by fubftituting r -+« fw r, rr-4. 2 r«—f *» for '"''• 

SK. have — /' = -^ ^ = -^ t_„i~ . Which 

give* this proportian» 27 -+6r-t-7rr: i -+a'" -+rr:; 27 -f6r-+ 
•jrr — h6»-t- i4r»-+7«»"- 1 ~+2r ~+rr -+2n~i-zrn h-«» (and 
disjointly):: 6a— f i4ra-f 7»» : tm-i-xrn-^nn-.i 3-+ 7'': i -+r, 
neglecting thefquares c^ff as inconfiderable'j and alteroacely 27 h- ^f* aAn-fijo- 
*+7rr:3-+7r:;(i-4-2r-+rr: j-+^::) 2-+'": i- Hence 27-+ 6r 
_+7rr=3-+ ior-+7r''»*"<*by'«l"'^t'wir— ^- But i? was put i, and 
£} £: r : : 2:6. Put thefe vaiues £01 R and r, and you will find the ab- 
eiTatioD^/=Y«-^* Nov i^ this bell glafs be inverted, that is, if we put 
5 = 6 andr= i.you will find^/= UJ iX 

670. Since this glafs in its beftpontion has the leaft pofiible aberration, 
St is impoflible (oc any f[^rical glafs to have no abetraticm at all ^ which 
may alfo be prov»i aJfttx- this mazuier. 5uppofii^ it pofiiUe that fl way 
be nothing, then putting r=i, we have 27^6r-+7rr=;* whence 
byrcduaionr==±:i=±:yju-y, which is an impoflible quantity; 
and fk) the ratio of 12 to r is Impofiible upon fuppofition that the aberra- 
tion is nothing. 

6-/I. Laftly it appears by art. 655 and 656, that thofe thewems ferve 
equally for concave and for convex glafies, zad fo the fame demonftratlons 
iore uib for this laA article. ^E.D. 

Lemma IV. 

672. If the angles of incidence and refra&ioo of a ray, ^ACS, that Fifi-559>54'>* 
pafies through a very fmall angle of a {viioci, AIQ be fo linle as to be 
reckonedproputionable to their iinesi the angle of deviation iSFoS, con- 
tained under the incident rzy^jiFR and the emergent ray SCFT pro- 
duced, wiU be to the refra£Ung angle AJC^ as the difference of the unes 
of incidence and reiradion to the leffer of tbemj and confcquently the 
magnitucteof the angle of deviation /2F£ will be invariable in julpofitioos 
«fdieray. 

For let the perpendicular j4Bt R> the firft furfaoe AI, crofs CD* the 

perpendicular to the &cond» in E ; and fuppofing the ray ^ C to go both 

K fc 2 ways 
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ways out of the prifm, the angle of incidence ACD will be to the angle 
of emergence DC'T^ in the given ratio of the fine ofincidence to the fine 
of refraSion, that is of x" to r i and disjointly, we have ACD to ACt 
as i to r — / ; and the angle CAB is to CAR^ in the fiime latio, fuppofing 
the ray to go backward along CA; and conjointly or disjointly we hawe 
ACD =+: CAB to ^C7'=±: CAJt, that is AEDox AIC to RFS m the 
lame given ratio of /to r— /. ^£. 2>. 

673. Carol. I. Hence any two homogeneal emergent rays produce!^ 
will be inclined to one another in the fame angle as the two incident rays 

F%. 5-41. are inclined to one another. For let the two incident rays ^F, qf (pro- 
duced) meet in K\ and let the emergent rays SPy j/" (produced meet in 
ii and let one of the incident rays crofs the other emergent ray in Mi 
and fince, in the triangles KMF, LAff, the angles at ilf are eq^ual and 
alfo thoTe at F andy by this lemma^ it follows tbac the remaining angles 
at KzndL are alfo equal. 

674. Carol. 2. And when two homogeneal rays are refrafled through 
the fame point of any lens, whofe thicKnefe is inconfiderable, the anglfr 
contained under their incident parts is equal to the angle under their cmcr- 

Frg. 71, 7j. gent parts. For the thicknefs of the kns being very fmall, if the rays 
have a common point of incidence, their points of emergence will be 
very near one another; or if the point of emergence be common to both 
rays, their points of incidence will be very near one another; and ftiH 
nearer if the rays crofs one another within dbe lens j confequently the re- 
frailiona through the lens will be nearly the fame as through two plane:^ 
that touch its furfaces at two given points^ near the points of incidence 
^nd emergence and contain a given angle with one another. 

ii'E- 542» 675. Corel. 3. When the ray AC within the prifm, coincides with a 

perpendicular to either of the planes, as v/hhABi one of the refractions 
wiuvaniniat.^i and then the angle of deviation i2F5 made by the other 
tingle refraction, will continue the fame in quantity as before, when ic 
was made by two re&a£lionsj becaufe the magnitude of the angle of de- 
viation is invariable by this lemma. 

676. Coral. 4. Therefore when an heterogeneal ray is feparated into 
coloured rays, by fmall refradUons through a fmall refraCtinganple of a 

s. 'given quantity, the emergent rays of given colours will be inclined to 
one another and to the incident ray in certain given angles, in all politions 
of the incident ray. Becaufe thefe inclinations made by two refractions, 
are every where equal to the inclinations made by a fingle refrad;ion ac 
the fecond plane, when the incident ray- falls perpendicular up^ die 
firA plane. / 

677. Carol. 5. And an heterogeneal ray, refraCted through a given point 
in a leas, has: the iame property as. in the priioii that is tbcvmergcQt ra^ 

of 
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of given coloun are inclined to one another aniJ to the incident ray ia gi- 
ven angles in all petitions ; for the reafon mentioned in cor. 2. 

678. Carol. 6. Therefore if feveral glaffes of feveral forts or fliape* 
have the fame focal diilance, and the fame apercnrci the diameter-of the 
circle of aberrations of heterogeneal parallel rays from their principal fo- 
cus, will be the fame in them all ; being the fame as in a plano-convex 

glais when its plane fide is turned to the incident rays ■ ; and in this calc * ^- ^T- 
we have dcterminedit above in art. 324. And when the rays in the incident p-„_ ,f^' 
pencil are cither parallel or inclined to the axis of the lens, the diameter 
of the circle of aberrations is as its diftance from the leiis> becai^e the an- 
gle HAS is invariable. 

679. Carol. 7. Therefore with refpedt to thefe aberrations by colours 
feparately conlidered, it is indifferent which Ude of a lens is turned to 
the incident rays i bccaufe its focal diftance is the iame in both po- 
ifitionst*. b Art. 233. 

Proposition IV. 

■ ■ 680. When CXjhe facus of b6jHi^eneal incident rays is not much farther 
from a lens E I than its focal dijlance E F ; (as in double micro/capes;) the 
lateral aberratim q R of the outermo/i refraSted ray 1 R, from tbeir peome' 
tricalfocut q, is to F G the lateral aberration (from the frincipaffocus) 
ffa ray P I that comes the contrary way^ parallel to the axis and through 
the fame paint I, w E q ^0 E F nearly j that is direSty as the dijiances of theft 
focufes efrefraSed rays from the lent. 

Produce the perpendicular GF till it cots the incident fay ^/ in I, ; Fig. s^ 
and joining LB and Iq they will be paraHel. For the triangles ^J^Fl 
:^/£bcingfimiIar,wchave^I,:J?/::(^.'^£::)^:^«i which • Art 139^ 
fliews that the triangles ^J^E, ^Iq are equiangular. Draw £il/ parallel 
to the refradted ray IKR cutting FL produced in M; then the angle 
GIL equals PIK* or IKE or MEF; and confequently GL equals • Am £74. 
PjVf nearly i being the fubtenfes of the equal angles G/Z., MEF and 
being very fmall and nearly perpendicular to their legs when ^Fand EI 
are very fmall. Hence takingaway the common line FL, wehave LM 
equal to the aberration i^G. But the angles y /if , ££M, under two cou- 
ple of parallel lines, are equal} and their fubtenfes^f^,Ziitf being equally 
inclined to their legs, we have gR.LMor FG :: {gli-EL : :} y£: JSFy , 
becaufe the triangles ^/£,£jL i^ are equiangular. ^E.D. 

68 1. Qirol. I . When a plano-convex glafs, which itnearly as good^ the 
beft of all %has its plane fide turned towards the focus ^ we have the late- c Art: 66v. 

ralaberrationcaufcdbyits figure,thatisj72r:^X j^X£'y, andthelon- 

fitudinal aberration yiC=^x — ^^^ : and in fpherical icnics of any 

ihi^ 
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flupe or fid>Aance, their'aberrationeaTeafitheiec|uantitles. For the Ion* 

guudinalaberratiDnof the parallel ray P/f thausi^is | ofthethick- 

a Art. 66i. pefg of the glafs » or J^ X -j- * > and bccaufc the t^iangles/'FG^/'£/a^e 

equiangular, wehavethelateralaberrationP<7=^)(jTr- j and therefore by 

this propofifion we have gR=z ^ X rr— -Gj' s and becaufe the triangles 

fHiC,£/X^ are equiangular, wchavcyK=jX — 777*^* 

682. CoroLz. Hence F;^being given, tlK lateral aberrations^ cauled 
by the figure of any given lens, are as the cubes, and the longitudinal 
s*»errations as the fquares, of the diameters of the apertures. 

iSSj. Corol. ^. And hence thediameter of acircleof thereaberrati<)ns 

•Ait.339. caufedbyihefigureonly,thatisiyR*=^X jr7 x£?. Becaufe the dfr- 
monftration of the J39th^ticle has this foundation only, that the lon- 
gitudinal aberrations are as the Squares, and the lateral ones as the cubes, 
of the linear apertures ; and consequently ierves for any lens by cor. 2* 
sa well as ibr a plano-convex one. 

684. Carol. 4. The diameter of a ckcle of aberrations that willjuft 
(ijntain all ibrts of hecerogeneal rays flowing from ^ is cqvaj to -^ 

X ^:|£/^ by art. 324 and 678, taking Fand ; for the focufes 6f the mcaa 

fcfi^ngible rays. 

j68c. Carol, c. Therefore when the plane fide of the objed-glafe£7, 
«f a double microfcope, is turned towards the objeft at ^ the diameter 
pf the circle (^aberrations in its inu^e at q, that would arife in homo- 
geneal rays from the fpher'ical figure only, would be to the diameter of 
a circle of ^xrrationa of hecerogeneal rays, if the figure of the lens was 

perfed, as i to -~ X — . And confequently theie circles wUl be equal 

vhen the diameter of the apature of the ol^ed-glafs is half its focal di- 
ftance very liearly. 

Lemma V. 
^86. Let ionumerafole pencils of rays be fuppofed to belong co ionu- 
merable focufes in any given part of the axis of the eye prochiced both 
ways ; and lee it be propofed to determine the leail circle upcm the reti- 
na, into which ail the rays, that enttr the pupil, can he coQeded. 
Fig. j44ti} Lec-^Obe thefemidiameterofthepupif,and07'Sdieaxisof threye 
547- produced ; and let pencils of rays belong to every point of the part S 3'> 

when its extremities 5, 7* are both on the fame fide oftheeyej orelfeto 
every point ofche infinite axis, excepting the part 57*, wboi •S'aadT'are 
on comrary fides of the eye. fii&A STia. F^ and towards the eye take 
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r^to Vl'^yttoyOi and through ^draw a line P^ pcrpendjcular 
totheaxis, cutting S^ and 7*^, the outermoft rays of the extream pen- 
cils, in P and R refpe^vely. And when the eye adapts it felf to view 
the line PR as diftinftly as poflibly, its pifture wp upon the retina will 
be the diameter of the leau circle into which all the rays can be col- 
leded. 

For finoe we made FO : FT or FS •.:FS: F^ conjointly we have 
FO-^FStoFS -+ F^m the fame ratio; and alfo di^ointly FO-FT 
to Ft-F^jn the fame ratio } that is 50 : 5^: : 7*0 : T^ Confequent- 
ly, fince the triangles SAO^ 5P^and alfo TAO, TR^zxt equiangular, 
we have AO : P^. : {SO : 5^: : 70 : T^-.x) AO : ^i?, and therefore 
the lines S^P^ ^R arc equal. I*t wxpbe a diftinft pidure of P^R, that 
is let all the rays that-may be fuppofed to flow from P, be collecfted to 
V upon the retina ; and the ray SPA being one of them, will go to or 
along with the refi ; and in like manner the ray iS?*^ will go to f>; and 
the lines P-^ ^Jt being equal, their piftures trx, k§ will alfo be equal. 
Imagine the whole figure to be turned about the axis STOi and it wilt 
appear that the rays of one extream pencil, whofe focus is S, will b* 
fcattered all over a circle upon the retina, whofe center is x and femidia- 
meter is vx; and like wife the rays of the other extream pencil, whofe 
focus is Ty will be fcattered all over a concentrick circle, whofe femi- 
diameter is x{; and thefe two circles will exactly coincide when their 
iemidiameters xv, x{ are equal. But if the obje^ P^Jtht fuppofed to 
approach tovrard the eye, the femidiaraecerB P^and a-x. will both in- 
creafe ; and on the other hand, if P^R be fuppofed to recede from the 
eye, the femidianietcrs ^R and xg will both increafe, while the other 
femidiamefers P^and trx are decreafing; and in both fuppolitions the 
circle upon the retina which contains the rays of both the extream pcn- 
feils, "being -the larger of the two, will be larger than it was before, whea 
it frtifrequdl to the othw; that is when the eye viewed the equal lines- 
P^ ^ diftinaiy. , ' 

Now when 5 ami 7* are on the fame fide of the eye, all the pencils that 
belong to intermediate focufcs between the extreams S, T will fell within 
the circle abore defined. For conceiving the neareft point 7* to recede 
frtteii the eye, the lines^i? and x^ will both decreafe, and fo will ^^ 
and jtir triiile S approaches towards the eye. . And if 5 and 7* be on con- 
ttaiy fides of the eye, all the pencils will be colledled into the faid cir- 
cle,' whofe fociifes are in every point of the infinite axis excepting ^he- 
part ST.'For by conceiving bbth 05 and 07* to increafe, ;^and^jR, 
and confcqucntly xW and x^ will both decreafe. ^B. Z>. 

6B7. Carol. I. Hence when a pencil of rays that flow frorji a fingle 
point of an ot^ft, ffiall be fo'difpoffed by reflexions and refrailions, as 
xn ^ling upon the eye, to belong to innumerable difiercnt points oi its 
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axis produced, as in the proportion; die diameter c^of the leaft circle 
Upon the retina, that contains them all, will be as the ah^ SAT; that 
16 4S the ,grea.tel]t angle la which -the two outermoft rays interfcAone ano- 
ther at the pupU of the eye. For org is as the angle POR or P^R or 

l-i:^. s|6^ 688. Carol. 2. Confcquently when OS and OT are on contrary fides 

of,[he «ye, and are -equal to one another ; that is when the two outermoft 
Yays are fquaiUy inclined to the axis and contrary ways i the diameter 
ir^ofthc leaft circle of aberrations, will be as the angle ^57" or .^f7*5 
in which either of the outermoft rays is inclined to the axis : and in this 
cafe the eye muil be adapted to collet the parallel rays to a diftinA point 
upon the retina. For the line VO being nothing in this cafe, the thircf pro- 
portional ^^becomes infinite; and vg being always as the angle POR 
or PAR is now as its half, ASI^qt ATS. 

Definition. 

■689. In vifion either with the naked eye or with glaffcs, the apparent 
indiftindnefs of a given objed, is as the area of the leaft circle upon the 
retina, into which all the rays of a finglc pencil can he colicflied by the 
<yc. 

The reafon of this definition has been &ewa io the beginning; of the 
Hemonftratien of the 343d article. 

Proposition V. 

690. Jn imcrofcD^ei .made ^tb JingU Unfjes, a ghitt ohjeU phue4 at 
their principal fofujes •mill appear equally difiin^t if their linear apertures 
^e ai their focal dtjiance:^ 
F'8- 548. ' 69 1. Cafe I. At firft let us fuppofe the f^ure of the lens DP, .to be 
» Art. I. ^yj.jj jj^ would caufe no aberrations of homogeneal rjiys"; dien if die ob- 
jeft be placed at F, and FP be the focal diftance of loean r^rape^le 
rays, all thefe rays that flow from F, will be refra^d into the lines 
DE parallel to the axis PP^ J-£t the violet contained in the ounnnoft 
heterogeneal ray FD be refracted along DKi and let another violet ray . 
he fupppff d to come backwards along £D, and to be Tefradted along £> Jt» 
meeting the objefl: in R. Then the apparent indiftin(ftncft of ihe point F 
bein^ as dif area of the leaA circle of aberrations, upon the retina, . of the 

• Art. 689. rays in one penpil flpwing from F*, will be given when the diameter of 

• Art Si *^'^ citcXc is given j or when the angle EDK* or FDR* is given j that 

■ ^^ is when the ratio of FR to FJ) or FP is given. But in hecerogeneal 
'' *" i^t ^y* ^^^ ^^^^ °^ ^^ to Z>-P is alfo given h and confeqiiemly the appa- 
" • rent indiitioftncft will be given whc^pthc ratio of DP to P Pis giytn. 

€92; 
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692. Cafe 2. Now let the figure of the lens DP become fpherical >''g S49- 
■while it keeps the fame focal diftance j and the innermoft of the mean re- 
frangible rays flowing from Fy will ftill be refraiaed into lines parallel 

to the axis j but the outermoft of them as Z)£ will now converge to- 
wards it by too great a refraflion •. Imagine a mean refrangible ray to ' ^^' ^'' 
come backwards along LD parallel to the axis, and to be refrafted along 
Dtj Co that Fr may be the lateral aberration of homogeneal rays cauf^ 
by the figure of the lens. And the apparent indiftiniflnefs of the objed: fo 
far as it depends upon this fort of aberration, will be given, as in cafe i, 

when the ratio of i?/- to FF, that is, of -—-* to FP, and confcquently • Ait. 6si. 

of DP* toFP»,«idofDPtoPF,isgiven, as before in cafe i. 

693. Cafe 3. Now let the violet contained in the hcterogencal ray FD Fig, 549- 
be reft^dled along DKi and the angle EDK between the green and 
violet will be a little bigger than in tnc firft cafe j being increafcd by a 

27th or 28th part of the angle EDL*^ which meafures the increafe of re- * An. 324. 
fradion or deviation caufed by the change of the figure of the lens. This 
iacremoit q£EDK is therefore as the angle FDL, and confcquently is 
-given when the ratio o(DP to PP is given, by cafe i. But the appa- 
rent indiftinftnefs will be given, when the diameter of the Icaft circle of 
aberrations of all the rays upon the retina is given ; that is when the 
whole angle KDL is given'' j or when all its oarts EDL, EDK and ^ ^'^- ^^'■ 
the increment of £ DK, are given; and we have mewn that all thefe parts 
we given when the ratio of D P to F F is given. ^ E. D. 

694. Cafe 4. In thefe cafes I have confidered the aberrations of the 
violet rays from the green or mean refrangible ones, which were fuppo- 
fed to be parallel to the axis j and the red rays being inclined to the axis 
very nearly as much as the violet, and in a contrary pofition, will all be 
contained in the fame circle of aberrations upon the retina*. ^E. D. c An. 688. 

69?. In microfcopical lenfes whofe focal diftances are not much lon- 
ger than half an inch, there is no need to contract their apertures, for 
procuring diftinft vifion j the pupil it felf being fmall enough to exclude 
the exterior ilragling rays. But in fmaUer lenfes where apertures are ne- 
ceOary, we have fhewn that to preferve the fame degree of diftinftnefs 
their diameters mull; be as their focal diftances ; and then the apparent 
brightncfs will dccreafe in a duplicate ratio of their focal diftances, fo 
that by ufing fmallcr glaffes the apparent magnitude and the obfcurity of 
the objefl: will both increafe in tnc fame ratio. For the ratio of Pi) to Fig. S49- 
PF b^ing invariable, the angle PFD is alfo invariable, and confequentty 
the quantity of light received from the point Pis alfo invariable; becaufe 
the apcnures of the lenfes whether fmaUer or larger muft all be fituated 
at fuch diftances fi-om P, as juft to receive all the rays contained in a cone 
defcribed by turning the angle PFD about the axis PP« neither more 
LI nor 
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nor lefs. But the apparent magnitude of the objeift, or the fiirfacc of its 
pidlureupon the retina is reciprocally as PPfquare*, and confequcntly 
the light being the fame its brightnefs is dlrciftly as Pi^fquare. By this 
theory it appears that a minute objedl cannot be magnified to infinity by 
a fingle lens though it were pollible to make it as fmall as wc plcafe j 
without fomc method of increafing its light. Neverthelcfs this imper- 
fedlion in fingle microfcopes is not fo great as at &tA fight one would take 
k to be, or as in fa<n we find it ; the reafon may be becaufe the eye is ca- 
pable of difcerning objetfls tolet^bly well by above 20 thoufand different ' 
degrees of light, every degree being equal to the light by which we fee 
objedts in the brighteft moon-light night''. But though the brightnefs. 
of the objeft were increafed by throwing new light upon it, yet Huygem 
obferves that the power of the microfcope would flrill be limited by the 
breadths of the pencils that enter the pupil, which is equal to the breadth, 
of the aperture. For if this breadth be Icfs than 7 or |^ of a hue, he affirms 
that the edges of the objeil will begin to appear indirtinft=. But by dou- 
ble microfcopes this excellent Author has made it appear we may magr 
nify objefts at pleafurej provided it was poflible to form their obje*!- 
glafies ss fmall as we pleaie j. for we fliall mew in the fequel chat all other 
ebftruiiiions may be removed. 

Proposition VI. 

696. In refraEiing and refieSling microfcopes^ and tele/copes, made wtib 
a Jingle e^e-glafs, the apparent indi^in£ineJi.of a given obje&, caufedby the 
aberrattons of either kind canjidered Jeparately, will he direSIly as the 
fquare of the greateji lateral aberration in the image formed hy the obje^- 
glafs or objeB-metal, and infoerfely astbefquare ef the focal dijlance of 
the eye-glafs, liery nearly ; becaufe the aberrations caufed by the eye-glafi 
are almoft inconfiderable. 
1, 697. Cafei. Let us fuppofe the figures of the convex glafiTcsfi/, r^ 
to be perfedt, or fuch as would caufe no aberrations of homogeneal rays^ ; 
and let all the mean refrangible rays that flow from the point ^ iache- 
axis^Ey^xjberefraftedthrough the obje<a-glafs£/ to the focusy; where: 
crofling one another let tbcm be refraflid. through the eye-glafs ei into 
parallel lines ; and let the humours of the eye be adapced-to coUe6: them. 
accurately to a fingle point x upon the retina xg. Then let the ray IRi 
be the outmoft violet, or the outmoft red, that was contained in the hc- 
terogeneal ray ^/ before refradtion at I; and fee tJiis ray li be re£raded 
by the eye-glafs into the line ia, and be fent by the refradions in the ey& 
to the point 5 upon the retina. Laftly imagine a ray bi of the iame colour 
as at to come backwards parallel to the-axis> and to be refra^ed at r along. 
the line /ri and Ice a perpendicular to the axis through y,_ cut the ray iV 
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in rand the ray //in R Now the fcmidiameter xe, of the circle of aber- 
rations upon the retina, is as the an^c at i* or as its equal X;V* and con- "An. ess. 

fequently as p* or nearly as — . Fot I flull fliew prefently that gr is al- " Art 221, 

tnoftinconfidcrablein comparifon toyi?in all optical inftruments,notwith- 
ftanding it is not as gR. But the apparent indiftiniflnefs of the pouit ^ 
ia as the area of the circle of aberrations upon the retina*, or as the fquare * ^'^- *^9- 

of its femidiameter xj or as^j that Is dire«a:ly as the fquare of the 
lateral aberration in the image at q, and inverfely as the fquare of the 
focal diilance of the eye-glafs. 

.6,98. Cafe 2. Suppoiing the glaffes E/, ei to remain in the fame places 
as before, let us now confider the aberrations which the fphoricalnefs of 
their figures would caufe in a pencil ofmcan refrangible rays. Therefore Fig. 550. 
now let ^R and x§ reprefent the lateral aberrations of the outermoft of 
tlaeferays^//2/ag; and let i/r be alfo a mean refrangible ray. Thenxg 

is as the angle aii* eras Rir* or as— * or as— ncglefting qr. But "An. eas. 

'^ m oe "^ •* ■* • Art. 674. 

jthc apparent indiftimftnefs is as the circle of theie aberrations at x*. tliat " An. 2«. 

fR* "Art. 689. 

isasxg' oras^ , that is, diredly as the fquare of the lateral ^serra- 
tion in the image at f and 'inverfely as tlie fquare of the focal diftance of 
the eye-glals j as in the former cafe. 

<»99."Tolhewthat yr, the aberration by the eye-glafs, may be negled- Fig. 550,55'' 
cd, let£Fbe thefocaldiilanc^of the ot^ed-glafsof the double micro- 
icppe } and let the ray It crofs the axis in K; then in cafe i. we have 

gRzz^^^EI*, andyr = ^^;=JL!l£/i becaufc ei : EI:: eK* An. 67s. 

iXE::ej:qE nearly. Confequently we have yi? : yr: : ^:tfyj that 

is as the apparent magnitude of the obiet^ ^een in the microfcope, to its 
. apparent magnitudefeen by thenaked eye from a diftance equal to ^^; as 
will appear by article 127. which gives fomcidea of the ratio ofyiJtojr. 
In Huygens's ftandard microfcope, to be defcribed in art. 710, this ratio 
is as 35 to I J and in a tclcfcope it is alfo the ratio of its magnifying power. 

700. In cafe 2. confidering the aberrations by the figure, wehaveyR 

=4. — .£fl*and ?'"=4.— = i- — eq ■. for the reafon abovemen-' An. 68i. 

^ EFi ' * ^ ej* *£?»■* 

tioned. Confequently when the glaffcs E, e have fimilar fliapes, we have 
^Rigr:: -~'.eg:: 3500: i in Hwy^n/s microfcope. 

70 1 . Cafe 3 . Let us now confider rcfiefting microfcopes and telefcopes, F'2- Si'- 
in which let ^be the focus of incident rays upon a concave metal EI, 
whofc femidiameter is EC and principal focus F', and let j be the conju- 

L 1 2. gate 
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gate focus to ^ and IKRe be a refieited ray making the aberration ^K 
in length andy/J in breadth; and let everything elfe remain as in cafe 2. 
Then if we negledl the aberration gr caufed by the rcfradion of the rays 
through the eye-glafs ei; it is evident that the apparent indiftinftnefs 

will be as ^ , as before in the rcfrafting inftruments. 

702. To compare thefe aberrations j72and yr; we have the longttu* 
dinal aberration qK=. — j h — • For by art. 648, we have gK: -^ ~ 

: : }C» : CF* or i EC^. Hence the lateral abcrrration ji2 = -^ x^\ 
Now in the eye-glals, if we conlidcr the aberrations caufed by coloured 
•Art.659. rays, we had jr=-V-^x£/* andhyconfequenceyii: ?r:f^^^f^- 
a Art. 7j8. -|_ fyj which In a refleiling microfcope hereafter defcribed* i&as53 to i. 
By ftppofing £^to be infinitely increafed, this microfcope will be 
changed into Sir Ijaac Newton's rcfleaing telefcope^ and thai we have 
ji? : jr : :—j^- — or — ^: j*j ry : : 5-5 : 24, in Mr. HaJley s 5 foot tele- 
fa Art. 361. fcope taking the middle eye-glafs and aperture''. Ncverthelcfs experience 
fhews that the objeft appears fufficiently diAinft. Indeed the difpropor- 

• j^n, 700. tio" ofgR to qr will be greater if we negled the darker and fainter co- 

lours into which the ray ; a is feparated, which may fcarce affeft the eye^ 

and take y=:^~f/, fuppofing y^the focal diftance of the brighteft yel- 

c Nffwi. opt. low ^ But in refra<!iing inftruments the ratio oi qR to qr will not be al- 

§'am' 6gg ^^""^ thereby ^. With refpeft to the aberrations caufed by the fpherical 

• Art. 70c. figure of the eye-glafs, we have jr = ^ r— ■ ry*, and by confcquence qR 

: qr:: ^ — - ^ | — '-^qe:: 7695 : i, in the refledting microfcope hereafter 
defcribed. In a reflefting telefcope this ratio is compounded of the ratio 
of its magnifyingpower andof 1 109 1 the eye-glafs being plano-convex. 

703. Corel Therefore in refrafting and refleSing telefcopes and dou- 
ble microfcopes, the apparent indiftinitnefs of a given objcft, that would, 
arife from the aberrations of cither kind feparately confidcred, will be 
nearly the fame or invariable, when the focal diftances of their eye-glal]cs 
are as the greateft lateral aberration in the images formed by their objeft- 
glaffes or objci^i-metals : or when the angle fubtended by ^ R at the point 
I or f is invariable. 

Definition. 704. And this angle is called ihcAngle of Aberration by the Figuieor 

by Colours according zsqRis the lateral aberration caufcd by the ^hei*» 
calnefs of the figure or by coloured rays. 

- The 
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The following propofitions being wrote when I read over Mr. Huygens 
upon the fame fubjeft', I followed the letters of his figures, and cannot * IHoptr.'p; 
eafily change them for fuch as I commonly ufe without foroe danger o£ '^'' 
xnHlakes. 

Lemma VI. 

. Concerning Ae apparent magnitude, the apparent ^ightnefs, and the 
angles of aberration, in double nucrofcopes compofed of two convex 
glaflfcs. 

705. Let an objefl 5A" be placed a little farther from the objedl-glafe * 5^* 
PD than its principal focus O; and let its image iVT" be viewed through 
an eye-glafs EZ whofc focal diflance is iVjE. Let the ofcyefl BX he vicw=- 
ed alio by the naked eye from any given diftance B£i; thea take B^to 
BO as£^to OPf and the ot^edwill be magnified in the microfcopein 
the ratio of B fi ta B^ 

For let the ray XPTZcmx. thetmage mTj and berefraftedby thceye- 
gkfe along ZV; join XSl and draw ^^parallel to ZVot ET* and the- • Ait. 50^ 
objeft will appear from^under the angle£^2 equal to NET<x B^JC;. 
and confequently will be magnified in the ratio of the angle B^JC to 
sax, or of Ba to A^ But fincc the figures PX^ PTE are flmilar. 
wehaveB^: NE-.t{BXi NTixBP : PN::)BO:OP. For fince B 
andiSTare conjugate fbcufes, we have BO-,BPi:BP:BN* and dif- •Art.ajg, 
j<antlyBO:OP::BP:PAr. Q:.E.rX 

706. Coroi.. I. The apparent diftance B^ = ^NE =^NE. Aad- 

BR befng given, the apparent magnitude of the obje<n: in the microfcop^. 
is reciprocally as B^ by the lemma. 

707. Carol. 2. Let PD be the femidiameter of the aperture of the (A- 
jefl-glafs, and the apparent brightnefs of the fame obje«a fcen in the £mie- 

or in different micro&opes, will be as^ — — — — , For the quantity of 
rays that ilhiminate any particle ofits picture upon the retina, isas— ^ r 
becaufe if PB was given, the quantity of rays received from B upon the. 
vrhole aperture, would be as the aperture or as PD* ; and if PZ) vra$ 
given, die quantity of chofe rays would be as their denfity in the aper- 
tuK, that is as^g; *j but the apparent brightnefs of an objed is di- •Arfcyft.. 

]%^y as the quantity of rays that illuminate each particle of its pidure 
upon the retma, and inverfely as the area of the pidure, or inverfely 
as the apparent magnitude of the vifible area of toe objeA s and fo tlio: 

flppaimt bnehtnefs is diredly as r^ X J" — K * ^- 7"=^ 

7o8j. 
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708. Corol 3. The angle of aberration by colours ^* *s j^^ ^ ?5 0^ 
as -T- X — - . For the greateft lateral aberration by colours in the image 

P N 

•Art. 634. atiVis as PDX--^ *. 

709. Corol. ^. The angle of aberration by the fig;urc of the objeit-glais 
is as -■- - X -7^. For the greateft lateral aberration b^ the %urc in the 

= Art. 63j. 4mage at A^'isas -— PW'. 

Proposition VII. 

Fig SS3'SS+' 710- '^0 «Wi6f a new refraBing microfcope denoted by fmall letters 
enpdbo, that fiall magnify an objeB more than a given microfcofe de- 
noted by larger letters E N PD B O, in any propofed ratio ofnto i j with 
the fame degree of brightnefs, and dijiin^nef too^ fa far as it depends upon 
,the different refrangibility of rays and not upon the jpbericalnefs of ihe fi- 
gure of the objeB-glaffes. 

Takene=-^ NE>pd-~ PD; po^^PO^pb =-^PB, pn^-^ 

P.l^i and we have the microfcope requited. For example, thedimen- 
fions of ifoy^-^ffi's ftandard microfcope in inches were UKfe ; TSTBr:?, 
PDzz-S^, PO = -J-, PB=^, PNzzy. And therefore the diameter of 
an objed appeared in it 36 times longer than to the naked eye ac 8 inches 

b Art. 705. diftance . Now to find the dimeniipns of another microfcope that fhall 
magnify twice aa much, wehavc»=:2. Whence by the rule »^=jJV£ 
= I, /(/=sV. >>^=iV» P^~-iZ^ P"=i- 

The rule is grounaed upon this Hypothefis, of keeping the intervals 
.-.of the points B, O, P, N, belonging to the objeft-glafs, in die fame given 

< Art. 706. ratios. Hence we have NE reciprocally as tlK apparent mflguitDde '' t^c 
is ne : NE : : i : ». Therefore ne = ^ NE. And bccaufc dw angle of afa- 

d Art. 703. crrations by colours muft remain unallered^^wchavealfo Pi?asiV£*or 

• Art. 70S. reciprocally as the apparent magnitude as before; that Updi PD : : i : a. 

Therefore /</= ~PD. And laftly becaufe the apparent brightneffi muft 

•Art. 707- bekcpt unaltered, we have PATasPDXiSTE* or as NE', (becaufe w» 

had PD as NE,) or reciprocally in a duplicate ratio of theappareait mag- 

• By Hypoth. nitude J that Is^n : PN and/^: PB* and/o : PO* :: i-.nn. Th^v- 

fore*o=-POji>^=-P5 and *»=— PiST. CLE.R 

711. Corol. I. In thefe microfcopes the angles of aberncioa by the fi- 
j;ure of thfir ot^e<^-glal&s are diredtly in a duplicate ratio of the appa- 
rent 
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rent magnitudes of the obje£L For thefe angles are as ^^ X -^^ * or as • Art. 709. 

-—by the hypothefis of the rule and bcqaufe we had PZ) as NE-j that 

is, the angle of this aberration in the new niicrofcope, is to the like angle 

in the old, as — or to - — , that is, as nn to i. 

712:. Carol, 2. Hence if a given microfcopc that has a' plano-convex 
obje^-glafs, will bear the convex fkle to be turned towards the objeA, 
which incrcafes the angle of aberration by its figure near 4 times' ; by " Art. 661. 
fubftituting for it a new plano-convex glafs, with itsplane fide toward the ^g^ 
objed, whofe focal diftance is 4 times morcer.the angle of aberration will 
alu) become quadruple >>, becaufe the apparent magnitude of the obje^twill b Art. 71 1. 
be doubled, =, Mr. Huygens found tlut his microfcope would bear this ^ *^' ^"*' 
inverfion. But if we try to magnify much more by this propofition, the 
^)erration8 by the ^ure will ilUl increafe and put a flop to this procel^ ; 
which neverthelefs might be continued to infinity by the following pro- 
pofition, as this excellent Author has obfervcd^ but for the practical diffi- 
culty^of making the objcd-glaHes fo fmall as are requifice for that purpofe. 

Proposition VIIL ^ 

713. to make a new refraBtng micro/cope' denoted by fmall letters Fig-SSJ>SS4- 
cnpdbo, which Jhall magnify an ohjeSi more than a given microfcope de- 
noted by larger letters E N P D B O, m any propofed ratio ofn to i, "with the 
fame brigbtnefs^ and difiinBnefs too^ with reJpeB to the aberrations cmifed 
h *^ fip*^' > '"'^ with greater diflinSnefs with reJpeSf to the aberrations- 
caufed ^ colours. 

Take ne = ~ NE, pd=-^PD, pozz~PO,pb = ~ PB, pnz^ 

— PJVi and you have the dimcnfions for the purpofe required j and 

the angle of aiberration cau&d by colours will be lefs in this than in the 
given microfcope, in the rati» of i to »». For example in the ftandard 
microfo^ abovemcfitioned, putting »=2, we have rie=i,pd=-Y^ 
po^y^ pb=~^, pn=:^fi and the angle of aberraticHi by coldu«4 
umes lefs than before. 

This rule is grounded upon the fame hypo^elis as the former, vtz^ 
that the ratios of the intervals of the points B, O, P, iV, are the fame m 
both microfcopes. Therefore iiocedie angles of aberration by the figure 
mult be the fame in both«i, we havePX)* as PO'^ y.NE* ; and fmce the tjj^^'^: 
brightftefs muft be the fame too, we have PAT* or PC * as PD^ X "Hy^'^' 
k£»*, andconfequently PD* as^ . Subflitute thefe values of PO* 'An. 707. 

and 
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and PD* in ihe foregoing fyftem (PD* as PO* y.NE) and we have 
PD as NEi, and PO as FfE*. But NE being reciprocally as the appa- 

«Art.7o6- rent magnitudes or ne:NE:'. i : n, we have ne^~NE; aad PD 

■beingasiVE>,or^</:PD::»^» : 2VJE> :: i : «>, wehave/Jsi-PZ). 

and in like .manner PO being as NE*, we have pt> = — -PO j and by 
the hypothefis/^ and /« arc as po. 
^ Art. 708. Nowtbeangleofaberrationbycoloursisas — *j that is this angle in the 

new-miaroicope is to the like angle in the old. as — or to — . that 

is, as I to nn. Q. E. D. 

^14. Corel. XBe bteadih of the pencils that enter the pupil are alfo 

• Art. 7*7- theiame*, for half thisbreadih is EI— — — — j fo that by thispropofitioa 

we might magnify to infinity without any impediments, but from the 
-miaucencTs of the objedt-glafs. But by the following proportions which 
do £he fame thing, the obje£t-glafs is not diminiihed in fo great a propor- 
ti<Hi as by this prdenc one ; being not reftralned by the given ratios of the 
intervals of the points jB, O, P, N, 

Proj'ositio« JX. T 

Fig-SS3-IS+' 71?- Ifii he required to compile a micr&fc^e oftieo cofpuex lenfescand 
;p, wbicbwitb the given eye-glafs cjhall magnify in a given ratio, ^ndin 
which the apparent brigbtnefs of the objeSi, and the angle of aberration by 
colours, {hail be the fame as in another given microfcope compofed of Pwo 
ienfes E and P j the focal dijiance of the objeS-glaf p and tts aperture and 
pyition may be found in this manner. 

Suppofing the fame fchemes as before ; let the given dimcnfions of 
.the old microfcope be thefe; PD = ^, PO=C, NE=D, BO : BP:; 
I : m. And fuppofe the correfponding dimeniions of the new microfcope 
to betheie> pa=a,po=.c, ne^idt 60: bq-.w.n; and let the apparent 
lu^flitude propofed, be to the apparent magnitude fecn by the naked eye 
fro m a given difliance «, in a given ratio of « to q. Then we (hall have 

For iijice the apparent brightneffi mu A be the fame in both micrefcopes, 

•At 707. wemuftput — ■^— —t-l^»; thatis— = — =/, to abridge ^ fol. 

lowing redwOion. And fince the angle of aberration by colours muft alfo 

be 
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be the fame in both, we muft put-— X r;; = - Xr*i that is w - =-An.-oi. 

* /v£ oO ne be D ' 

n'=:g. By the former of thefc equations we have ^=a = - by the lat- 

__ dd g dd mm _ , d , C , , 

ter. Hence »» = - X- = - X rvt^. and«=:«- y-; and by put- 
tine this value for a, wchavetf =^1/-. Nowff= -»^*= — j and • Art. 706. 

» ' C ^ Of n — 1 

thence— ' = B=/»iy-i and^'ri^fx"-; and<: = 3'x Jjc. 

716. GwTp/. I. Hence in thefc microfcopes the diameters of the aper- 
tures of the objei^-glafles are in a fubduplicace ratio of their focal diflao- 

ccs, as in common telefcopes. Forwchad— ^y-. And when thefe mi- 
crofcopes are changed into telefcopes by making BO and^o infinite, and 
confequently « = i and » = i, we have alio - =r y - = -^ ; which a- 

grees with art. 3^4. 

717. Corol.z, In thefe microfcopes the angles of aberration by the fi- 
gure of the obje^-glafles, are reciprocally as their focal diftanccs j and 
by confequence are reciprocally in a duplicate ratio of their apertures". 

For the angle of aberration by the figure is as -^ X jr^ * = ^^ j that is 

this angle m die old mJcrofcope, is to the like angle in the new as ^^ to 

— -, eras— ; to— /becauie we had — =:^*,) that is, as- to- j be- 
cauie A jit aaiiCtc*. 

718. Coro/.^. By keeping the fame ol^A-glafs and by altering the fo- 
cal diftance of the eye-gfafs, the apparent magnitude of the objei£l can bo 

increafed but little. For by the value of yn — *, we have qidi: i * 

s »-^J and J -+</: ^:: » ;»— I; wchavoaIfo_/>^:/o :; «:»— i; there- 
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fore^i = -:^'c,and^*>=:^^| %c%{c)'^y. 

and confequently when c is given, we have^3 as y. Bu 

be fomewhat bigger xhzapo; and therefore if at firlt it be put lefs than 2/ 



as it mull be, to make the image bigger than the objeift ; it is manifeft 
that pb and confequently q cannot be diminifhed fo much as in the ratio 
of 2 to I, that is the apparent magnitude cannot be doubled. 

719. Carol. 4. But if we keep the fame eye-glafs and diminifh the fo- 
cal diftance of the objea-glafs, we might magnify as much as we pleafe 
but for the mcreafe of the aberrations by the figure *". For fince the value b 

Mm ot 
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« ?~l* 

of/fl may be thuscxpreffed, c = - x - — X C; by increafing the mag,- 

nifying power, that is by diminiAiing a, the denominator of this quan- 
tity will be increafcd and c will be diminiflied. Therefore to improve the 
given microfcope as far as poiGblej we muft retain much the fame eye- 
glafs and diminifli the objeft-glafs and its aperture according to the rules 
above, till we find the aberrations by its figure begin to be troublefome { 
and if it be required to magnify Hill more, we may from the lafl micro- 
fcope, in which the aberrations by the figure do no haniii determine ano- 
ther by the following propofition. 

Proposition X. 

^'tSSi'iSi- 720. If it Be required to compofe a microfcope of two convex lenfest and 
p, which v)itb the given eye-glaj's e Jhall magnify in a given ratio j and in 
which the apparent hrighfnefs of the obje^y and the angle ^ aberration by 
thefgure flsall be the fame as in another given microfcope compofed of two 
len/esE andP, the focal dijiance of the objeS glafs ^ and its aperture and 
fofition m(y be found in tbts manner * 

Suppoluig the iame fchemes and notati<Mi as be&re, we ihall hav« 

O d-iri^ D y e * Y C^ 

For fince the apparent brightnefs muft be the iame ia both micro*' 

•Alt 707. fcopes. we mult put—— — =' *i that »-—=:— =/ ai before. 

And fince the angle of aberration by the figure muft be the fiune in both, 

.A«.w wemuftput — X- =^-xt •> d»t «cJi =;;i = *^" '^'^ 

the work. Hence we have a= — j and 'lSl£-.— (ai =) — J thatisa* 

= ^ /^=i*X^* C, aj>dB=^^°. And thence «=f^=).rf 

•Alt. 706. A'— . But »=—»«*=: — i andthence — = (» = )^ J/-iand-^ 

rCJ_ «/ "— » f * 'Die f \ 

= 1iV,andr='E7X|'c 

y 2 1 . Corel i . In thefe microfcopes the (diameters of the apertures of 
the objetft-glafies, are as the biquadrate roots of the cubes of their focal 
diilances. For we had z — VFT' 

722. Carol, 2. And the angles of aberration by ccJours, caufedbythc 
objcift-glafies, are diredtly in a fubduplicate ratio of their focal diftances^ 
a Act 717. The maoner of proof is the iameas before'. 

7*> 
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723. CercL 3. Here alfo the magnifying power can be but little in- 
crrafol by changing the eye-glais. Forwefhallfind^^as;, inlike man- 

neras before*. aAit. ;■<. 

724. Corof. 4. In the former propofition we had po as 1 , andby 

the preleat propofiu<m /» it u - — I j fo diat for the fame increaie of 

the magnifying power, or decreafe of j, the preient pe decreafes in a 
duplicate ratio of the former. For which reafon it is beft to magnify at 
much as we can by the former proportion before we apply the latter t 
that the objcd-glafs may be preferved as laree as polTible. And by this mi- 
crofcopewc might magnify to infinity but for the fmallnefsofthe objed- 
glaffi ; because the brightne& will continue the fame and the difUndneft 
will be increased by cor. *. 

725. Coroi g. If a new microicope be required in which the angles of 
tberratioQ of both kinds fhall be refpedively the fame as in the old one ; 
-we muft retain the fame objcK^-glafs; and to magnify more we muft in- 
creaie the focal diftance of the eye-glais j but if it be increafed to infinity 
che apparent magnituik in the new microfcope, will be to the apparent 
magnitude in the old, but as « to m— i, <»■ in Huygens'i ftandard but as 
xo to 9, which is but a trifle. For the angle of aberration by the figure 

will be the £une by putting — — = ^i-*, in ^^lich by fubftituting the * Art. 709, 

Talues of » and a found in the former propofitloo, which fuppofed the 
Ai^leof aberration by colours to be the lame, weihallfindf = C'; there- 
fore in the value off =^ X 7^1 C*i wcmuftput^XT^ =ii which* Art- 7'il 

D '-♦■1' * i> «-t-j 

gives J = — L. ; by which it appears that J will increafe by diminifliing 

^" . , D . 

tf ; and will become infinite when " — =0. or when ? = - 1 but la 

^ D q ' ' m 

ithe old microicope ^=-^*; therefi»«we bave^to q, or the ap- • An. 706. 

parent magnitude in the new, to the apparent magnitude in the old, as m 

torn— I. It is tonopurpofe therefore to alttr the cye*gla& as weihcw- 

-ed before. 

726. Togiveanorampleofeachofthefepropofitionsjinflf^fmi'sftan- 
dard microfcope we haveN£r=D = 2i PDzzA^^^i PO=C=z-^i 
i*B=ii whence »i = 10 and ^=-^* = A» To magnify as much*Art.7o^ 

M m 3 mme. 
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• Art. 706, more, we muft put y = ■^*. Hence by the former propoiicJon putting 

J—D — zvre have 60 = c= ~-j h=iq; 6^= — ; and^^=r<» = — : 
^ 361' =* ^ 171 ^ 58 . 

But by this propoiition/o = c=^z- r=— nearly, and the reft accord- 
ing to the ruks. If we put (/= i, by the former propofition wefhaH have 
po — -; and by the prefcnt propofition /o = -g- j which agree with the 
rules in the 710 and 713 articles. 

IL E M M A Vir. 

727. Concerning the apparent magnitude, brightnefsanddiftin^efi 
ofobjedts in refle(ftingmicrofcopes,compofedofa refleflmg concave-metal 
and a iingle eye-glafs. 

Fig. 5;s, Lctan objeft Sjf be placed between the center Pand principal focus^ 

of a reflefting concave furface ACQ j and let the image iVTbe viewed 
through the eye-glafs £Z, whofe focal diftance is iV£. Let the objedt BX 
be viewed alfo by the naked eye from any given diftance BSi\ then take 
B^toBTzsNEto&Ct and the objcft will be magnified in the micro- 
fcope in the ratio ofBSlto B^ 

For any line PX, produced both ways to the concave at G and to the 
cye-glafe at Z, is the axis of an inclined pencil of rays, flowing from X, 
refieded from G to the image at T, and refraded at Z to the eye at K 

•Art-so- DrawX^parallel to Z^or £7"*, and the objed will appear in the mi- 
crofcope under the angle EFZ equal to NE J^or B^i and confequcnt- 
ly will be magnified in the ratio of the angle B^Xto B£iXoT o£ BSl to 
B^ But B^: NE : : {BXt NTi: PB : PAT: :) 7*5 lTP or TC,. be- 

»Ait.207. becaufeT'B.rP.^ATare continual proportionals'. ^£. D. 

728. Coral, I. The apparent diftance P^=|£ XiV£=^XA^£= 

— X NE '. and BQ. being given, the apparent magnitude of the objeiS: 
is reciprocally as B^ by the lemma. 

729. Carol 2. Let CA be the femiaperture of the refle<aing concave, 
and the apparent brightnefs of the iame obje£t, in the fame or in di&rcnt 
microfcopes, will be as — ^-^ — . For it is dircdlly as the quantity 
of light received by the furface of the concave from aay particle P, and 
inverfely as the area of the pifturc of that particle upon the retina or 'uh- 
verfely as the apparent magnituds of the area of the particlei and confc* 

• Art. S3, quently is as ~~ *j<££!-i^£L *^ 
.•Arc. 72.8. ^ ^ cs^ ^ CN^ ^ 
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730. CeroL 3. The apparent indiftinclnefs of a given objed, in the 
fame or m diiFerent reflecung microfcopcs, is ^s rr^X r^ji — -ttzj- i and 
confequently is invariable when r^X ^-jr^prr^ is invariable^ For the 
greateft lateral aberration in the pifture at A?" is as — - X -r^ * and the * Art, 70K 
apparent indtfUnftnefs is as the fquare of this aberration diredtly and as 

NE^ inverfely, neglefting the aberrations caufcd by the eye-glais ac- »Ait.696. 
cording 10 art. 702. 

Proposition XI. 

731. Anew refieSling micro/cope denoted by fmall letters abcpnev, RgSfS'JS^ 
may be made to magnify more than a given refteSiing microfcopCy adjujied 

by experiments ana denoted by larger letters A B C P N E V, tn any given 
ratio, ofn to i , •with the fame brightnefs and difiin&nefs too pretty nearly^ 

by faking ne = -NEj ca= VCA; ct = ^CTj cb =— CBj. 
cn = VCN. 

a* 

73Z. This propolitipn maybe demonilrated by the foregoing femmft 
and its corollaries, in the fame manner as the 8th propolicion was demon- 
itrated by its' lemma. For here alfo the intervals of the points C, B, P, N 
are fuppofed to be in given ratios. But tlK following propolltion is more 
general and better than this» becauie it will not diminim the focal dlAance 
of the concave fo much as this does. 

Proposition Xir.- 

733. JfJavinga reJieBing micro/cope confi/Hng of a concave mefafC A Fig.5S5»5s6i 
ana a convex eye-glafs E Z adjufied together by experiment ; it is propofed 
to adjuft any other given concave c a and convex- eye-glafs c z, /o that the ap- 
parent brightnefs of the objtSt jhall continue the fame as in the given micro~ 
fcope^ and the apparent difiinSinefstoOf negle£fing the increment of the ab- 
errations cau/ed by the new eye-glaji ez if it betaken lefs thanEX: and 
then tojhem bow much the new microfcope ivili magnify. 

In the SSS^ figure already defcribed, let the dimcnfions of the given- 
tnicrofcopebethefe; CAzzJ, Ct^C^ Ar£=Z) audT'BtT'C:: i:«i 
and in the new microfcope, whofe correfponding parts are denoted by 
Onall letters of the fame nameS) 1^ thegivenlines /f=f,n^=</. Take 

a number « = y i -+ mm — i > — V" - ; and for the places of the ob-. 

je^ and of the eye-glafs we Ihall We ^^:fcand/£-:^/i :; i :«; andthe- 

iemi»^ 
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Jfemiapcrture.frt or a = ^^ % ~',-^- and the apparent magnitude of 
"thedbjea in thenewmicrofcope, willbetoiisapparentmagnitude,fcenbjr 

• Art. 788. jhg qaked eye, from a given diflance 0^ as • to -* or - ■ ■■ — , 

• , dd c 

^l^mm—i, ^_ 

DD t 

For iince the apparent 'brightnefs mufl: be the iiime in both, micro- 

• Art. 719. fcopes, we muft put - ■ -— = *, that is - = -t^ — =y, to 

Jhorten the following reduftion. And fince the apparent diftin^cfs muA 

• Art.7jQ. be the fame too, we muft put — rr % ^,, ,,^ =:^ X ^^ *j thatis 

^^ ' LI* LN^HE tt* <nxMt 

-—-- ^ T^TTj^ = -—-- >^ — , =^- ^y t^ former «quatkxi we have a = 

ji-t-i CCD (»-»-i ccd " ' * 

^^^, and by cubing ""'^;''-^ =(«» =) ^rj-X-ftf*/^, by the fatter 

■equation. Hence nn—'i* = -X; and nn — i^dd-^ •^zzdd'A "^^K 
* tfi '/* . pg 

j/-,hyreftoring the values ofyimd^; and«=yf-+««JB— i rr- y'- J 

And hy fubAicuting the value oif in this equation « = *"^J~^, we hav# 

the value of ^ as above. Siiice the breadth of the middle pencil, where it 

t Art. 7*9. emerges from any eye-glafs, is always the fame '.; if we retain the fame eye* 

^'*" glafs, it will caufe the fame Aberrations; but if we diminiih the eye-glais, 

hy a greater refra&ion it will incceafe its own aboratlons and confequent- 

fc Art. 702. ly the apparent indiftinflnefs. For though thchi^cr part'' of the whole 

'is- 55*: ju^le ofaberratlon aib or 22ir is kept invariable^ yet die le'ficr part of it, 

Vhich is fubtended by yr, will vary reciprocally as??, taking fr for the 

jiberration by colours ; and reciprocally as qe cube, taking q rvx tbeaber- 

Tation cau^ by the figure of the eye-glafs. For this port of that angle 

*Ait.zit. Wngas— *, isas — in the firft cafeS and as ^ in the iecond ctfe^. 

J jUt. 7S fuppofing we always apply fimilar eye-glafles. ^ E. D, 

734. Corol I. Hence when « is given, t l» appaxanc magnit«de in thii 

•tnicrolcope is as ^ orasy'^ — i- -TT - y -; and confequently may be 
uicreafed at pleafure by diminiihing r $ and alio by diminifhing J^ if we 
iieglcA the OnaU increment of the aberrations cauled bj ihuUcr eye- 
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735. Carol. 2. Hence putting ^ = - the apparent diftance of the ob- 
jeft • i . if r and j be given and the ^eft^ be required, we fhall have ^ = * ** y*** 
— ' J and consequently » = - , and ti:tc:: i : w, and 






«= !^ X '—^. For fince }'=(-■=) . ^ ^ by rcdu<aio» 

*"^* *■' * . dJ c 

' DD c 

we Oiall find d as aborer If the old concave be retained we Shall hare- 
d=z- 



736. Ca nL 3. If^an dgbe given and ^e reft be required, we fliall^ 
have c =^^^ X TT^ X C, by redudtion as beforcj and tb and<:tf the 

DD di — yl ■' 

fame a s in co rol. 2. If the old eyc-glafs be retained, we fhall have(=^ 

«flf— iX — 7^1 XC, and the a|^)arent diftinftnefs wHl continue tho' 
very fame as in the given microfcope. 

737. Coral. 4. This microfcope may be changed into Sir Ifaac Nevo^ 
/en's reficiling telefcope by malting "th and tb infinite, and confequentlf 

]R = oand n=fl, that is i y -z=.o. Hence - = J/- or d:D w- 

DD * t d y t 

*.c:^C. We have alfol = '^ = L + 5 = ^l-thatis^:^::^f»: 
^C». Andbecaufeltf=i^, wehave^-:^::(tf :^::)y f'-.^CV 

or the magnifying powers as y C» . All which agree with art. 36 1. 

738. Having made a few grofs experiments with a concave metal that Dimaifioiu cf 
I had by me, whojfe focal diftance was f inch, and with fevcral cwivex «{^*^^ 
eye-glaues applied to it ; I found that the colours of objcfts in a rcfleding: '""" " 
microfcope appeared much more beautiful and natural than in double re- 
frading microfcopes of the belt fort j their proper colours being free 

]from die mixture of other colours ari0ng in refrafting microfcopes from* 
the different refrangibility of rays. When fome fmall hairs and a mite 
ivere placed upon a plane piece of glafsatij,andhadfcarce any other illu- 
mination than the direft slty-light at a window» I found they appeared fuffi- 
ciently bright and very diftind when the dimenfions of my refleiling mi- 
crofcope were thcfe in parts of an inch; CAqx A~\\ CT oc C=f y 
NE or Z) = i } ^B I 'Td\ ; i ; 14. Therefore we have m=. 14, and the 

appa- 
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•Art,7iS. apparent diftancc 5^=:— *= | jandc«ifequentIy,puttingBfl= 8 in- 
ches, thcfe objedls were magnified 48 times in diametcf. 

739. Hence it iseafy iocomputefromcorol.3,that to magnify 72 times 
with the fame eye-glafsofi inch focal diftancc, and confequently with 
the very fame diftindncfs and brightnefs as in this ftandard experiment, 
theibcal diftance ct of the new concave muft be o, 458 of an inch j and 
confequently the diameter of the fpherical furface of which this concave 
is a portion, that is 4 ct, is i, 832. Which is above 9 times bigger than 
po-zi -y-r; o, 194, the fiscal diftancc and diameter of the fphere of which 
that plano-convex lens is a portion, which wc found would alfo magnify 

a Art. 716. 72 times with an eye-glafs of 2 inches focal diftanc* ' ; but not fo di- 
ftinftly as its ftandard did ; becaufe the angle of aberration by the fpheri- 

b Art. 7 1 7. ^ai jigure of the objedt-glafs was increafed ahnoft 4 times **. Now this cx- 
cefs of the diameter of the fphere of the concave metal above that of the 
lens, is a confiderable advantage in order to magnify ftiU farther by a far- 
minution of thcconcave. 

740. But how far the magnifying power of a given concave may be 
jfupcesfully promoted by diminifhing the eye-glaf9 according to the rule 
in corol. 2, I could not examine experimentally for want of proper me- 
chanifm, to ac^uft the intervals between the concave, the objeft and the 
eye-glafs, according to computation ; and alfo to hold a convex lens or a 
Tcfleding concave in a proper pofition for cafting light upon the objeft j 
and to compute it by theory would be troublefome. 

741. Thefe I fuppofe may be the advantages which Sir Ifaac Newton 
cxpefied, when he tells us he fometimes had thoughts of making a mi- 

c Phil Tianf. cTofcope of this fort*^. Nevcrthelefs in attempting to magnify very much 
^" **"* we ftiall foon be ftopt here too, by the minutenefs of the concaves that 
are ncccflary for the purjpofc. This put me upon contriving a mJcrofcope 
with two refiefting fpherical furfaces ofanyiizc, fo proportioned rocach 
other that the aberrations of the rays caufed by the firft tefledjon, ftiall 
be perfcfflly corre<^d by the fecond; and by confequence that the laft 
image of the olgedl, from which the rays diverge upcm the eye-glafs, ftiall 
he as perfeftly free from aberrations, as the theory of thefe abCTrations is 
.perfect. 3ut having made.the demonftrationof this conftruftion quite in- 
dependent upon any thing contained in this troublefome chapter, 1 chufc 
to give ic as a Remark, 
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